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Preface
With transportation noise being the second most deadly environmental pollutant in Europe, engineering for future mobility must be inspired by ecology, economy and health to
enable green and silent vehicles. Legislations define maximum noise emission limits that
have to be complied with during standardized pass-by noise test procedures. Given novel,
often electrified, vehicle powertrain concepts, new pass-by noise evaluation approaches are
required.
In that context, the PBNv2 project (Next generation Pass-By Noise approaches for new
powertrain vehicles) brought together early stage researchers and experienced specialists
from key players in academia and industry across Europe covering different scientific disciplines and industrial stakeholders form a broad range of backgrounds to optimally tackle
the challenges ahead. The Fellows were trained in innovative PhD topics as well as received
specific theoretical and practical education in the field of pass-by noise engineering, aiming
at tackling the pass-by noise aspects of the ‘source’, the ‘transfer path’ and the ‘receiver’.
PBNv2 was funded by the EC as a Marie Skłodowska-Curie Industrial Training Network under Grant Agreement 721615 in the Horizon 2020 (H2020) framework and ran over
a period of 4 years (May 2017 – April 2021). The project brought together a total of 10
beneficiaries among academic institutions, industries and research centres as well as 7 partner organisations established in European automotive R&D, to assist in the dissemination
and public engagement or PBNv2 results, and in providing dedicated training to enhance the
entrepreneurial mind set of the ESRs. The fellows profited from top scientific research guidance in combination with highly relevant industrial supervision. Together these participants
address the triple-I dimension of research training, being International, Interdisciplinary and
Intersectoral. PBNv2 academic partners are the Katholieke Universiteit Leuven (KU Leuven), INSA Lyon and the University of Southampton (ISVR). Industry is represented by the
following partner industries: Virtual Vehicle Research GmbH, Goodyear, Siemens Industry
Software NV (SISW), Toyota Motor Europe, Applus Idiada and Bosch. The consortium
is completed by the research centre: Austrian Institute of Technology (AIT). The project
also involved the following partner partner organisations including the University of Parma,
the European Association of Automotive suppliers (CLEPA), the European Automotive Research Partners Association (EARPA), Leuven.Inc vzw, Vision 2020, The Forum of European
National Highway Research Laboratories (FEHRL), the Joint Intitute for Innovation Policy
Camlin group and the KaSO school. Together the consortium, which hosted a total of 14
fellows, promoted research, knowledge and application of innovative methodologies to understand and control the Pass-By noise problem. The project led to cross-fertilisation of the
ideas behind various approaches for the noise abatement and optimization in vehicles and
steered them towards the development of novel technologies, cutting - edge solutions and
their application in real-life engineering cases through a close cooperation with industrial
partners.
Near the end of the 4-year PBNv2 project, a summary report has been written on each
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of the PBNv2 research tracks. This book collects these public domain reports, providing an
insight in the theoretical development of each of the approaches studied within PBNv2 and
giving an assessment on their industrial applicability, on open research questions and future
challenges. The authors hope that these reports may help others in tackling the substantial
challenges still existing in controlling the Pass-By noise problem and producing vehicles with
favourable NVH behavior.
All people involved in the project would like to express their gratitude towards the EC for
the support in the PBNv2 project and the REA (Research Executive Agency) for its continuous support in managing the project. A special word of thanks goes to Stanka Miteva, the
PBNv2 Project Officer, and to her colleagues.; thank you all for helping us to make PBNv2 a
great success!!
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Acceleration of BEM analyses for
wide frequency range noise
predictions
Dionysios Panagiotopoulos 1,2 , Elke Deckers 1,2,3 , Wim Desmet 1,2
1
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KU Leuven, Department of Mechanical Engineering
DMMS Lab, Flanders Make
3
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1

Executive Summary

In the last years, numerical models have been widely used for the prediction of the acoustic
response in the design phase of vehicles. Numerical predictions can prove to be beneficial when iterating among different designs attempting to achieve the predefined legislative
bounds imposed in the case of Pass-by noise test [1]. Nevertheless, when it comes to numerical simulations, the pertaining challenge is to balance between the speed and accuracy
and obtain a sufficiently accurate response within a reasonable timeframe. In this context,
this chapter presents a framework that enables the speed up of acoustic analyses, keeping the
accuracy of the response within reasonable limits. In brief, it allows for the combination of
the Boundary Element Method [2] in a Model Order Reduction framework [3] to perform a
fast but accurate frequency sweep analysis. Such analyses gain in popularity as a detailed behaviour of the system is essential to deduce certain characteristics of a model e.g. resonance
frequencies, effect of narrowband acoustic treatment. However, employing BE techniques
to achieve a detailed description of the system behaviour can be a tedious procedure as a
system assembly and solution is implied – scaling with O(N 2 ) and O(N 3 ) respectively –
for each frequency line considered. Aiming at mitigating this cost an automatic model reduction technique for multi-frequency acoustic BEM analyses is introduced, automating the
technique presented in [4]. In detail, the proposed technique, upon deploying a valid polynomial expansion, leverages a Galerkin projection to express the system on a reduced basis. The
corresponding reduced basis is assembled through an appropriate recycling scheme of Krylov
subspaces [5] produced employing the BEM system at a set Ω of master frequencies. The
construction of Ω as well as the dimension m(ω), ω ∈ Ω of the recycled Krylov subspaces
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are yielded by an automated procedure guaranteeing that the relative error of the response
of the reduced model satisfies a predefined error threshold across the frequency spectrum of
interest. The automatic technique is assessed for a BEM academic example and is compared
with the technique of [4], where Ω is predefined by a constant spacing and m(ω) is kept
constant.
2

Introduction/Basic concepts

The Boundary Element Method [2] constitutes a widely used numerical tool in acoustic analyses. Based on its formulation a direct or an indirect approach [6, 7] can be derived. Employing the direct approach, the boundary conditions are described by physical quantities e.g.
pressure, fluid normal velocity and its applicability is mostly limited to closed geometries.
In contrast, selecting the indirect formulation a broader range of applications is enabled by
allowing for open geometries. Nevertheless, in the latter formulation the boundary conditions
are described by the pressure and normal velocity difference between its outer and inner face
rendering its physical interpretation less straightforward. Upon discretization of the geometry, a collocational scheme or a Galerkin formulation [8, 9] can be leveraged to result in a
linear system of equations.
In the context of acoustic simulations commonly the Finite Element Method (FEM) is
employed, alternatively to the BEM, to quantify the acoustic response of a given system. Attempting a comparison between the two methods, the most pronounced difference is that the
former relaxes the meshing requirement of a given 3D problem to a mere 2D mesh. Another
difference can be pinpointed in the case of problems that include unbounded domains, as the
Sommerfeld radiation boundary condition is automatically satisfied in BEM problems. On
the contrary, in the FE context it can only be fulfilled by employing techniques such as infinite
elements [10] or the Perfectly Matched Layer (PML) [11, 12]. Nevertheless, when it comes
to comparing the computational cost of both methods, the FEM is slightly more advantageous both in terms of required memory and of algorithmic efficiency to reach the solution
of a time-harmonic acoustic analysis [13]. In detail, although BEM benefits from a smaller
number N of Degrees of Freedom (DOFs), the linear system matrices involved are not only
densely populated they also do not demonstrate any regularity such as positive definiteness,
symmetry, etc. [9]. Another property of the BEM that compromises its competitiveness is
non-affine frequency dependency of the system. Based on this, the BEM analysis is partitioned into two distinct operations, namely i) the assembly of the system matrix, scaling with
O(N 2 ) regarding both the algorithmic complexity and the storage requirements, and ii) the
solution of the linear system of equations scaling between O(N 2 ) and O(N 3 ), depending on
the employed linear systems solution algorithm (direct, iterative). Consequently, regarding a
frequency sweep analysis, the BEM requires both the assembly and the solution of a system
of equations for each frequency the acoustic response is requested.
Aiming at improving the performance of the BEM, several techniques have been proposed. The most established concern the acceleration of the single system assembly and
solution and arise from the combination of the Fast Multiple Method [14] and the H-matrix
[15] with BEM. Although these techniques offer substantial acceleration, they still necessitate
the assembly and solution of the system for each frequency under consideration. Acknowledging this bottleneck, several techniques have emerged that accelerate the system assembly
by avoiding the full assembly operation for each frequency. Such techniques are based on
approximation methods such as the discrete form interpolation method [16] or Taylor expansion for the approximation of the Green’s function [17]. Nevertheless, the effect of these
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techniques is on the one hand only limited to the assembly procedure, which is often the less
computational demanding part, and on the other hand they are often accompanied by a higher
memory consumption which can be proven critical in BEM calculations. A technique that
alleviates the computational cost associated with both procedures of BEM was developed by
Lefteriu et al. [18], where a frequency interpolation approach is combined with a dedicated
Well-Conditioned Asymptotic Waveform Evaluation [19] technique for BEM.
Although the combination of MOR with BEM might seem an appealing concept, standard MOR-techniques are usually not applicable for BEM systems considering the highly
oscillatory, non-affine frequency dependency of BEM systems. In fact, constructing the representative basis might prove to be more cumbersome than the solution of the system itself.
Rational approximations via Krylov methods [20, 21, 3] cannot be employed as assembling
the subspaces that contain the moments of a rational approximation of a transfer function are
hindered due to the complicated non-affine frequency dependency. Modal truncation methods
that are often leveraged in vibroacoustics and dynamics model reduction [22, 23] to obtain a
modal subspace in which the solution can be found, are not straightforwardly applicable employing a BEM technique. Specifically, the cost of solving the non-linear eigenvalue problem
resulting by the BEM equations [24] could be considerably high. Regarding the Proper Orthogonal Decomposition (POD) [25, 26, 27], although its flexibility and generality can make
it applicable for BEM systems, the quality of the reduced model cannot be guaranteed, as it
depends on the representativeness of the snapshots selected in the POD procedure [28]. For
that reason, recently, dedicated techniques that combine model order reduction (MOR) with
BEM have come to the fore such as the ones reported in [4] and [29], employing Krylov
subspace recycling and a modal projection basis constructed through the Resolvent sampling
based Rayleigh-Ritz method (RSRR) [30] respectively. However, in the proposed techniques
it is evident that the most critical task is to assemble a representative reduction basis without
inducing a large computational cost.
However, even obtaining a representative basis can only lead to an acceleration regarding
the cost of the second step of a BEM analysis i.e. the solution of the system. Nevertheless,
the gained advantage will not be greatly pronounced, as the projection of an assembled BEM
system on the reduced basis is cost-competitive to just solving the system by an iterative procedure such as GMRES [31]. Due to the non-affine frequency dependency of BEM systems,
an individual assembly of the system for each frequency is still enforced, involving the considerable computational cost of the first step of a BEM analysis. Thus, leveraging a Galerkin
projection can be more efficient in case the affinity of the system is recovered and the MOR
technique is split into an offline-online setting. This can be achieved by substituting the system matrices by a valid approximation, such as the one produced by a Taylor expansion [32]
or a Chebyshev approximation [33, 34] of the BEM matrices.
In this work, an automatic model reduction technique for BEM is introduced. The proposed technique is based on the MOR framework for BEM presented in [4] and on the automatic algorithm of constructing a global solution basis proposed in [5]. The proposed technique acts on an offline-online setting, where in the former all operations related with the full
order model are performed, while the latter consists only of operations involving a reduced
order model. The offline stage can be split into two major tasks that need to be performed.
First the parametric dependence is transformed to an affine dependence by an appropriate
approximation of the system. The second task involves the construction of a high quality reduction basis. In detail, in the proposed technique the system is approximated by leveraging
Chebyshev polynomials, as proposed in [29] and [34], achieving a uniform approximation
error for the considered frequency spectrum. Furthermore, the construction of the basis is
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conducted by deploying the automatic Krylov recycling algorithm (AKR) [5], where the set
of the selected master frequencies Ω as well as the dimension m(ω), ω ∈ Ω of the recycled
subspaces is determined automatically. The offline part is concluded by a Galerkin projection
of the approximated system yielding a reduced order polynomial matrix that allows for the
accelerated assembly and solution of the system in the online phase. The automatic technique
is assessed on a BEM academic example and is compared with the technique proposed in [4],
where Ω and m(ω) are predefined.
The work in this paper is structured as follows. In section 3 the BEM system is derived
employing a direct formulation with a collocational approach. In section 4 the system is approximated by polynomial series leveraging an appropriate Taylor and Chebyshev expansion.
In the same section the Galerkin projection of the approximated system is demonstrated, discussing the algorithmic importance of the sequence of the related operations. Next, in section
5 the construction of a high quality reduction basis based on the Krylov subspaces recycling
concept is presented. Two variants for the assembly of the basis are discussed employing
either a fixed or an adaptive sampling of the Krylov subspaces. In section 6 the proposed
techniques are deployed for the solution of the relevant real life case and are assessed in
terms of the quality of the approximation offered as well as with respect to the computational
cost induced both by their offline and their online stage. The paper is concluded in section 7.
3

The direct Boundary Element Method with a collocational approach

In this section, the Boundary Element Method formulation employed in this chapter is briefly
elaborated. Starting from the Helmholtz equation and employing its weak formulation the
Boundary Integral equation is derived. Next, transitioning from the functional form to discretized equations, the boundary surfaces are divided into boundary elements. Finally, the
linear system of equations is obtained through a collocational procedure. For more detailed
derivation of the BEM system one can further refer to the seminal works of Marburg and
Nolte [9] and Kirkup [35].

3.1

The boundary integral equation for acoustics

Starting from the well-known wave equation for linear acoustics in inviscid and incompressible flows, it is possible to introduce a time-harmonic dependency of e−jωt in the description
of acoustic variables and derive the Helmholtz equation, where j 2 = −1, ω the angular frequency and t the time. The homogeneous Helmholtz equation in terms of acoustic pressure
is given by
∇2 p(x) + k 2 p(x) = 0,

x ∈ Ω ⊂ R3 ,

(1.1)

where p(x) represents the pressure fluctuations induced by acoustic waves at any point y
of the domain Ω, k = cω0 is the acoustic wavenumber and c0 the speed of sound in air.
Employing a test function ψ(x) in its weak formulation


Ω



ψ(x) ∇2 p(x) + k 2 p(x) dΩ(x) = 0

and integrating by parts twice results in

(1.2)
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ψ(x)
Γ

∂p(x)
dΓ(x) −
∂n(x)
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∂ψ(x)
p(x)dΓ(x)+
Γ ∂n(x)



+
p(x) ∇2 ψ(x) + k 2 ψ(x) dΩ(x) = 0.

(1.3)

Ω

where n(x) is the outward normal vector at surface point x and
Deploying the well-known Green’s function
G(x, y) =

1 e−jkr(x,y)
,
4π r(x, y)

∂
∂n(x)

is the normal derivative.

x, y ∈ Ω ⊂ R3

(1.4)

where r(x, y) = kx − yk, as the test function ψ(x), equation (1.3) is transformed to an
equation that includes only integrals of the surface Γ. This transformation is owed to the fact
that G(x, y) is the solution of the Helmholtz equation (1.1) for a Dirac excitation δ(x, y) i.e.
∇2 G(x, y) + k 2 G(x, y) = δ(x, y),

x, y ∈ Ω ⊂ R3 ,

(1.5)

and the sampling property of the Dirac function when employed in integrands. This new
equation is termed as the boundary integral equation and is expressed as


c(y)p(y) +
Γ

∂G(x, y)
p(x)dΓ(x) =
∂n(x)



= jρ0 ω

(1.6)

G(x, y)un (x)dΓ(x),
Γ

y ∈ Ω, x ∈ Γ.

It signifies that the pressure at any point y of the domain Ωtot can be calculated as a function
of the acoustic variables on the boundary Γ. In equation (1.6)
un (x) :=

1 ∂p(x)
jρ0 ω ∂n(x)

(1.7)

is the normal velocity of air at the surface point x. The function c(y) indicates the participation factor and is calculated by the exterior solid angle at the position of y; Referring to
Figure 1.1, for points in the domain Ωext it is unitary, in the domain Ωint it is nullified, while
for points on a smooth boundary Γtot , it takes the value of 21 . In expression (1.6), the integrals
containing the Green’s function G(x, y) can be identified as the single layer potential, while
the integrals containing the normal derivative of the Green’s function ∂G(x,y)
∂n(x) constitute the
double layer potential.
As illustrated in Figure 1.1, the boundary Γ is divided into non-overlapping sections according to the boundary conditions characterizing it. In detail
p(x) = p0 (x),
un (x) = u0 (x),
p(x) = Z(x)un (x),

x ∈ ΓD
x ∈ ΓN
x ∈ ΓR

(1.8)
(1.9)
(1.10)

where ΓD signifies the boundaries with pre-described pressure p0 (x), ΓN are boundaries
with known normal velocity u0 (x) and ΓR represents boundaries with predefined normal
impedance Z(x).
Next, to transition from the space continuous formula to its discretized version, the boundary Γ is subdivided into a number of boundary elements Nel defined by a surface mesh with
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Figure 1.1: Domain definition for exterior problem

Γ=

N
el
[

Γi ,

(1.11)

i

where Γi is the area of the surface represented by the ith element. Having subdivided the
boundary into Nel elements, the acoustic variables are also discretized by the use of piecewise
interpolation functions φi (x). In detail, the sound pressure p and normal velocity un are
accurately represented on the nodes and approximated by interpolation in between the nodes.
In this work, piecewise linear polynomials are employed as interpolation functions φi (x) to
describe the acoustic variables as
p(x) =

Nφ
X

φi (x)pi ,

i

un (x) =

Nφ
X

(1.12)
φi (x)un,i ,

i

where Nφ is the number of shape functions of the geometry.
3.2

The collocation approach

By employing the discretization strategy, the only unknowns of the problem are the nodal
values of the acoustic variables. Thus, collocating the position of vector y to all nodes rl , l =
1, . . . , Nel , the BEM system of equations is derived as
H(ω)p(ω) = G(ω)un (ω),

(1.13)

where G, H : R → CN ×N represent the contribution of the whole boundary on the single
and double layer potential respectively. The entries of the matrices G, H can be computed
by
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gil := jρω

G(x, rl )φi (x)dΓ(x)

(1.14)

Γ


hil := c(rl ) +

Γ

∂G(x, rl )
φi (x)dΓ(x).
n(x)

(1.15)

Deploying the boundary conditions defined as per Figure 1.1 and rearranging, system
(1.13) takes the form a linear system of equations given by
A(ω)ξ(ω) = b(ω),

(1.16)

where A : R → CN ×N and ξ, b : R → CN , which can be solved by a direct or iterative solver. The yielded system (1.16) is non-affinely frequency dependent and needs to be
assembled and solved for each frequency line under consideration.
4

Polynomial approximation of BEM systems and Model Order Reduction

Assembling the system of (1.16) can be quite computationally demanding as the respective
integrals of (1.14) and (1.15) need to be computed for all elements. Hence, to alleviate the
respective computational cost polynomial approximation techniques can be exploited to facilitate the assembly of systems in multi-frequency problems. These techniques instead of computing the integrals for each different value of angular velocity ω, rely on approximations of
the entries to accelerate the system assembly. Similar methods that involve an approximation
of the BEM matrix by interpolation or series expansion have been introduced in the literature
[36, 37, 38, 32, 17, 39, 40].
An approximation of a BEM system can be conducted leveraging different polynomial
expansion or interpolation techniques, such as Taylor expansion, Lagrange and Chebyshev
polynomials [33]. In this work, a polynomial approximation of the direct collocational BEM
system is derived employing both a Taylor expansion and Chebyshev polynomials. The former enables the analytical evaluation of the polynomial coefficients while the latter features
non-intrusiveness for regular BEM codes as it only necessitates the assembled system at a set
of Chebyshev nodes or frequencies.
4.1

Approximation of the BEM system with a Taylor expansion

Selecting a Taylor expansion to approximate the BEM system, the non-affinely frequency
dependent part of the respective kernels included in (1.14) and (1.15) is approximated by a
Taylor series. In detail, the term e−jkr(x,y) involved in the Green’s function (1.4) is approximated by its Taylor expansion around a preselected wavenumber k0 by
−jkr

e

=e

−jk0 r

M
max
X
m=0

(−jr)m
(k − k0 )m ,
m!

(1.17)

where Mmax represents the order of the series expansion and the input of the function r(x, y)
is dropped for ease of notation.
Introducing (1.17) in (1.14) and (1.15) and considering constant shape functions in (1.12),
the single and double layer potentials are reformulated and substituted by a series of integrals
depending only on the distance r(x, y). The single layer potential approximation is given by

8
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e−jkr
dr =
r
 −jk0 r
Mmax
(k − k0 )m
e
1 X
(−jr)m dr,
=
4π m=0
m!
r

1
G(x, y)dr =
4π

(1.18)

while the double layer potential can be reconstructed analogously. In (1.18) the parametric
dependency of r is omitted for reasons of simplicity.
Transferring the series approximation of the Green’s function to the system matrix level,
implies the transformation of the system into a series of frequency decoupled matrices Gm , Hm ∈
CN ×N , each one corresponding to a different exponent of the frequency term (k − k0 )m .
Hence, the BEM system of equations (1.13) and (1.16) takes the form
max
max

 MX

 MX
(k − k0 )m
(k − k0 )m
Gm un (ω) =
Hm p(ω),
m!
m!
m=0
m=0

(1.19)

M
max
max
 MX

X
(k − k0 )m
(k − k0 )m
Am ξ(ω) =
bm ,
m!
m!
m=0
m=0

(1.20)

respectively with Am ∈ CN ×N .
Expressing the BEM system as a series of frequency decoupled matrices accelerates the
assembly of the system at wavenumbers different than k0 that are sufficiently close to k0 . The
validity of the kernel approximation depends on the order of the Taylor expansion Mmax , the
selected expansion point k0 and the maximum distance rmax occurring in the geometry. The
residual at a specific wavenumber k induced due to the Taylor approximation of the Green’s
function is given by [41]
σ(k) = |e−jkn rmax

(−jrmax )Mmax +1
(k − k0 )Mmax +1 |
(Mmax + 1)!

(−jrmax )Mmax +1
≤|
(k − k0 )Mmax +1 |,
(Mmax + 1)!

(1.21)

where kn is a wavenumber between k0 and k.
A low residual σ at a specific frequency indicates that the BEM matrix approximation
can still be trusted. Thus, knowing in advance the maximum distance rmax and the targeted
range of approximation, it is possible to select a-priori the appropriate order of the approximating polynomial. The frequency range of the approximation can be further broadened
by employing a multi-point Taylor expansion. The deployment of such a multi-point Taylor
expansion can also alleviate any potential concerns regarding the numerical stability of the
high order polynomial that approximates the well-behaved, though highly oscillatory kernel.
Specifically, a combination of a large maximum distance rmax with a high order expansion
Mmax , might induce a considerable numerical error in the approximated kernel. In that case,
a multi-point expansion can compress the expansion orders of all Taylor expansions, ensuring
in parallel a stable behaviour. Finally, leveraging a multi-point Taylor expansion allows for
the utilization of meshes of different refinement. Depending on the validity of each mesh for
different frequency spectra, a coarser mesh can be used for the lower frequency range, while
a more refined one for the higher frequency range.
Nevertheless, the efficiency of employing a Taylor expansion to approximate the BEM
system is limited due to the complexity of assembling and storing all the derivative matrices
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Am of the system. In fact, this expansion starts being more cost efficient than regular BEM
in cases that the number of derivative matrices Mmax used in the series expansion is lower
than the number of frequencies Nf the system needs to be solved for, namely Mmax ≤ Nf .
In that sense, it constitutes an algorithm that intends to facilitate frequency sweeps through
BEM systems.
Even in case of frequency sweeps where the number of considered frequencies is higher
than the order of the approximating polynomial, the excessive memory that is needed to store
the approximating matrices can become a bottleneck, especially in case of large systems. As
all the N × N derivative matrices are needed simultaneously for the assembly of the BEM
system at one frequency, the memory requirements easily exceed the available memory and
thus, broad use of this technique is hindered. In that context, in section 4.3 the approximated
system is combined with a suitable Model Order Reduction technique to scale down the
requirements of BEM both with respect to memory and algorithmic complexity.
4.2

Approximation of the BEM system with Chebyshev polynomials

As elaborated in section 4.1, employing a Taylor approximation for the BEM system involves
the calculation of the derivative matrices Am . However, in order to accommodate the assembly of these matrices, it is implied that a modification of potentially available BEM software
is required, thus rendering this procedure quite intrusive. Nevertheless, the BEM system of
(1.16) can be also approximated employing Chebyshev polynomials as demonstrated in [29].
In this case the approximation is performed on the level of the assembled system matrix and
not regarding the Green’s function kernel. Thus, since the Chebyshev approximation requires
only the sampling of system matrices at selected frequencies (Chebyshev nodes), it can be
used without modifying an already existing regular BEM code. Additionally, Chebyshev
expansion yields a uniformly distributed error for a predefined frequency range Ψ. More
detailed derivation of the Chebyshev approximation can be found in[33].
Deploying a Chebyshev approximation independently for each entry of A(ω) and b(ω)
of (1.16), the system can be transformed into
max
 MX
0

M
max

X
0
ci (ω)qi ,
ci (ω)Ti x(ω) =

(1.22)

i=0

i=0

where ci (ω), with i = 0 . . . Mmax , are the Chebyshev polynomials of the first kind up to
order Mmax and the prime indicates that the first term is to be halved. The order Mmax can
be determined a-priori considering the extremes of the domain of the approximated Green’s
function as reported in [29]. Additionally, Ti ∈ CN ×N , qi ∈ CN are the parameter independent coefficients of the polynomial calculated as

Ti =
qi =

2
Mmax + 1
2
Mmax + 1

M
max
X

A(ωk )ci (ωk ),

(1.23)

b(ωk )ci (ωk )

(1.24)

k=0
M
max
X
k=0

where, assuming ω ∈ (−1, 1), the position of the Chebyshev nodes ωk is given by
ωk = cos

 π(k + 1 ) 
2
.
m+1

(1.25)
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The true position of the Chebyshev nodes for ω ∈ Ψ can be obtained by the appropriate linear
mapping of Ψ → (−1, 1). Equation (1.22) implies that having assembled the coefficient
matrices Ti , further assembly of A(ω) for ω ∈ Ψ, degenerates to a mere summation of the
polynomial matrices. In fact, as indicated by (1.23) and (1.24), it is sufficient to assemble the
system at the Chebyshev nodes in order to reach an approximation of the system of (1.16) for
each ω ∈ Ψ with equation (1.20). Although this polynomial approximation might constitute
an advantageous solution, as elaborated in section 4.1, it can easily inflict a memory excess as
all Ti need to be stored. In that context, the combination of a series approximated BEM with
an appropriate model reduction technique might prove beneficial to reduce both the storage
space and the solution time involved.
4.3

Galerkin Projection of a polynomial approximated system

Approximating the BEM system in a polynomial series does not offer a great advantage as
it can often lead to an excessive memory consumption. Nevertheless, a combination of the
polynomial approximation with a Galerkin projection can mitigate the storage requirements.
Specifically, deploying a Galerkin projection to the provided matrices either by a Taylor expansion referring to the derivative matrices Gm and Hm , or by a Chebyshev polynomial
approximation, involving the coefficient matrices Ti , reduces the size of the system and as
a result, cuts down drastically the resources required to store the sequence of original full
size matrices. In this section the Galerkin projection is demonstrated on generic coefficient
matrices, but this can be specialized for either method in a straightforward manner.
The Galerkin projection is based on expressing the full system by its projection on a lower
dimensional subspace V = span(V) ∈ CN ×` , where V is the corresponding spanning basis
and the assembly procedure of which is described in a section 5. In case of the BEM system
of (1.16), the degrees of freedom ξ are approximated as
ξ(ω) ≈ ξ̂(ω) = Vξ` (ω)

(1.26)

where ξ` represents the degrees of freedom of the reduced system.
Introducing the approximation of (1.26) in (1.16) yields an overdetermined system. By
employing the Petrov-Galerkin residual condition dictating that given a the basis W` the
resulting residual
ri (ω) := b(ω) − A(ω)ξ̂(ω) ⊥ W,

(1.27)
`×N

leads to left-multiplying the yielded system with a left projection matrix W` ∈ C
, the
system matrix regains its square form, this time obtaining a much smaller dimension `  N
as illustrated by
WA(ω)Vξ` (ω) = Wb(ω),

(1.28)

A` (ω)ξ` (ω) = b` (ω),

(1.29)

or equivalently by

`×`

`

where A` : R → C
and b` : R →∈ C are the system matrix and right hand-side of the
reduced system.
Enforcing WH = V, where WH is the conjugate transpose of W constitutes the onesided projection or Galerkin approach. Introducing the series expansion BEM system of
(1.20) or (1.22) in (1.28), yields the series of reduced order derivative matrices and vectors as
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 MX

M
max

X
ci (ω)WAm V ξ(ω) =
ci (ω)Wbm ,

m=0
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(1.30)

m=0

or equivalently as
max
 MX

M
max

X
ci (ω)A`m ξ(ω) =
ci (ω)b`m ,

m=0

(1.31)

m=0

with A`m ∈ C`×` and b`m ∈ C` and ci (ω) being either the Chebyshev polynomials or
m
0)
ci (ω) := (k−k
in case of a Taylor expansion.
m!
The polynomial system of (1.31) is now of lower dimension `  N and thus, the system
that needs to be assembled and solved at each frequency is more concise. In that sense, the
above projection is conducted in an offline manner, meaning that the system is reduced even
before the assembly.
Algorithm 1 Galerkin projection for polynomial approximated BEM system
1:
2:
3:
4:
5:
6:
7:
8:

Input: V, W
for m = 0 : Mmax do
Assemble Am and bm
A`m ← WAm V
b`m ← Wbm
Delete Am and bm
end for
Output: Reduced polynomial coefficients A`m

Additionally, the algorithmic implementation is of particular interest as it alleviates the
previously reported issue of excessive memory consumption for the polynomial approximation of a BEM system. As illustrated in Algorithm (1), the derivative matrices Am are directly
projected onto the already produced Galerkin basis V after their assembly. In that way, it is
only necessary to allocate memory for the series of already reduced derivative matrices A`m ,
in addition to the memory needed for the BEM matrix under assembly. However, as the reduced matrices can be directly stored in the disk, the only memory required in the workspace
during the construction of the reduced system is related to the storage of the projection matrices and, following a column by column projection, the one-side projection of the derivative
matrix processed, namely O(2N × `) and O(N × `) respectively. Upon projection of all
derivative matrices, at the online stage of the assembly of the reduced system, the required
storage scales with O(`2 × Mmax ), which is the memory required for storing the series of
A`m matrices.
5

A projection basis based on Krylov subspaces recycling

The most significant part in Model Order Reduction techniques is usually the basis defined
through the projection matrix V, as this drives the quality of the reduced model. In this
section, a method for constructing a high quality basis is proposed employing a recycling of
appropriate Krylov subspaces. First, the method proposed in [4] is elaborated and then, its
automation step is presented by the Automatic Krylov Recycling (AKR) algorithm introduced
in [5].
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5.1

Assembling a projection basis with a fixed subspaces sampling

The proposed technique attempts to construct a basis V that ensures that approximated solutions ξ̂(ω) of the system (1.16), where ω ∈ Ψ with Ψ := [ωmin , ωmax ] being a predefined
frequency range, are associated with a residual
r(ω) = b(ω) − A(ω)ξ̂(ω)

(1.32)

that is sufficiently low for all ω ∈ Ψ.
To achieve this goal, this technique is based on the recycling of the Krylov subspaces employed in iterative solution schemes for single linear systems. Specifically, iterative methods
such as the conjugate gradient method [42] or GMRES [31] involve the calculation of a basis
spanning the mth Krylov subspace at a frequency ωi
ωi
Km
(A(ωi ), r0 (ωi )) = span{r0 (ωi ), A(ωi )r0 (ωi ), . . . , Am−1 (ωi )r0 (ωi )},

(1.33)

where
r0 (ωi ) = A(ωi )x0 (ωi ) − b(ωi ).

(1.34)

and x0 (ωi ) is an initial guess of the solution, which is commonly selected as x0 (ωi ) := 0.
The Krylov subspaces of (1.33) are generated through an Arnoldi algorithm omitting the
calculation of the upper Hessenberg matrix [3] (Algorithm 2). In order to prevent numerical
instabilities, orthogonality is enforced amongst the Krylov subspaces through the Modified
Gram-Schmidt procedure [43]. The column vectors of Vωi describe the subspace of the Ritz
vectors of A(ωi ) and thus can yield approximations for its first m eigenvectors.
Algorithm 2 Arnoldi algorithm
1:
2:
3:
4:
5:
6:
7:
8:
9:

Input: A(ωi ) ∈ CN ×N , b(ωi ) ∈ CN ×N
b(ωi )
v1 ← kb(ω
i )k
Vωi ← [v1 ]
for p = 2 : m do
Pp−1
vp ← A(ωi )vp−1 − l=1 (vl A(ωi )vp−1 )vl
vp
vp ← kvp k
Vωi ← [Vωi vp ]
end for
Output: Vωi ∈ CN ×m

To assemble basis V, the method collects the Krylov subspaces of a predefined order mc
at a set of predefined master frequencies Ω := {ω1 , ω2 , . . . , ωL }, where ωi+1 := ωi + ∆ω
ωi
and ∆ω is a fixed predefined spacing. Having generated the Krylov subspaces Km
up to a
predefined order m for all BEM systems of the set Ω of master frequencies, a larger subspace
is devised containing all these Krylov subspaces as
ω1
ω2
ωL
Ktot = span{Km
∪ Km
∪ · · · ∪ Km
}.

(1.35)

where L := |Ω|. The projection basis V is constructed by orthogonalizing the collection of
subspaces Ktot as in (1.36) and truncating U ∈ CN ×mL with respect to the components of
highest energy given by Σ as
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(1.36)

and
V = [u1

u2 . . . uk ],

(1.37)

in which, ui represents a column vector of U and uk , k < mL is the k th largest energy
vector.
Utilizing the projection matrix V, the resulting residual from (1.32) remains at low levels
due to recycling subspaces among systems of different frequencies. In detail, projecting the
BEM system at frequency ωm ∈ Ψ\Ω on V, a frequency line between two master frequencies
ω
ωi
and Kmi+1 related to the Ritz vectors of matrices A(ωi ) and
ωi , ωi+1 ∈ Ω, the subspaces Km
A(ωi+1 ) are employed. This implies that the Ritz vectors of A(ωm ) are approximated on
ω
ωi
the subspace Km
∪ Kmi+1 . Given that the respective subspaces guarantee a sufficiently low
residual kr(ωi )k and kr(ωi+1 )k, a slow variation of the Ritz vectors of A(ω) with respect to
ω and a sufficiently small ∆ω, the residual kr(ωm )k remains in the same levels as kr(ωi )k
ω
ωi
and Kmi+1 are recycled for the approximation of the
and kr(ωi+1 )k. In that sense, Km
solution at ωm .
In the process of constructing the reduction basis, the two parameters that affect its quality are the location of the master frequencies and the order of the Krylov expansion. In this
section, the master frequencies are selected according to a pre-defined frequency grid and the
order of Krylov subspaces is maintained constant for all the master frequencies. Nevertheless, this selection does not reflect to the optimal settings of the MOR technique. Instead,
considering the increasing importance of Krylov subspaces of higher frequencies’ systems
for the flexibility of the basis at the lower frequencies, it is more optimal to select e.g. a logarithmic distribution of the master frequencies in combination with an adaptive order for the
assembled Krylov subspaces. This selection is automated in section 5.3.
5.2

Error Estimator

Since it is not known in advance how rapidly the system varies and thus it is not possible to
assess a-priori if the order m of the Krylov subspaces and the sampling spacing ∆ω produce
a high quality basis, it is useful to employ an error estimator that indicates the magnitude of
the induced error by the reduction technique. Exploiting the fact that approximated eigenvecωi
tors of a system at ωi lie on the subspace Km
, the definition of an error estimator is enabled.
ωi
Specifically, Krylov subspaces Km+c of a higher dimension m + c will match respectively
the subspaces of a larger number of approximated eigenvectors of A(ωi ). Analogously, by
ω
setting the dimension of all Krylov subspaces Km+c
at all master frequencies in Ω, the resulting V will approximate a higher number of eigenvectors for each ω ∈ Ψ, leading to a lower
kr(ω)k, ω ∈ Ψ. Since the Krylov subspaces of order m will be also contained in the Krylov
subspaces of order m + c as illustrated by
Km ⊆ Km+c ,

(1.38)

ω1
span{Km+c

ω2
Km+c

ωL
}
Km+c

will offer
a basis constructed by employing Ktot =
∪
∪ ··· ∪
an approximation of higher quality than the respective basis of (1.35). Additionally, the true
error induced by substituting the full order BEM system by a Reduced Order Model (ROM)
can be defined by
m =

|ξ̂m − ξ|
|ξ̂m |

=

θm
|ξ̂m |

,

(1.39)
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where ξ̂m is the approximated solution due to projection on the Km and ξ being the true
surface variables. Manipulating the right hand side of (1.39), an upper error bound for m
can be achieved by deploying the triangle inequality as
m =
=
≤
=

kξ̂m − ξk
|ξ̂m |

kξ̂m − ξ̂m+c + ξ̂m+c + ξ̂m+c − ξk
kξ̂m − ξ̂m+c k
kξ̂m k

θm,m+c
kξ̂m k

+

kξ̂m k

+

θm+c
kξ̂m k

(1.40)

kξ̂m+c − ξk
kξ̂m k

.

Considering that the subspace Km+c allows for a better approximation of ξ, θm+c is assumed
to be negligible and thus, it is truncated. This assumption is valid when θm,m+c takes low
values as the convergence of the approximated solution has been initiated. In cases θm,m+c
takes higher values, the assumption is not valid any more and the error estimator might fail to
approximate the true error. Nevertheless, since in such cases θm,m+c takes high values, it is
already indicated that the reduced model is not accurate enough and thus the purpose of the
error estimator is already fulfilled. Relating the error estimator to the BEM-MOR procedure,
the derived error bound estimator implies that the full scale derivative matrices Am of (1.20)
or (1.22, apart from being projected on the basis resulting from Km , need to be projected as
well on more detailed bases given by Km+c .
5.3

Automatic Krylov recycling

As elaborated in section 5.1, the selection of the dimension of Krylov subspaces to be recycled as well as the sampling spacing ∆ω are not optimized. In this section both parameters
are selected adaptively through the Automatic Krylov suspaces Recycling (AKR) algorithm
presented in [5], which allows for the construction of a global solution basis V through an
automated procedure for systems of the form (1.16). By projecting the system (1.16) on V
approximate solutions ξ̂(ω) for ω ∈ Ψ can be found, given a target required accuracy rtol and
avoiding numerous system assemblies and full solutions.
The algorithm is based on the assumption that given the basis V,
r(ω) := kb(ω) − A(ω)V(VH A(ω)V)−1 VH b(ω)k,

(1.41)

r : Ψ → R+ is C 0 (Ψ). Hence, ensuring an appropriate ordered set of parameter values
Ω of which the subspaces Km (ω), ω ∈ Ω are recycled and a sufficiently high dimension of
the subspaces to be recycled, the construction of a global basis is possible by combining the
Krylov subspaces as
ωL
ω1
ω2
Ktot = Km(ω
∪ Km(ω
∪ · · · ∪ Km(ω
.
1)
2)
L)

(1.42)

In contrary to the technique presented in section 5.1, both the spacing ∆ω of two consecutive values of Ω and the dimension m(ω), ω ∈ Ω are varying. The AKR algorithm, which
is depicted schematically in Figure 1.2, decides adaptively about increasing the dimension of
Krylov subspaces employed and sampling new systems by Ω ← Ω ∪ {ωm }, with ωm ∈ Ψ\Ω.
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Figure 1.2: Flowchart of AKR algorithm
ωmax
ωmin
and
The algorithm initiates by assembling the Krylov subspaces Km(ω
and Km(ω
max )
min )
the respective spanning basis V until the respective systems for ωmin , ωmax have reached
an approximation that satisfies rtol . Then, it follows a bisection strategy where it checks
iteratively kr(ωm )k ≤ rtol for each iteration i, where ωm := 0.5(ωa + ωb ) and ωa , ωb ∈ Ω.
In case kr(ωm )k > rtol it increases the dimension m(ωa ), m(ωb ). In case of stagnation
defined by the criterion

|kri (ωm )k − kri+S (ωm )k|
< stag ,
kri+S (ωm )k

(1.43)

ωm
where S ∈ N and stag ∈ (0, 1), ωm is appended in Ω and Vnew := span{Km(ω
} is
m)
appended to V. The same procedure continues until kr(ωm )k ≤ rtol for all ωm without
ωm
employing any subspaces of Km(ω
. For more details about the AKR algorithm one is
m)
referred to [5], where a memory constrained alternative of the algorithm is also proposed.

6

Numerical assessment of techniques based on a car interior BEM problem

The numerical assessment of the proposed techniques is conducted with a real life example
BEM model. The BEM model under consideration reflects to a car interior problem. As
depicted in Figure 1.3 it consists of a car cavity geometry which is acoustically excited by
N
at a point S := [1, −0.2, 0.5] and the sound pressure level is examined
a monopole of 1 m
at position R1 := [2, 0.2, 0.7]. Demanding the response at R1 for frequency range Ψ :=
[50, 650]Hz discretized with a fine step of ∆f := 1Hz results in the sequential assembly and
solution of 601 densely populated linear systems. Each system consists of N := 9300 DOFs
(degrees of freedom) and since the above mentioned operations scale with an algorithmic
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R1

N
S = 1m

Figure 1.3: Car Cavity model

complexity of O(N 2 ) and O(N 3 ) respectively, a relatively high cost is induced.

The BEM system is constructed by the OpenBEM code [44] and all computations are
performed in a Matlab R environment on a single machine of 32GB RAM and 2.9GHz processing power. In the following sections the resulting BEM system is first approximated with
a Chebyshev approximation and then reduced employing Krylov subspace recycling both
based on a fixed spacing and varying spacing according to the AKR algorithm. The Chebyshev approximation is preferred as it promotes non-intrusiveness towards the BEM code and
provides a uniform error over the considered frequency range.

6.1

Chebyshev approximation

As elaborated in section 4.2 the sequential assembly of the system for each different value of
ω ∈ Ψ can be alleviated by a Chebyshev polynomial approximation. In the first step of the
approximation, the degree of the Chebyshev polynomials employed needs to be determined.
Following the procedure described in section 4.1 adapted for Chebyshev approximations, the
maximum distance of any two elements of the mesh dmax := 3m, is selected to reflect to the
most difficult to approximate kernel function. In Figure 1.4 the relative error of a Chebyshev approximations of the kernel function are depicted for different degrees M . Employing
Chebyshev polynomials up to a degree M := 28 is considered sufficient as it yields a maximum error of 10−4 .
Before constructing the Chebyshev coefficients, it is essential to ensure that the available
storage is not exceeded. To accommodate their storage, a reduction of the coefficient matrices
can be employed by their projection on a global reduction basis leveraging Algorithm 1.
In that way, the reduced matrices replace the initial full order matrices rendering storing,
assembling and solving the system more efficient. As the resulting BEM system is nonaffinely dependent from frequency, an appropriate basis can be constructed with the two
techniques presented in sections 5.1 and 5.3 employing Krylov subspace recycling of fixed
order or varying order respectively.
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Figure 1.4: Relative error of Chebyshev approximations with different degrees

6.2

Constructing the bases by Krylov subspace recycling

As elaborated in section 5.1, the reduction is constructed by recycling the Krylov subspaces
of a predefined dimension m on a predefined fixed grid of master frequencies Ω. As in this
case the problem under consideration is an internal problem including multiple resonances,
a rather dense grid of master frequencies is employed selecting a grid of ∆ω := 25Hz, i.e.
Ω := {50} ∪ {75} ∪ · · · ∪ {650}. Additionally, Krylov subspaces of order 40 are combined
to build the reduction basis V. The dimension of V is rank(V) = 828 after truncating all the
vectors corresponding to a singular value smaller than 10−5 .
To assess the quality of the associated reduced order model produced by sampling Krylov
subspaces on Ω, an error estimator is built based on the procedure introduced in section 5.2.
The error estimator is created by comparing the reduced solution ξ̂40 with a slightly more
accurate reduced model solution, namely ξ̂45 , thus selecting c := 5. Although, employing
the error estimator implies that a second ROM is built, the additional computational cost
induced is minimal. In detail, this cost degenerates into constructing c additional Arnoldi
vectors by Algorithm 2 for each master frequency of Ω and computing a second reduced
order solution.
Although selecting a fixed dimension m and spacing ∆ω along with the construction of
an error estimator commonly produce a reliable reduced order model, especially for resonant
problems it is reasonable to deploy an adaptive algorithm to construct the reduction basis. In
this way, both the density of the sampled master frequencies and the dimension of the respective Krylov subspaces are allowed to increase adaptively. This can lead to a more efficient
recycling strategy by recycling the appropriate amount of subspaces in correspondence with
the complexity of the problem. The adaptive construction of the basis can be achieved by the
AKR algorithm introduced in section 5.3. In detail, the algorithm is employed accepting as
input a target error tolerance tol , which is set as tol := 10−2 and constructs a global solution
basis W by recycling the Krylov subspaces of an automatically selected dimension generated
at an adaptively built set Ω of master frequencies.
Deploying AKR algorithm produces a sampling of subspaces which selects higher dimension of subspaces to recycled along with a denser master frequency grid for higher frequencies. The dimension of the subspaces sampled at each frequency of Ω is depicted in Figure
1.5, along with the dimensions of the subspaces recycled by the fixed spacing technique.
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Figure 1.5: Subspace dimension of Krylov subspaces employed at Ω for the construction of
the reduction bases employing different sampling patterns

Figure 1.6: Relative error induced by projection of the system on reduction bases constructed
by the different techniques.

Comparing the two sampling patterns employed for the construction of the bases, it is observed that AKR necessitates only 13 assemblies and 7 partial solves of the full order system,
while the fixed spacing technique assembles 40 systems and constructs the corresponding
Krylov subspaces. Additionally, the yielded bases span 560 and 828 directions respectively,
leading to the conclusion that not only AKR is more economical in terms of system assemblies and partial solutions (Krylov subspaces construction respectively), but it also produces
more compact bases leading to more drastic reductions.
6.3

Error assessment

With the AKR producing a more compact basis that leads to a higher reduction of the DOFs,
it is important to inspect the induced error to conclude if the AKR-based reduction reflects to
a compromise in the model quality. In Figure 1.6, the relative errors 40 induced by the fixed
spacing sampling method and AKR induced by the AKR-constructed basis are given along
with the error estimator created for the 40 . It is observed that although the relative error AKR
follows quite closely the error tolerance tol , this is violated for the certain frequencies. These
frequencies as shown in Figure 1.7 coincide with the resonance frequencies of the cavity as
at the resonances the system is in general more ill-conditioned.
On the contrary, the relative error induced for the fixed spacing model reduction technique
takes values well below the error threshold as a result from the dense master frequency grid
and high order of Krylov subspaces that are recycled. However, this is considered as an
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Figure 1.7: Relative error induced by projection of the system on reduction bases constructed
by the different techniques.

unnecessary overkill as the demanded accuracy is overachieved, which as noted in section
6.2 is accompanied by a more modest reduction. Nevertheless, it is noteworthy that the
error estimator predicts quite accurately the error that is induced by the fixed spacing model
reduction technique.
As demonstrated by Figure 1.7 the responses yielded by the reduced models (ROM) are
matching the response of the full model, indicating that the relative error threshold tol =
10−2 can be considered sufficient to capture the pressure response of an interior microphone.
Even in the case of resonance frequencies, which inflict local excess of the error threshold in
the AKR constructed ROM, the response is accurate enough as discrepancies below 1dB are
observed.
6.4

Computational cost assessment

Apart from inspecting the induced error by each reduction technique, it is essential to examine
the efficiency of the techniques in terms of the accompanying computational cost. Since
the procedure is split to an offline-online setting, it is essential that the cost of each part is
assessed separately. As depicted in Figure 1.8(a) the cost related to the offline tasks of the
technique employing a fixed spacing for the recycling of subspaces is the highest. This is
directly correlated with the number of systems that need to be assembled and deployed for
the Krylov subspaces construction. On the contrary, as all operations are performed in an
online fashion, the conventional BEM (CBEM) does not involve any cost that need to be
undertaken in advance.
Inspecting the online costs involved by all techniques (Figure 1.8(b)), it is notable that
all the costs scale with one order of magnitude higher that the offline costs. Additionally, it
is apparent that the two reduction techniques outperform CBEM and are indeed correlated
with an advantage regarding the acquisition of frequency sweep responses. Furthermore, the
online cost of the fixed spacing sampling technique is more than double the respective cost
induced in the AKR reduced case. This comes as a result mainly of the more compact size
of the latter, but also in the former case due to the accompanying error estimator the reduce
order model needs to be resolved twice.
As a result, the two reduction techniques are competitive to each other and both are outperforming the conventional BEM approach. This leads to the conclusion that selecting the
appropriate reduction technique cannot be based solely on the associated computational cost
and other criteria need to be considered.
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(a) Offline Cost

(b) Online Cost

Figure 1.8: Computational cost of reduction techniques and full scale solution divided into
offline and online cost.

6.5

Overall assessment of the reduction techniques

Performing the comparison of the two reduction techniques with the conventional BEM approach, it can be concluded that they both outperform the conventional BEM approach. Additionally, the two techniques are close to performance since they both achieve the predefined
error threshold and score quite similarly with respect to the required computational cost.
Specifically, in this numerical example, employing a fixed spacing sampling of Krylov subspaces leads to an acceptable relative error for the full frequency range that can be predicted
with an error estimator without inflating much the associated computational cost. Similarly,
the reduction method based on an automatic Krylov subspaces sampling with the AKR algorithm produces a more compact reduced order model and as a result is associated with a
lower computational cost, but yields a slightly higher relative error, which however obeys in
general the predetermined error level.
However, when it comes to selecting the preferred technique to conduct a frequency
sweep, other criteria need to be accounted for as well, such as the user input required, the
robustness and the general applicability of each technique. In this respect the AKR algorithm is more advantageous than employing a fixed spacing for the subspaces sampling. The
main difference of the two techniques is pinpointed to the determination of the location of the
master frequencies and the dimension of the subspaces that are recycled. Specifically, while
the AKR defines these two parameters automatically, the fixed spacing sampling demands
from the user to predetermine them. This implies that in certain cases, such as the one of
the car interior problem, the frequency range can be oversampled leading to large reduction
bases, while in other cases not a sufficient amount of subspaces is recycled leading to high
errors. The two different cases might be encountered in the same analysis, looking at the
lower and higher frequencies. On the contrary, leveraging AKR is more robust as a different
sampling and dimension of recycled subspaces are employed depending on the complexity of
the response. Thus, AKR does not require to predetermine those parameters making it more
versatile to adapt to the specific characteristics of each problem.
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Summary

In this chapter a framework for the model order reduction of BEM systems is presented. The
methods introduced are divided into an offline-online setting, with the former scaling with
the number of DOFs of the full system and the latter only with number of DOFs of a reduced
system. In the offline stage operations regarding the construction of the reduced system are
performed, while in the online stage the multifrequency analysis is conducted. In brief, in the
offline stage the BEM system recovers its affinity by a Taylor or Chebyshev approximation
and is projected onto a reduction basis.
This basis can be constructed by an appropriate Krylov subspaces recycling procedure.
In this work, two techniques for constructing the reduction basis are presented and compared.
The first proceeds into a sampling of Krylov subspaces based on a fixed frequency spacing
and a constant order while the second is based on the AKR algorithm and selects adaptively
both the location and the dimension of Krylov subspaces to be recycled. The comparison of
these techniques with respect to the induced error and the associated computational cost leads
to the conclusion that they are both competitive techniques and outperform the conventional
BEM setting. However, when it comes to selecting the preferred technique, other factors such
as its robustness and general applicability lead to the AKR based technique.
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Executive Summary

Based on generalized Snell’s law, a composite structure is proposed which is composed of
periodically arranged porous elements of varied thickness in the in-plane direction with rigid
separations in between to obtain broadband and wide angle of incidence absorption. Without
a rigid backing, the proposed design is suitable for applications where both reflection and
transmission need to be tackled simultaneously. Firstly, an analytical model to calculate the
phase response of reflection and transmission is derived. Moreover, based on the analytical
model, a detailed design is made and validated numerically and experimentally: an absorption coefficient of over 0.9 is achieved between 1500 Hz and 3000 Hz for a range of angles
of incidence of over 120◦ . Our work shows a way to achieve high reflection and transmission coefficients simultaneously using regular foams, showing the potential for real-world
applications.
2

Introduction/Basic concepts

Metamaterials are a class of materials that are composed of smaller units, once combined, unconventional material properties such as negative bulk modulus[1] and negative mass density[2]
can be achieved. In the field of acoustics, metamaterials find their applications in controlling
and manipulating sound waves. They include acoustic lenses that are capable of focusing
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plane waves[3], converting plane waves into evanescent waves or vice versa[4] and anomalous reflection and anomalous transmission[5]. For the application of obtaining a high absorption coefficient over a wide frequency range, designs are usually resonance based, be it membrane type[6], rubber coatings with an air-filled cavity[7], mass inclusions[8] or Helmholtz
resonators[9]. Though such systems can achieve a high absorption coefficient at the design
frequency, the improvements tend to be narrow-banded. Even though multiple layers can be
combined for a more broadband solution, this measure tends to lead to more bulky designs or
complicate the fabrication process.
Phase gradient materials have been shown to be able to manipulate waves effectively both
for electromagnetic and acoustic waves, where wave conversion can also be achieved[10]. In
this chapter, we utilize the wave conversion capability of phase gradient materials and design a metasurface which is capable of reducing the reflection and transmission coefficients
simultaneously. As a result, a broadband high absorption can be achieved. The layout of this
chapter is as follows: the description of the design is given in section 3.2; the theoretical formulation and design process are explained in section 3 and 4; the numerical and experimental
validation is performed in section 5 and 6 respectively and conclusions are made in section 7.
3

Problem description and methodology

This chapter focuses itself on achieving a low reflection and transmission coefficient through
one design at the same time. Section 3.1 describes the theory that the design is based on.
Section 3.2 shows the actual design. The prediction model of reflection and transmission
coefficients is shown in section 3.3.
3.1

Generalized Snell’s Law

The Generalized Snell’s Law provides an extension of the conventional Snell’s Law. It was
first introduced into the field of optics[11]. It describes that if there exists phase discontinuity
at the interface between two media, the transmitted and reflected waves behave differently
from those in the case which is governed by the conventional Snell’s law. In the case that
the phase discontinuity is well-chosen, they can become evanescent. A detailed derivation
of the Generalized Snell’s Law based on the Fermat’s Law can be found in [11]. The definitions of the conventional and generalized Snell’s Law are given in equation (2.1) and (2.2),
respectively:
n2 sin(θ2 ) − n1 sin(θ1 ) = 0,

(2.1)

λ
(2.2)
n2 sin(θ2 ) − n1 sin(θ1 ) = m ,
l
where n1 is the refractive index of medium 1 (unity for air), n2 is the refractive index of
medium 1 in the case of reflection or that of medium 2 in the case of transmission, θ1 is the
angle of incidence, θ2 is the angle of reflection in the case of reflection or that of transmission
in the case of transmission, m is the order of the reflected or transmitted wave, l is the length
of one period for the phase gradient along the interface and λ is the wavelength of the waves
considered in medium 1.
As can be derived, if λl > 2, equation (2.2) will yield only complex solutions for any order
of the reflected and/or transmitted wave higher than the 0th order. As a result, all higher order
reflected and/or transmitted waves will have a complex wavenumber with a purely imaginary
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component in the direction normal to the interface, meaning that along that direction they
are evanescent and will not travel far[12]. A low reflection or transmission coefficient can be
achieved depending on where a phase gradient is applied. Consequently, by exerting phase
gradients on both the reflection and transmission interface, a high absorption coefficient can
be achieved.
3.2

Description of the design

A metasurface with periodically arranged unit cells is designed. Figure 2.1 shows the design
schematically, where regions in magenta grid represent foam and those in white represent the
air regions.

Figure 2.1: Schematic representation of a unit cell design consisting of four cells
Each unit cell is composed of a number of separate cells with rigid partitions. Each cell
is composed of a foam of a certain thickness with air regions both at the top and bottom of
the foam. The height of both the top and bottom air region is adjustable to enable 2 degrees
of freedom (DoFs) for each cell to independently tune the reflected and transmitted waves.
Thus, it is possible to form a phase gradient on both the top and the bottom interfaces. To
create a synergy when combining multiple periods together, the width of each period is kept
as sub-wavelength at the frequency of interest.
3.3

Prediction of phase of the reflection and transmission coefficient of each cell

To achieve a certain phase profile on the reflection and transmission side of the surface, a
model to predict the phase of reflection coefficient R and transmission coefficient T at single
cell level is proposed. Figure 2.2 shows the schematic representation of one cell of the unit
cell as represented in Figure 2.1, where L1 , L2 , L3 and L are the thickness of the top air
layer, foam layer, bottom layer and the whole cell, respectively.

S2
L1
L2 L
L3
S1
Figure 2.2: Schematic representation of one cell of the design
The impedance translation theorem[13] can be expressed as:
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ZS2 = Zc

−jZS1 cot(kL2 ) + Zc
.
ZS1 − jZc cot(kL2 )

(2.3)

It states that for two locations inside a medium, the surface impedance at one location
(ZS2 ) can be calculated once the following qualities are known: surface impedance at the
other location (ZS1 ), the characteristic wavenumber k, the characteristic impedance Zc of
the medium and the distance between two locations L2 (see Figure 2.2 for locations of S1
and S2 ).
The reflection coefficient R at a given surface can be calculated from the surface impedance
Zs at the given surface:
R=

1 − Zs
.
1 + Zs

(2.4)

Combining equation (2.3) and (2.4), the reflection coefficient at the top of one cell can be
predicted (where the phase information is incorporated):


−e−2ka (L1 +L2 )j Za2 − Zf2 (σ1 − σ2 )

.
(2.5)
R= 
Za2 + Zf2 (σ1 − σ2 ) + 2Za Zf (σ1 + σ2 )
By applying continuity of acoustic particle velocity and acoustic pressure on the transmission interface (S1 ) for two media [14], the complex transmission coefficient T for one
cell can also be predicted:
T =

eka (L1 +L3 )j 4Za Zf

,
Za2 + Zf2 (σ1 − σ2 ) + 2Za Zf (σ1 + σ2 )

(2.6)

where σ1 = ekf L2 j ; σ2 = e−kf L2 j ; Za , Zf , ka and kf are impedance and wavenumber of
air and foam, respectively.
4

Design process

This section applies the theory of the previous section to obtain a design for the metasurface.
As the design incorporates foam, the strategy to obtain the equivalent fluid properties of the
foam is explained in section 4.1. Section 4.2 describes the methodology to determine the
geometry of a unit cell.
4.1

Foam characterization methodology

Since the design is composed of cells with foam of various thickness, it is necessary to use
realistic foam parameters to realize the design. To this extent the foam properties of a foam
are retrieved from an impedance tube experiment and are subsequently used to realize the
design.
4.1.1

Description of the method

Foam parameters are measured and characterized in an impedance tube using the two cavity method as proposed by Utsuno[15]. Figure 2.3 shows the impedance tube used in the
measurement and Figure 2.4 shows the foam samples used.
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Figure 2.3: Impedance tube used for the inverse characterization of the foam parameters[16]

Figure 2.4: Foam samples for the measurement
A cellular foam is chosen for the sake of achieving a lightweight design. For each sample,
three measurements are made with different depths of backing cavity between the foam and
the backing piston. The surface impedance and equivalent wavenumber can be extracted
from the measurements. Then the frequency dependent complex equivalent characteristic
impedance Zf and wavenumber kf can be calculated using equation (2.7) and (2.8):
s

Z0 Z00 (Z1 − Z10 ) − Z1 Z10 (Z0 − Z00 ))
,
(2.7)
Zf =
(Z1 − Z10 ) − (Z0 − Z00 )


1
Z0 + Zc Z1 + Zc
kf =
ln
,
(2.8)
2jd
Z0 − Zc Z1 − Zc
where d is the thickness of the sample used in the measurement, Z0 and Z00 are the surface
impedance of the samples with two different backing air cavity depths and Z1 and Z10 represent the impedance at the back of the sample for the two different cavities. Z0 and Z00 can be
measured directly, Z1 and Z10 can be calculated as:
Z1 = −jZa cot (ka L) ,

(2.9)
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where Za is the characteristic impedance of air, ka is the wavenumber in air and L is the
applied cavity depth.
4.1.2

Validation of the method

During the experiments, three cavity depths are used: 6 cm, 2 cm and 0 cm (no cavity, for
validation purpose). The 6 cm and 2 cm cases are used together with equation (2.7) and (2.8)
to obtain the equivalent wave number and characteristic impedance of the foam.
When no backing cavity but just rigid boundary condition is applied, the surface impedance
of the foam is given by [13]:
Zs = −j cot(kf d),
(2.10)

where kf is the equivalent wave number of the foam, d is the foam thickness and j is the
imaginary unit.
Via equation 2.4, the reflection coefficient for the rigid backing case can be obtained,
leading to the following absorption coefficient:
2
αL=0 = 1 − RL=0
.

(2.11)

Then the predicted absorption obtained with properties based on the measured 6 cm and 2
cm backing cavity configurations is compared to the measurement with rigid baking. Results
are presented in Figure 2.5. A good agreement is observed, indicating the method is correctly
implemented.
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Figure 2.5: Absorption coefficient comparison: derived versus measured

4.2

Determination of unit cell geometry based on the extracted foam parameters

Based on the extracted impedance and wavenumber, equation (2.5) and (2.6) are then used to
predict the phase of R and T . Figure 2.6 and 2.7 shows the phase of R and T as a function
of L1 and L3 at 2000 Hz.
With the aim to form a phase gradient on both the reflected and transmitted surfaces,
different combinations of L1 and L3 are selected. As a result, four unique cells as a period
are designed to form a phase gradient on both the reflected and transmitted surface. The
geometry of the four cells is detailed in table 2.1.
It is worth mentioning that though in this specific case all values of L3 are zero, it does
not imply that in general L3 should be set to zero since it is dependent on the specific foam
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Figure 2.6: Phase of R as a function L1 and L3 at 2000 Hz

Figure 2.7: Phase of T as a function of L1 and L3 at 2000 Hz

Cell No.
1
2
3
4

L1 (cm)
6
4
2
0

L2 (cm)
1
3
5
7

Table 2.1: Dimensions of four cells

L3 (cm)
0
0
0
0
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parameters. Besides, although the phase of T does not cover the complete 2π range, which
means the phase gradient formed by the four cells will not be evenly distributed, as shown in
next two sections, a favorable absorption enhancement is still achieved.
5

Numerical simulations

To validate and check the effectiveness of the design, a simulation is made based on the
dimensions given in table 2.1. Section 5.1 shows the setup of the numerical model. The
results at normal incidence are given in section 5.2. Section 5.3 shows the results at oblique
incidence.
5.1

Numerical setup

PML

Line 2

Sample Area

Line 1

PML

As shown in Figure 2.8, a unit of four cells is simulated with the dimensions from table 2.1.

Figure 2.8: Locations of pressure extraction for coefficient R, T and α
The simulations are made in COMSOL 5.4 with the pressure acoustics module. The
extracted complex foam parameters are imported into the software to represent the foam. A
unit cell is placed in the middle of the air domain which is 1.47 m (from left to right) by
0.08 m (from the top to bottom). The length for the air domain below and above the unit
cell is 0.7 m. An oblique plane wave field with controllable angle of incidence is incident to
the unit. To remove unwanted reflections, perfectly matched layers (PMLs) are added at the
boundary of acoustic domains both above and below the unit cell. Bloch Floquet boundary
conditions are added at the two sides to ensure periodic boundary conditions. The simulation
is performed for the frequency range from 1000 Hz to 3000 Hz. For sufficient accuracy, the
1
maximum element size is set to be 20
of the minimum acoustic wavelength considered.
Pressure values are predicted at 10 cm above and below the metasurface (see line 1 and
line 2 in Figure 2.8). The reflection coefficient R, transmission coefficient T and absorption
coefficient α are approximately calculated as:
Ps
,
Pi
Pt
,
T =
Pi
α = 1 − R2 − T 2 ,

R=

(2.12)
(2.13)
(2.14)

where Ps is the averaged pressure for scattered waves along line 1 (L1 ), Pt is the averaged
pressure for transmitted waves along line 2 (L2 ) and Pi is the averaged pressure for incidence
waves along line 1.
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For the sake of comparison, the absorption of a bare foam of the same thickness and of
the same type is also simulated with the same setup.
5.2

Absorption coefficient at normal incidence

The absorption coefficient of the designed sandwich structure obtained using the method
mentioned above is shown in Figure 2.9.
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Figure 2.9: Absorption coefficient α of metasurface and bare foam at normal incidence
A high absorption enhancement can be observed over a wide frequency range for the
sandwich design, as compared to the conventional bare foam case of the same thickness.
This means that in the normal incidence case, the absorption of the metasurface is greatly
enhanced without any compromise to the absorption coefficient at near frequencies, which
sometimes is the case for elastic metamaterials. The broadband characteristics are due to the
fact that the metasurface is not a locally resonating structure since it works on the collective
contribution of each cell to form a phase gradient.
Figure 2.10 shows the real part of the pressure field above and below the surface for both
the metasurface and the bare foam case.
Evanescent waves

Evanescent waves

(a) Metasurface case: evanescent waves observed (b) Bare foam case: evanescent waves not observed

Figure 2.10: Pressure field distribution in the region close to the surfaces at 2000 Hz
In the metasurface case, the evanescent waves are observed near the surface whereas in
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the bare foam case only plane waves are observed. Evanescent waves possess an exponentially deceasing amplitude in the direction that moves away from the surface, which becomes
negligible when the distance is larger than one wavelength[17], as also can be confirmed by
right figure of figure 2.10.
5.3

Absorption coefficient at oblique incidence

Similarly, the absorption coefficients of metasurface and bare foam under oblique angles of
incidence can be predicted and for the sake of saving space, the absorption coefficients for
varying angles of incidence at only 2000 Hz is shown in Figure 2.11.
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Figure 2.11: Absorption coefficient α of metasurface and bare foam at oblique incidence at
2000 Hz
As can be seen from the figure, the metasurface case has a much higher absorption over
a wider range of angles of incidence as compared with the bare foam case, which serves as a
great advantage.
Additionally, the absorption coefficients for the metasurface are high for angles ranging
from normal incidence up to approximately 60 degrees, while for the regular foam, high
absorption coefficients are mainly obtained for angles close to grazing. The reason is that
the metasurface is based on the phase gradient which tends to collapse at large angles of
incidence, owing to the fact that an oblique angle of incidence will introduce an additional
phase gradient on the surface which, close to grazing cases, will neutralize the existing phase
gradient on the surface. For the bare foam case, the performance is mainly dependent on the
effective path that the acoustic waves travel through the foam, which becomes longer with a
larger angle of incidence.
Apart from a much higher average absorption coefficient for a wide frequency range and
also for a larger range of angles of incidence, the location of higher absorption coefficient being centering around the normal incidence can also serve as an advantage for the metasurface
case as compared with the bare foam case. When diffuse field measurements are considered,
angles of incidence are mostly limited to 78 degrees as energy impinging on the panel beyond that angle is minimal [18]. In the range of dominant angles of incoming energy, the
metasurface thus performs better.
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Experimental verification

The design is also experimentally validated in a two-port test rig, which shows a good match
to the numerical validation results. Firstly, the experimental setup is described in section 6.1.
Then the results are described in section 6.2.
6.1

Experimental setup and measurement procedure

The experiment is conducted in a two-port test rig, of which the cross section is 4 cm by
4 cm, allowing only one plane wave to propagate below 4280 Hz. Figure 2.12 shows a period
of metasurface sample and Figure 2.13 shows the sample within the sample holder which is
mounted on the two-port test rig.

Figure 2.12: A sample with a sample holder

Figure 2.13: A sample with sample holder mounted on the two-port test rig [19]
An acoustic two-port model is used to characterize the scattering matrix of the system.
By analyzing the scattering matrix, the reflection and transmission coefficients at both sides
of the metasurface R± and T ± can be obtained. The scattering matrix S is defined as:
 +

T
R−
S=
.
(2.15)
R+ T −
For both the sandwich and bare foam case, three samples are measured respectively. For
each sample, four measurements are taken, whose configurations are shown in table 2.2.
The impedance treatment is achieved by mounting a cone-shape structure at one end of
the test rig to change the end impedance thus the boundary condition of the system accord-
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Measurement No.
1
2
3
4

Impedance treatment
Y
Y
N
N

Source in duct
1
2
1
2

Table 2.2: Measurement configuration

ingly. For the same excitation, with and without this treatment can yield two independent
measurements.
6.2

Absorption coefficient at normal incidence

The measured absorption coefficient of the sandwich and bare foam case together with their
numerical counterparts are shown in Figure 2.14 and 2.15.
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Figure 2.14: Measured and simulated absorption coefficient α of the metasurface at normal
incidence
As can be seen from the figure, in general, the measurement results agree well with the
numerical results in both cases, except for a small mismatch at the lower end of the spectrum, which is speculated to be introduced by either different clamping conditions of the
samples in the two-port test rig and the impedance tube or less accurate characterization at
low frequencies in the impedance tube.
7

Conclusions

It is shown that by exerting a phase gradient on both the reflection and transmission side of
a structure, high absorption coefficients can be obtained as the reflection and transmission of
higher order waves can be suppressed. Phase gradients are obtained in this work by using a
metasurface, composed of periodically arranged air-foam-air systems of varying dimensions
that are separated by rigid interfaces. As compared to a foam with the same thickness, an
improved absorption coefficient is obtained in a wide frequency range and for a wide range
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Figure 2.15: Measured and simulated absorption coefficient α of bare foam at normal incidence

of angles of incidence. The effectiveness of the proposed design is verified by finite element
simulations and is experimentally validated for normal incidence.
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Chapter 3

Perception of sounds auralized
from finite element transfer
functions
Giorgio Pulvirenti, Etienne Parizet, Nicolas Totaro
INSA Lyon
1

Executive Summary

The use of numerical methods is becoming more and more common in industrial design
processes. However, to finely represent the physics of the problem, numerical models are
always more elaborate and time-consuming. In the meantime, sound perception is now a
vital topic for car manufacturers, who try to predict sound quality during the development
phase of the vehicle. It is therefore useful to get some ideas about how accurate a simulation
should be to give valuable insights in sound quality applications. The goal of this paper
is to understand how the accuracy of simulated transfer paths (TPs) affects psychoacoustic
metrics. A physical model is built, and the associated Finite Element (FE) model is set up,
validated and taken as reference. Then, some deteriorations of the FE model are introduced,
and a sensitivity analysis checks how those changes affect objective metrics associated to the
TPs. Lastly, jury tests are performed that allow to evaluate how sounds auralized from diverse
FE models are perceived similarly.
2

Introduction

The current automotive market is extremely competitive and dynamic, forcing enterprises
to innovate and renew their portfolio at a quick pace. This pressure comes from different
directions. On the one hand, customers expect high-quality products. On the other hand, due
to concerns about public health and related issues, institutions are enforcing very stringent
regulations. A typical example in which both customer expectations and legal limitations
play a significant role is the pass-by noise (PBN) test. If an enterprise wants to market a
vehicle, the latter must pass the PBN test emitting noise with a sound pressure level (SPL)
in a narrow band: if lower than the minimum or higher than the maximum, the vehicle fails
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the test, with consequent losses for the enterprise itself. This small range gives engineers a
little room to design sounds and noise, but the technical constraints do not lower the bar of
customer expectations. Consequently, companies must run in-depth studies to evaluate the
so-called sound-quality of their products, namely how the potential customers perceive the
emitted sound.
This intricate puzzle severely impacts the design process of new vehicles. Ideally, one
would like to build prototypes, to test them and to be sure of their performances. But prototypes are particularly disadvantageous since they are expensive and require a significant
amount of time for their construction. In a competitive world, like the actual one, this is a
no-go. A general approach to avoid the costs associated with prototypes is to rely on CAE
tools, which allow to get satisfactory results. Auralization techniques allow humans to hear
and evaluate the simulated sounds. Still, the computational cost associated with simulations
is responsible for the elongation of the design phase, in terms of time. Not even the most
recent software products manage to escape from this issue. The field of acoustics is notably
delicate from this perspective, since numerical simulations are often computational costly.
How can scientists help in solving this issue? Many paths might pave the way to the
solution but, as usual in applied science, these paths are often limited to a particular class of
problems. So the first step is to identify a cluster of applications that share some peculiarities.
A particularly important set comprises all the problems in which sources, transfer paths
(TP) and receivers act independently to a satisfactory degree. In this class, by associating a
transfer function (TF) to each TP, the sound at the receiver results in a simple combination
of the source signal and the TF itself. In such a way, engineers can analyze each part of
the problem separately. The receivers can stay out of the simulations in most cases (e.g.
when engineers want to perform jury tests without earphones and when they can rely on
psychoacoustic metrics). On the opposite side of our problem, the source is often tough to
model, requires specific attention depending on the governing physics: this is why it is not
part of this research.
What about the TFs? An easy solution is to calculate them via frequency-domain approaches, so that the combination of TFs and sources becomes a simple convolution in timedomain. In detail, the inverse Fourier transform modifies these TFs into their equivalent IRFs,
thus removing the constraint of time-harmonicity.
The main technical issue is that a unique simulation method able to tackle the typical
engineering problem does not exist. Deterministic techniques such as the Finite Element
Method (FEM) and the Boundary Element Method (BEM) are efficient in the low-frequency
range, while statistical techniques such as Statistical Energy Analysis (SEA) perform better at
high-frequency. The mid-frequency range, where the modal density is high but not sufficient
to satisfy statistical assumptions, is still hard from a technical perspective, but solutions are
present in literature. Lastly, hybrid techniques become necessary when parts of the system
behaves at low frequency and other ones at high frequency, as the Hybrid Finite Element
Statistical Energy Analysis.
Any time that engineers use one of the methods mentioned above to produce an auralized
sound, an error between the physical sound and the simulated one occurs. This error is a function of the simulation settings, and its behaviour depends on the mathematical formulation
of the used method. At the same time, the choice of simulation parameters strongly affects
the computational cost. This issue is essential for techniques that involve matrix calculation,
such as the FEM and BEM (for other methods, the main difficulty might be the identification
of some parameters and not the computation itself; for instance, this is the case of the SEA).
Nowadays, it is unknown how the simulation error affects the perception of the auralized
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sounds. More specifically, it is not clear the level of accuracy necessary to obtain satisfactory
results in terms of sound-quality applications. Can engineers use coarse models? Or do they
need finely tuned ones?
2.1

Literature review

The interest in auralization to reduce designing time can be tracked at least to the beginning
of this century (for instance, see [1, 2]). The subsequent development of these early jobs leads
to the presence in the market of solutions and products [2, 3, 4]. Most of these approaches are
test-based or hybrid test/model-based. As to entirely modelling approaches, research is still
ongoing, and it has been productive in the last years. Proposed studies ranged over different
fields.
The research team of Wolfgang extensively worked on tire noise models for sound quality
applications [5, 6]. Researchers from Zhejiang University discussed the sound-quality optimization of a diesel engine [7] using FEs for the structural problem and BEs for the acoustic
one. Xu et al. used a simulation method based, again, on the FEM for structures and the BEM
for acoustics to optimize, through a genetic algorithm, the subjective annoyance of sounds
perceived in the cabin of a car [8]. Hodor et al. predicted the less uncomfortable fan on a set
of three thanks to a computational fluid dynamics approach with large eddy simulation [9].
Regarding the use of acoustic FEs, a group of researchers from Otto-von-Guericke-University
Magdeburg studied both the thermal and the psychoacoustic behaviour of an encapsulation
for a diesel engine [10]. In another article, the group of researchers mentioned above proposed a predictive psychoacoustic model based on a virtual prototype representing, again, a
diesel engine [11].
All these studies show the interest of researchers in the field, but none of them focused on
the impact of simulation errors on acoustic perception. Concerning this subject, only a few
studies are available.
In 2011, Nykänen et al. [12] investigated the impact of frequency resolution and spectrum smoothing of binaural TFs into perception. The test case was the contribution of engine
sounds to interior sounds of a truck. They performed tests to compare artificial head recordings to modified binaural TFs. Their findings showed that a resolution of 4 Hz or higher and
a smoothing with maximum 1/96 octave moving average filters were comparable to artificial
head recordings. Trollé et al. confirmed this frequency resolution value for vibroacoustic
applications [13].
Nykänen, together with the same researchers of the previous work, published in 2013 further results [14]. This time the objective was to evaluate the maximum changes in frequency
resolution and smoothing to preserve preference rating. They found that a much higher degree of degradation for binaural TFs was possible. They found a value of 32 Hz for frequency
resolution, and 1/24 octave bandwidth filters or 63 Hz absolute bandwidth filters for smoothing operations. Even though these values preserved preference ratings, the degradation comes
together with a loss of consistency between participants of jury tests. Furthermore, results
were not general since the modifications affected only TFs, and not the source. Final recommendations included the need for variance analysis when repeating a similar approach.
In 2018, Aujogue and Parizet further extended scientific knowledge about the accuracy of
TFs for auralization purposes [15] in the case of TFs from input forces to acoustic pressure.
Furthermore, the modifications were different for diverse area of the audible spectrum. At low
frequency (i.e. low modal density), the study focused on displacements of eigenfrequencies.
At mid and high frequencies, the main changes were smoothing techniques, consistently with
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previous studies. Results were similar to the ones of Nykänen et al. Besides, they found
that at low frequency, a relatively small frequency shift of the eigenfrequencies is highly
detectable.
2.2

Research objectives

As the most recent papers show, the interest in the error of TFs for auralization is growing.
However, up to now no papers discussed the error introduced by simulations, which is of
great importance for fastening the design phase of products.
Regarding this subject, too many techniques are available and a general study is not possible in a short time. However, the FEM is a particularly appealing method to start researching
in this field, since scientists extensively studied its numerical errors and developed an exhaustive theory. Moreover, the FEM is a conventional method in the industry. Therefore, it seems
reasonable and useful to analyse the effect of FEs errors. A first approach in this direction
should focus on these issues:
1. do the various parameters of FE acoustic models introduce errors that humans perceive
differently?
2. do common guidelines impose an accuracy that is adequate, insufficient or excessive
for human perception?
In this context, the easiest way to answer the above research questions is through a full
factorial experiment1 . The process is the following:
1. select the k factors of the experiment, which are the numerical parameters supposed to
affect the precision and accuracy of simulations;
2. fix a number ij of levels for each factor (hence, j = 1, 2, ..., k), namely two values
different enough to introduce significant differences into the result of simulations;
3. build a reference numerical model, which should be realistic enough and whose factors
are at the level corresponding to highest accuracy and precision;
i
hQ
k
4. build other N∗ =
i
− 1 models, so to fulfill all the possible combinations of
j
j=1
levels for the factors ;
5. run the Ntot = N∗ + 1 simulations and to analyze their results with objective metrics;
6. perform jury tests and to analyze their outcome.
In this scenario, given a specific TP, the diverse numerical models serve to calculate different TFs associated to the same original TP. The TFs are distinct since the numerical error
varies among the models. The convolutions of a source signal with the impulse response
functions associated to each TF result in several sounds that reflect the inequality of the errors. Taking advantage of the modern CAE capabilities, it is possible to reiterate the process
for several TPs, thus validating the results over a wider range of paths.
1 For

a definition of factorial experiments, see [16].
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Theoretical background
Linear time-harmonic acoustics

In order to study an acoustic problem in the domain of frequency, one may properly write the
mathematical equations representing the wave propagation inside the geometrical domain of
interest and the physical constraints. Here the focus is on linear propagation, since it has a
wide range of practical applications. Several sources are available in literature that introduce
the theory of linear acoustics (see, for example, [17, 18, 19]). This subsection provides a
summary. The variables of interest are small perturbations of ambient values. In the case of
pressure and velocity, for instance, it results:
p̃(x, t) = ptot (x, t) − pamb

(3.1)

ũ(x, t) = utot (x, t) − uamb

(3.2)

in which x is the coordinate vector, t the time, subscripts tot and amb indicate respectively
total and ambient values at the considered location, while p̃ and ũ are the perturbations of
pressure and velocity. The values of p̃ and ũ generally need to be estimated in a geometric
domain Ω ⊆ Rd , with d number of spatial dimensions; Ω can be bounded or unbounded. The
equation governing this class of problems is the inhomogeneous wave equation. It ensues
from mass conservation (both locally and globally), Euler’s equations of motion2 :
∂ 2 p̃(x, t)
− c2 4 p̃(x, t) = 0,
∂t2

(3.3)

where c is the (constant) speed of sound and 4 is the Laplacian operator. Assuming a timeharmonic dependence for the generic function f˜(x, t) = <{f (x, ω)e−iωt }, by separation of
variables the inhomogeneous Helmholtz equation is obtained:
4p(x, ω) + k 2 p(x, ω) = 0,

(3.4)

with k = ω/c wave-number. A problem governed by the Helmholtz equation is Linear-TimeHarmonic.
Eq.3.4 is not sufficient to fully describe a linear time harmonic problem. The definition
1 ∂p(x,ω)
of proper conditions on the boundary Γ ⊆ Rd−1 is necessary. Given u(x, ω) = iωρ
,
0 ∂n(x,ω)
with ρ0 density of the medium at rest, a common one is the admittance boundary condition:
u(x, ω) − us (x, ω) = Y (x, ω)p(x, ω).

(3.5)

in which Y is the admittance, n the outward normal to the boundary and us an assigned
value. If Y = 0, eq. 3.5 degenerates into the Newman boundary condition and us becomes
the velocity on Γ. Alternatively, it is possible to reformulate eq. 3.5 into the impedance
boundary condition:
Z(x, ω))[u(x, ω) − us (x, ω)] = p(x, ω).
(3.6)
in which Z is the impedance. The latter condition degenerates to the Dirichlet boundary
condition when Z = 0. In general, boundary conditions can be ‘mixed’: that is, different
2 The following hypothesis hold: the fluid has zero heat conductivity, is inviscid, and the associated flow is
adiabatic ([20], section 6.2).
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conditions apply to different subsets of Γ. Lastly, in the case of unbounded acoustics, the
Sommerfeld radiation condition must be enforced when Ω is unbounded:


d−1
∂
2
− ik u(x) → 0
(3.7)
lim kxk
∂kxk
kxk→+∞
in which the operator k·k is the Euclidean norm.
Mathematical description at Γ thickens in the case of interaction between different types
of phenomena. A typical example is the structural-acoustic strong coupling, in which a vibrating surface radiating power inside Ω is affected by the acoustic waves in Ω itself [19].
This work does not consider such phenomena, since they are typical of only some applications in which a vibrating body is immersed in a heavy fluid (e.g., submarine industry). In
the following, variables dependence on x and ω is assumed, and will be omitted except if to
underline essential aspects.

3.2

The Galerkin method

It may be hard to analytically handle the Helmholtz equation 3.4 in some cases, for instance,
when the geometry involves crooked boundaries [21]. In these situations, it results convenient
the use of numerical approximation, such as the FEM, which is here introduced as a Galerkin
method. As a first step, assuming that p is a function in the Sobolev space H 1 (Ω), equation
3.4 is multiplied times a generic test function χ ∈ W (Ω) ⊆ H 1 (Ω), where the definition
of W (Ω) depends on the boundary conditions (for a full discussion, see [18, 22]). Then,
its integral over Ω (including boundary conditions) is solved by part. Posing s = iρ0 c and
assuming a bounded geometrical domain, the governing equation becomes [17]:

 
Ω


4p + k 2 p χ dΩ =



Ω



(5χ · 5p − χk 2 p) dΩ − sk

χ(Y p + us ) dΓ = 0,
Γ

∀χ ∈ W (Ω). (3.8)

The main obstacle to obtain an exact solution of eq. 3.8 is the infinite dimension of
H 1 (Ω). Luckily, practical applications require a solution only within a certain precision and
accuracy range: a proper approximation perfectly satisfies these criteria. The weak problem
3.8 is projected on a ‘trial’ function space V (Ω) ⊂ H 1 (Ω) of finite dimension N spanned by
a basis {φn }. A trial solution is taken as:
p≈

(p)
N
X

pn φ(p)
n ,

(3.9)

n=1

in which pn are the unknowns and N (p) are the degrees of freedom (dof) associated to pn
(in terms of FE meshes, N (p) is equal to the number of nodes on which the pressure can
have a value different from zero). Similar approximations hold for boundary velocity us and
admittance Y . The test functions are projected on a ‘test’ function space W (Ω) ⊂ H 1 (Ω)
of finite dimension spanned by a basis {%n }; in this case it is V = W . Neglecting for the
moment the source term, equation 3.8 becomes:
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Ω
sk





(p)
N
X

5%i · 5 


(Y )

N
X

%i 
Γ

j=1

n=1





(p)
N
X

 − %i k 2 
pn φ(p)
n


N
X

(Y )
Yj φj  


 dΩ−
pn φ(p)
n

n=1



(p)
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(p)
pl φl  +

(us )
NX


(us ) 
usm φm
dΓ = 0,

m=1

l=1

∀%i ∈ {%n }.
(3.10)

By considering {%n } a set of weighting functions, equation 3.10 represents the well
known weighted residual method [23]. The trial and test space, together with their basis,
can be chosen according to several rules, see for instance [19]. The process obtained by
(p)
choosing {%n } = {φn } is called the Galerkin method (that is, trial and test functions are
equal). The known terms in equation 3.10 can be rearranged into three symmetric matrices
and one vector, provided the boundary admittance is independent of the frequency [17]. The
mass matrix M has entries:



(p) (p)

mjl =
Ω

φj φl dΩ.

(3.11)

The stiffness matrix K has entries:



(p)

kjl =
Ω

(p)

5φj · 5φl dΩ.

(3.12)

The damping matrix C has entries:





cjl = ρ0 c
Γ

(p)
φj 

(Y )
N
X


(Y )
(p)
Yj φj  φl dΓ.

(3.13)

j=1

The boundary mass matrix Θ has entries:


θjl =
Γ

(p) (us )

φj φl

dΓ,

(3.14)

and it combines with the vector us = {us } to build the boundary vector f :
f = skΘus .

(3.15)

The approximated governing equation is now:
[−k 2 M − ikC + K]p = f .

(3.16)

Equation 3.16 is discrete, and thus it lends itself well to computer calculations. There is still
one missing brick in the exposed construction: how to define properly the set of function
(·)
{φn }?
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3.3

The finite element method
(·)

Except for the φn functions, all the other terms in eq. 3.16 come from the mathematical
description of the problem. The latter is a problem of physical mathematics out of the scope
of this research. Hence, the only terms that have an influence on the numerical solution of
(·)
eq. 3.16 are the basis {φn }. The finite element method is a way to define define this set of
function; the process is not straightforward, comprising several steps.
First, the geometrical domain is discretized through disjoint polytopes3 Ωj ⊂ Ω such that
∪Ωj ∈Ω Ωj = ΩC ∼
= Ω, with ΩC computational domain, and Ωj ∩ Ωl = ∂Ωj ∩ ∂Ωl ∀i 6=
j. The resulting partition is called mesh; for instance, figure 3.1 (a) shoes a generic 2dimensional domain, and (b) shows a possible mesh, in which each triangle is an Ωj , with
j = 1, ..., 6. Usually the mesh is automatically built or manually created by the user in a
virtual environment.

(a)

(b)

Figure 3.1: A 2-dimensional geometric domain (a) and an example of a mesh (b).
Then, a polynomial function space P is defined on Ωj equipped with a basis {Sl }nl=1 ,
in which n =dim(P )and Sl are called shape functions. A set of functionals Li (·), with i
= 1, 2, ..., n, such that Li (Sl ) = δil for each polytope complete the method, ensuring that
the value of the approximated variable p at any point in the domain depends only on the
“nodal” values (namely the value of p at the degrees of freedom). Each mathematical entity
comprising a polytope, the associated polynomial function space and the functionals is called
finite element. It is possible to formulate shape functions in different ways, most notably
through Lagrangian or Legendre polynomilas [24].
Since each FE represent an “interval” of the domain ΩC , and a set of polynomial functions
is defined in each of these intervals, one can define a set of picewise polynomial functions
in the whole computational domain ΩC . The finite element method consists in imposing
(·)
{φn } equal to this set of picewise polynomial functions. Thus, the entries of the matrices
in equation 3.16 are immediately defined; the process of assembling the matrices is widely
discussed in literature [25, 19].
Usually, when using a commercial software, final users have control only on two parameters of the FEM formulation. These two parameters are:
• the size of the FEs, hel ;
• the order of interpolation of shape functions, pF E ;
Moreover, commercial solutions often build the mesh automatically, giving the user only a
limited control on each element. Thus, here, instead of considering each element size hel , the
3A

polytope is the generalization to the n−dimensional case of a polygon.
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main numerical parameter is the average size of FEs, h; as it will be clear in the next section,
many studies on the FEM numerical error refer to regular meshes, where hel = h in each
element.
3.4

Pollution and approximation error

Given an acoustic wave propagating in a homogeneous and isotropic medium, the following
linear dispersion relation hold [26]:
ω
= c,
(3.17)
k
with speed of sound c independent from frequency. When discretizing the propagative phenomenon via FEM, the linear dispersion relation does not hold anymore, leading to spurious
dispersion. An introduction of this phenomenon is provided here for plane waves, based on
[27]. An extension exists in the literature that leads to the same numerical dispersion relation
for the cylindrical and the spherical cases [28].
A representation of plane waves in one dimension is possible along their direction of
propagation. In this case, the exact solution of the Helmholtz equation is:
p(x) = p0 eikx ,

(3.18)

in which x is the only spatial coordinate; for simplicity, p0 = 1 in the following. In dispersion
analysis for FEM, a regular mesh with n nodes located at positions xn = nh with n ∈ Z
supports linear FEs that approximate the acoustic problem. VC indicates here the set of all
the linear piecewise functions supported by the nodes xn . The interpolant produced with
polynomials in VC is characterized by having exact values at nodes:
p(xn ) = eiknh .

(3.19)

The solution of the Galerkin FE solutions is4 :
pC (xn ) = eikC nh .

(3.20)

The matrix of the FEM leads to a set of algebraic equations at each node that, substituted
in equation 3.20 provides the following dispersion relation5 :


1 − (kh)2 /3
kC h = arccos
,
(3.21)
1 − (kh)2 /6
√
which is valid for kh ≤ 12, since above
√ this threshold the approximated waves become
evanescent (see [29], section 3.2); kh = 12 is a resolution of about two nodes per wavelength. Ainsworth proposed a generalization of this result in the multi-dimensional case [30].
The general behaviour in higher dimension does not change, but the FE solution exhibits a
slight anisotropic behaviour; a clarifying introduction to this issue is available in [27].
The different wavenumber produces a different phase velocity ωk for the Galerkin FE solution SF E with respect to the exact solution SE and the Vh -interpolant SI . Clearly, decreasing
the product kh makes SF E closer to SI , and SI itself closer to SE . In particular, the minimum error between SE and any element SVh ∈ Vh is the one between SE and SI , which in
4 Different approaches are available in literature;

see Ihlenburg and Babŭska [29], section 3.2, or Anisworth, [30],
section 2.1; Anisworth justified his approach with Bloch waves.
5 Calculations are available here [30, 27]
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literature is often called best approximation error. On the other hand, the error between SF E
and SI is due to the phase delay, and it builds up in space; this part of the error is usually
called pollution error [27]. Ihlenburg and Babuska showed that there exists a supremum for
the error of the Galerkin FE solution that comprises two parts: exactly the best approximation error and another part related to the pollution error. They first find the supremum for the
linear Galerkin FEM [29], and then extended the result to the Galerkin FEM with polynomial
shape functions of generic order pF E [31]:
kerrk∗H1 ≤ C1



kh
2pF E

pF E


+ C2 Lk

kh
2pF E

2pF E
(3.22)

in which C1 and C2 are problem dependent constants, L is the characteristic length of the
problem and k·k∗H 1 is an H 1 -seminorm defined as the norm of the first distributional derivative of its argument. It appears clear from this formula that pF E plays a significant role in
controlling the pollution error at high wavenumbers. It comes with no surprise that several
articles are present in literature that deal with high order schemes for FE acoustics [32, 33]
3.5

The infinite element method

Equation 3.16 has been derived without taking into account the Sommerfeld radiation condition, that is, for bounded acoustic problems. The introduction of condition 3.7 introduces
non trivial complications. From a purely mathematical perspective, trial and test space are not
anymore coincident (see [18], section 2.3.2). However, due to the nature of the FEM 6 , the
computational domain needs to be truncated at an appropriate artificial boundary ΓA properly
introduced, which divides the original unbounded domain into two regions: a bounded computational domain ΩF E discretized with FE and an infinite residual region R = R3 \ΩF E .
Subsequently, some techniques acting on ΓA that satisfy the Sommerfield radiation condition are in charge of ensuring a solution to the problem. Intuitively, the most straightforward
solution would be to use some boundary condition in the form of equation 3.7, but this one
produces spurious reflections that seriously affect the quality of results (see [21], section 3.3
and 10.3). Because of this reason, some alternative techniques that emulate the Sommerfeld
radiation conditions without introducing spurious reflections are necessary.
Accurate reviews of the most common methodologies for modelling the infinite region
exterior to the artificial boundary are available in literature [34, 35]. Here, the infinite elements method (IEM) is considered. This methodology rely on an extra layer of discrete
elements, the IEs, in charge of the propagation of the acoustic field towards the infinity. From
a geometrical perspective, IEs similar to FEs in that they have nodes and shape functions.
However, the calculation of IE shape functions is somewhat more complicated than their
finite counterpart. Introductions to the IEM are available in literature; the following is a summary of reference [36], with a focus on infinite elements for spherical geometries7 . Extension
to meshes for more general geometries are discussed later on.
As a first step, a spherical volume ΩR ⊃ ΩF E delimited by a surface ΓR is defined (see
fig. 3.2). The radius of ΓR and is indicated here with R. The Sommerfeld radiation condition
3.7 is then approximated by removing the limit and equating the left hand side to zero at large
6 In the FEM, the discretization is on the volume; hence, an unbounded geometrical domain requires an infinite
number of elements, which is not a feasible solution for numerical computation.
7 The discussion focus on 3-dimensional IEM; mono-dimensional elements are slightly different, but not interesting for the purpose of the present work.
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distances from the source, resulting in:
5p = −ikp.

(3.23)

Such a termination, called ρc, is imposed on ΓR , so that eq. 3.8 is reformulated into the
following equation [36]:




2

Ω

(5χ · 5p − χk p) dΩ − sk

χ(Y p + us ) dΓ+



Γ

ik

∀χ ∈ W (Ω). (3.24)

χp dΓR = 0,
ΓR

(b)

(a)

Figure 3.2: The FE/IE model:(a) Modified domain with a far field boundary. (b) Finite element (FE) and infinite element (IE) meshes [36]
The computational domain ΩR is then discretized in FEs (covering ΩF E ) and IEs (covering ΩIE = ΩR − ΩF E ). This equation is discretized according to the Galerking projection
3.9. Shape functions of FEs do not change with respect to the case of the bounded problem.
The contribution of IEs to the matrices of the problem come from the following terms:





A = lim

R→∞

ΩR −ΩF E

(5%i · 5φ

(IE)

2

− k %i φ

(IE)

%i φ(IE) dΓR ,

) dΩ + ik

(3.25)

ΓR

where φ(IE) are chosen as a product of interpolation functions in radial and transverse direction; by referring to figure 3.3, given the nodes α = iµ and β = iν :
φ(IE)
= gi (θ)fµ (r, ω) and
α

(IE)

φβ

= gj (θ)fν (r, ω),

µ, ν = 1, 2, ..., q

(3.26)

where q refers to the number of nodes in the radial direction, r is the radial direction and
gi (θ) is the following interpolation function:
gi (θ) =

θ − θj
θi − θj

and

gj (θ) =

θ − θi
.
θj − θi

(3.27)
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Figure 3.3: Geometry of an infinite element [36].

The radial functions fµ (r, ω) and fν (r, ω) need to ensure an appropriate radiation condition. To do so, first, the following, well-known, multi-pole expansion is considered [36]:
p(x, ω) = e−ikr

∞
X
Gn (r, θ, ϕ)
,
rn
n=1

(3.28)

where r, θ and ϕ are the spherical coordinates and Gn (r, θ, ϕ) is a directivity function associated with the nth inverse power of the radius8 . The radial functions fµ (r, ω) are chosen to
propagate towards the infinity the first pIE terms of the multi-pole 3.28, resulting in:

fµ (r, ω) =

r 
µ

r

p
IE
Y
ν=1(6=µ)

r − rν −ik(r−rµ )
e
.
rµ − rν

(3.29)

The previous concepts can extended to non spherical FE meshes thanks to mapped elements, which allow IEs to lie on generic surfaces ΓA (which is the artificial boundary separating the FE mesh from the IE layer). However, the user must always take into account the
so called Atkinson-Wilcox theorem [37], that dictates sufficient conditions for the multi-pole
expansion 3.28 to work. In details, the sound field outside a sphere ΓA can always be written
in form of 3.28 if the sphere encloses all radiating and scattering sources. An extension of this
theorem to elliptic coordinates exists [38], which implies that ΓA can be a spheroidal surface.
Some software, including Actran [39], use a curvilinear coordinate system, but restriction on
the spheroidal surface ΓA do not change.
From a user perspective, two factors are critical when using the IEM. First, the mesh must
satisfy a version of the Atkinson-Wilcox theorem; the requirements to satisfy the theorem
may be more complicated of what described here, so it is critical to read and understand
the user manual. The second point, which is of critical importance within this work, is an
appropriate choice of the order of IE interpolation pIE in equation 3.29, since it dictates the
accuracy of the simulation.
8 See

[36] for details about the construction of Gn (r, θ, ϕ).
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Description of the test case

4.1

The scenario

The first step to design an appropriate experiment is, in this specific case, the choice of a
convenient scenario. Indeed, even if the most critical considerations come directly from the
theory, some practical issues affect the choice of factors and levels. Furthermore, to study
the influence of numerical parameters in the perception of auralized sounds, in theory, any
TP would be sufficient. However, some pragmatic considerations may help to select some
particular TPs.
First, with increasingly silent hybrid and electric engines, tires become among the main
contributor of noise generation during the PBN test. Receivers of tire noise are the driver,
the passengers and the pedestrians. All of them are of particular concerns for vehicle makers.
Indeed, potential purchasers evaluate the quality of a vehicle also depending on how divers
and passengers perceive it (Sporty? Luxurious? Comfortable?). On the other hand, public
regulators are more concerned about the safety of all humans that may interact with the vehicle, including pedestrians. So it seems reasonable to choose a TP which involves tires and
one of the just mentioned receivers.
In this work, the focus is on the influence of numerical parameters in the perception of
auralized sounds; therefore, it is reasonable to avoid any complications related to geometry
or materials. Among the TPs that see tires as a source, the simplest ones are the one reaching
the pedestrians, since they go straightly from the source to the receiver.
Further simplifications are desirable to avoid an excessive expenditure of time in modelling the geometry of the problem and in solving the simulations. Consequently, the use of
an actual vehicle is not possible, because modelling all the details would be time-prohibitive.
For the reasons above, the scenario is further reduced to a quarter vehicle model designed
ad-hoc for this work; all the surfaces are assumed rigid.
4.2

The mock-up

The previously described simplifications, although remove realism from the scenario, allow
to study the effects of numerical parameters without the influence of discretization errors associated with too complicated geometry and material properties. To be sure that this scenario
maintains a degree of realism sufficient for perceptive purposes, both a mock-up and an accurate FE model are built, and the TFs are qualitatively compared. Figure 3.4 shows a picture of
the mock-up and its orthogonal projections. The following section describes the FE model.
4.3

The reference FE model

The geometry of the mock-up is reproduced via a CAD software, assuming that all the boundaries are rigid. The volume of such geometry is discretized with a tetra-elements mesh9 . Finite elements of second-order without central node (serendipity elements) are used. Serendipity elements have the advantage of reducing the computational cost of the simulation, but are
very sensitive to distortions [41], so the mesh needs to be carefully designed. Characteristic
length of finite elements, h, was 3.7 mm, the order of polynomial shape function p was 2.
In order to ensure the Sommerfield radiation condition, Infinite Elements (IFEs) with shape
function of order pIE 7 have been used.
9 The

software used is Hypermesh [40].
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(a)

(b)

(c)

Figure 3.4: Multi-view projections (a) and two views (b) (c) of the mock-up.
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Source
G+
G−
S+
S−

x1 [m]
−0.112
−0.112
−0.112
−0.112

x2 [m]
0.1
−0.1
0.29334
−0.29334
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x3 [m]
0.00625
0.00625
0.174
0.174

Table 3.1: Receiver position coordinates.

Receiver
P 01
P 02
P 11
P 12

x1 [m]
1
2
1
2

x2 [m]
0
0
1
1

x3 [m]
1.2
1.2
1.2
1.2

Table 3.2: Receiver position coordinates.

4.4

Transfer paths, simulation and validation

A set of monopole sources and a set of receivers identify the transfer paths (TPs). Figure 3.5
shows their spatial placements: monopoles, in yellow, are very close to the surface of the tire;
receivers are in red. Tables 3.2 and 3.1 give their coordinates.

Figure 3.5: Positions of sources (yellow spheres) and receivers (red points) in the threedimensional space.
The last step before launching the simulation is the definition of environmental variables,
according to the conditions of the tests on the mockup (performed in a semi-anechoic chamber with a monopole source and microphones). Speed of sound is calculated by linearly
interpoling results of [42] with a relative humidity of 50%, a temperature of 25◦ and an environmental pressure of 101325 Pa. Air density is calculated according to the CIPM-2007
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equation of state for moist air [43] with same setting used for the speed of sound, and neglecting change of CO2 concentration with respect to dry air. Simulations have been run in
the frequency band between 20 Hz and 3500 Hz with a frequency step of 5 Hz. The latter one
has been chosen to ensure a sufficient computational time for simulations.
Figure 3.6 shows the comparison between measured (blue) and simulated (red) TFs. Precisely, figure 3.6(a) shows real parts and figure 3.6(b) shows imaginary parts. Despite the
comparison not being perfect, it was considered sufficient for the purpose of this research.

(a)

(b)

Figure 3.6: Real (a) and imaginary part (b) of a measured (blue) and simulated (red) TF.

4.5

The degraded FE models

According to the previously discussed theory, the model accuracy is driven by three main
parameters:
• the average size of finite elements h;
• the order of interpolation of finite elements pF E ;
• the order of interpolation of infinite elements pIE .
Table 3.3 shows the three chosen values used to run simulations for each parameter. Considering a full factorial design, the total number of simulations is thus 18.
The first two parameters are often chosen considering in function of the minimum wavelength λmin , which in turn depends on the maximum frequency to reach. In the present
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Factor
h [m]
pF E
pIE

Level 1
0.11
1
2

Level 2
0.056
2
5

55

Level 3
0.037
/
7

Table 3.3: Chosen values for the three main parameters of the IE solving strategy

h
0.11
0.11
0.11
0.11
0.11
0.11
0.056
0.056
0.056
0.056
0.056
0.056
0.037
0.037
0.037
0.037
0.037
0.037

pF E
1
1
1
2
2
2
1
1
1
2
2
2
1
1
1
2
2
2

pIE
2
5
7
2
5
7
2
5
7
2
5
7
2
5
7
2
5
7

N◦ of d.o.f.
3222
4890
6002
21087
27591
31927
20549
27158
31564
146696
172802
190206
50540
75905
92815
336526
437377
504611

Table 3.4: Number of degrees of freedom per model for the IE solving strategy.

configuration, the maximum frequency is 3500 Hz leading to 0.9, 1.76 and 2.7 elements per
wavelength respectively; given pF E = 2 for the reference model, this results into an average
5.4 nodes per λmin .
Table 3.4 shows the size of each model used for this solving strategy in terms of degrees
of freedom.
4.6

Models comparison

A direct comparison between TFs representing the same transfer path can give a qualitative
idea of their differences due to numerical errors. However, for this research, a quantitative
output is preferable. Therefore, the response vector assurance criterion (RVAC) is used to
assess the differences between TFs. The rvac vector is a global metric evaluating the correlation between two different models frequency by frequency, ranging from 0 to 1. It is
calculated as:
s
|vtfi (f )H vtfref (f )H |2
rvac(f ) =
(3.30)
H
(vtfi (f ) vtfi (f ))(vtfref (f )H vtfref (f ))0
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where vtfref is the vector containing TFs calculated with the reference numerical model, vtfi
is the vector containing TFs calculated with the model to compare, H denotes the hermitian
transpose and f the frequency. The rvac is very sensitive to frequency shift, which is why an
RVAC correlation matrix is very interesting. In such a matrix, each element represents the
correlation between the two models at the relative frequencies:
s
|vtfi (fi )H vtfref (fref )H |2
(3.31)
RVAC(fi , fref ) =
H
(vtfi (fi ) vtfi (fi ))(vtfref (fref )H vtfref (fref ))0
Clearly, for each frequency fref , there is a value of fi = fis at which max(RVAC(fref )) occurs. The vector comprising all this maximum values is called here rvacs , and the frequency
shiftfref − fis is indicated with ∆f (fref ).
As an example, consider the reference numerical model and the model with h = 0.037,
pF E = 1, pIE = 2. The latter will be indicated from now on as model B. Figure 3.7(a)
shows the RVAC matrix between two TFs calculated with them. The match is good only up
to a certain frequency, around 1500 Hz; it is however acceptable (higher than 0.6) up to about
2800 Hz, with some exceptions.
Figure 3.8(a) shows rvac (black continuous line) between the two models, rvacs (black
dotted line) and the associated frequency shift (blue dashed line). Considering a frequency
resolution of 5 Hz, the frequency shift is relatively small when rvacs is higher than 0.5.
Figure 3.9 shows four different metrics in function of the models size. The metrics are:
• an averaged RVACtot in the full bandwidth: the average of all rvac, values (continuous
blue line);
• an averaged RVAC20−1500 in the 20-1500 Hz band: the average of all rvac values in
this band (dashed circle red line);
• an averaged RVAC1500−2500 in the 1500-2500 Hz band (dashed triangle line);
• an averaged RVAC2500−3500 in the 2500-3500 Hz band (dashed cross red line).
These metrics are plotted on the right y-axis. Numbers of degrees of freedom of the models
are plotted on the left y-axis. On the x-axis, the model size ranks: namely, the models are
simply sorted in function of their size. There is not an inverse relationship between the four
metrics and the size of the various models. Even if this might seem counterintuitive, it is
related to the optimal choice of parameters.
5
5.1

Psychoacoustic analysis
Sounds synthesis

Each of the 18 TFs obtained through the different computations is used to synthesize one
sound. The synthesis is performed by convolution with a tire noise signal of 3 seconds
recorded in real conditions10 . Since the tire noise signal does not change among the convolutions, the differences between the synthesized sounds come only from the variations between
TFs. Consequently, any discrepancy between two sounds synthesized with TFs representing
the same physical TP, is caused only by the unequal numerical accuracy of the models.
10 The signal is obtained from a much longer laboratory time recording of a 195/65R15 tire rolling on a drum
equipped with a rough surface. The test is a coast-down from 120 to 20 km/h (constant deceleration of 1 km/h/s)
performed in a semi-anechoic environment. The part used for the convolution is between 51.5 and 48.5 km/h.
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Figure 3.7: RVAC matrix between tow TFs calculated with reference numerical model and
model B.

5.2

Effects

The effects chosen for this study are:
1. psychoacoustic metrics;
2. perceived similarities.
The metrics analyzed are SPL(A), where the “A” indicates the A-weight, loudness N , and
sharpness S. Loudness has been computed according to ISO 532B (1975) norms (Zwicker
model). The perceived similarities have been assigned between the reference sound and all
the other sounds during a jury test intended to analyze one transfer path. Fourteen volunteers
are asked to listen to thirty-six pairs of sounds. The first one is always the reference sound,
while the second is the sound to compare. The sounds to compare are all the ones associated
to the transfer path (thus including the reference sound itself), and each sound is analyzed
twice, to be able to check repeatability.
The format of jury tests is the same: volunteer are asked to listen to several pairs of
sounds. The first one is always the reference sound, while the second is the sound to compare.
The sounds to compare are all the ones associated to the transfer path (thus including the
reference sound itself), and each sound is analyzed twice.
5.3

Metrics analysis

Resulting TFs has been convoluted with the source signal as explained before to create a total
of 288 sounds (16 TFs gives 16 sounds for each of the 18 models). An ANOVA analysis has
been run to check which factors are affecting which metrics, and at which levels. It turned
out that pF E affected loudness and sharpness. Figures 3.10 and 3.11 show the comparison
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Figure 3.8: rvac (black continuous line) and frequency shift ∆f (fref ) (blue dashed line)
between two TFs calculated with reference numerical model and model B.
plot with a 95% confidence interval. On the other hand, other parameters did not play affects
the metrics; see, for instance, figures 3.12 and 3.13, showing h vs. loudness and sharpness,
in which the confidence intervals clearly overlap.
5.4

Similarity analysis

Similarities have been studied by analyzing the results of a jury test. For timing reasons, jury
tests were performed with data of only one TP (the one of figure 3.6); they involved fourteen
participants. Each participant has been asked to compare the reference sound with thirty-six
audio records. The latter ones were the first two seconds of the eighteen sounds associated
with the Transfer Path (thus including the reference sound itself), which were compared twice
to have redundant data. The two sounds of each pair were separated by a pause lasting 1
second. When comparing them, the participant was asked to rank the difference with a slider
that can move between a “very similar” value and a “very different” one. The slider then
produced values between 0 and 10, for very similar and very different sounds respectively.
The first step is to qualitatively check the repeatability of results, which was considered
sufficient. After that, each pair of scores has been averaged, thus obtaining a single similarity
score per sound and participant. Then, a PCA analysis has been performed, showing that
participants assigned the scores in a very consistent way. Lastly, similarity scores of all
participants relative to each sound have been averaged, and variance calculated, so to have a
unique score and a variance value for each sound.
Figure 3.14 shows the scores (errorbar, values on the left y-axis) versus the size of each
model (blue line, right y-axis); on the x-axis, the jury test rank: the models are sorted in
function of their score. Simulations on the left of the vertical dashed line have pF E = 2;
on the contrary, the ones on the right have pF E = 1. Noticeably, many models with order1 FEs are bigger (in terms of total degree of freedom) than some on the left. Squares and
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circles refer, respectively, to simulation with h = 0.11, 0.56, 0.37. Even this factor seems
to play an important role. pIE is not plotted, since it does not seem to be important. This
might be because the points at which TFs are calculated, are relatively far from the truncated
boundary; therefore, the high order terms of the multipole expansion play a less important
role. Furthermore, the use of a monopole source might generate a simple acoustic field despite
the reflective surfaces, and such a field may be well represented only by low order terms. In
conclusion, figure 3.14 shows that there is not a clear trend between the size of the model and
perception, which is an essential factor to keep in mind in case of design applications. Also,
the better similarity of sounds auralized with order-2 elements shows the importance of pF E .
Figure 3.15 shows scores versus the four averaged RVAC metrics introduced in section4.6.
Trend of each metric tends to be inverse to the scores, as expected, but it is hard to derive any
conclusion on which part of the frequency band is more important. The fact that worst-ranked
models have very low RVAC1500−2500 and RVAC2500−3500 is coherent with the comments
received by participants.Other significant conclusions come from the analysis of the score
levels and the 95% confidence intervals. First, all the four best-rated models are statistically
comparable11 , meaning that differences were probably tiny. This resemblance is present despite averaged RVAC2500−3500 being already significantly different from the reference one.
In particular, the two models with h = 0.056 m had a relatively low number of elements per
wavelength at the highest frequency (1.76), which in turn means only an average of roughly
3.5 nodes per wavelength. Considering the differences at high frequency encountered by participants, this might underline a threshold under which it is possible to have numerical errors
without affecting the perception of the simulated sounds.
An ANOVA analysis is performed, showing the importance of pF E in this test (figure
11 Here

two sounds are comparable if their 95% confidence intervals do not overlap.
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Figure 3.10: ANOVA results: p vs. Loudness with 95% confidence intervals; means are
statistically different.

3.16), and also the influence of h (figure 3.17). Since pIE turned out to be insignificant, it is
not reported here.
Lastly, it is interesting to point out that all people involved expressed the most peculiar
differences between sounds to be related to high frequencies.
6

Conclusions

The purpose of the present research is to assess in which way the numerical error of the
FEM affect the perception of sounds auralized from simulated TFs. The sounds come from a
convolution of the FE TFs and a source signal.
First, FE model was validated with a physical mockup and used as a reference in this
research. A layer of IEs ensured the Sommerfeld radiation condition. This reference model
comprises four monopole sources and four receivers, giving raise to sixteen TPs. Then, a
process of mesh degradation allowed to create further seventeen FE models. In detail, the
deterioration comes from changes in the following parameters of the original mesh: size of
FEs h, order of FE interpolation pF E and order of IE interpolation pIE . Hence, the TFs
associated with the same TP were diverse just by a matter of the numerical error induced by
the above mentioned numerical parameters. The RVAC was chosen as an objective metric
to evaluate the correlation of the degraded models with the reference one. The core of this
research comprises two parts: analysis of psychoacoustic related metrics and jury tests.
The analysis of psychoacoustic related metrics had the purpose of identifying if the numerical error was significant enough to affect some properly chosen acoustic metrics and.
The process allowed to catch also likely trends, namely, how numerical parameters affect
metrics. A-weighted SPL, loudness and sharpness have been chosen and calculated for each
of the 288 auralized sounds. The order of IE interpolation pIE did not significantly affect

Perception of sounds auralized from FE transfer functions

61

X2=1

X2=2

0.775

0.78

0.785

0.79

0.795

0.8

0.805

0.81

0.815

0.82

0.825

Sharpness [Acuum]

Figure 3.11: ANOVA results: p vs. sharpness with 95% confidence intervals; means are
statistically different.
these metrics. Possible explanations of this fact include the simplicity of the scenario and
significant distances of receivers from sources. The other parameters had an influence played
a more important role, indicating that numerical error may affect perception.
Jury tests aimed at analyzing similarities between sounds auralized form the eighteen
models and a reference sound, auralized from the reference numerical model. Even in this
case, only FE size h and order of polynomial shape functions pF E affected the perception. Interestingly enough, a clear trend between RVAC and similarity perception raised. Moreover,
three models ranked were not statistically different from the reference, despite a relatively
low RVAC at high frequency, in the order of 80%. The latter fact is of vital importance, since
it is a first clue that extreme accuracy is not essential for similarities perception, and, in turn,
for sound-quality applications.
In conclusion, this study shows the following relevant facts:
• humans can perceive the numerical error caused by the chosen numerical parameters;
• the trend illustrated here perfectly align with the theory of the FEM;
• humans can perceive differences only up to a certain degree, in perfect accordance with
psychoacoustic theory.
The last point is crucial, giving sound-quality engineers room to reduce the accuracy of simulations without affecting the final result. However, further research is needed to understand
the limitations of the area within which engineers can operate.
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Figure 3.12: ANOVA results: h vs. Loudness with 95% confidence intervals; means are
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Source field reconstruction in
presence of masking objects with
inverse Patch Transfer Function
method
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1

Executive Summary

In order to minimize sound pollution and satisfy consumer demands, the automobile industry
must significantly reduce the noise levels of its vehicles over the next decade. In this respect,
engineers search for an accurate and appropriate method of identifying and characterizing the
noise sources. The acoustic source localization, reconstruction and ranking is a tedious task
in industrial environments. Indeed, the source (for example a pump, an engine) is often of
complex shape and partially masked by objects like mounting frames. In that case, the use of
classical backpropagation techniques using arrays of microphones can be tricky. The aim of
the presented works is to illustrate how the inverse Patch Transfer Functions (iPTF) method
can be used to tackle such a situation. The concept of iPTF is based on the application of
Green’s identity on any virtually closed volume defined around the source. In addition, it
involves the discrete acoustic measurements performed at accessible positions around the
source and the numerical computation of virtual volume mode shapes. In the present work,
the advantages and limits of this approach are investigated through a parametric study on the
simple test case of a simply supported plate masked by a rectangular rigid obstacle in front
of it. Some numerical results will be shown to illustrate the application and robustness of the
iPTF in reconstruction of sound source in the presence of masking objects.
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Introduction

According to the World Health Organisation, noise is the second environmental factor after
air pollution that can cause disease in Western Europe [1]. In addition to the sometimes irreversible damage to hearing, noise pollution causes sleep disturbances, stress and anxiety,
which in the long term can lead to depression, hypertension and even cardiovascular disease
or stroke [1, 2]. These consequences have a direct impact on working life.
Road traffic is the main source of noise pollution in urban areas [3]. Noise pollution of land
vehicles in various regions are monitored to reduce the noise generated by various vehicles
that travel on road networks [4]. The International Organisation for Standardization (ISO)
[5] describes the technique for measuring noise emissions as ”pass-by noise test”. The implementation of the Pass-by Noise regulation [4] has put automotive OEMs under increased
pressure to reduce the noise generated by automobiles. Noise pollution controls are becoming more and more relevant and bring a layer of uncertainty to the design of a vehicle. OEMs
and their vendors must create new methods to minimise various noise sources and analyse
noise distribution around the vehicle to be able to decrease the output of noise while satisfying other restrictions such as weight, volume or sound quality. The future pass-by noise
control would significantly affect the vehicle production process.
All of these challenges have led to the emergence of the ”Pass-By Noise” (PBNv2) project
[6, 7]. The project discusses the different facets of pass-by noise: the ”source”, the ”transfer
path” and the ”receiver”. This work is part of PBNv2 project and focuses specifically on the
source aspect of the pass-by noise.
When looking through the scientific literature, one realises that a great deal of research has
been carried out to develop more advanced ”source identification” methods. There are many
categories of methods, all of which have theoretical bases and different objectives due to the
variety of applications. In particular, a distinction is made between the methods of ”source
location” and the methods of ”field reconstruction” (of velocity, pressure and/or intensity)
which, in turn, enable the source to be fully characterised. The work presented in this chapter falls into this category of ”field reconstruction” methods. Among the existing methods
of identifying sources, the Nearfield Acoustic Holography (NAH) and its derivatives such
as Statistical Optimized Nearfield Acoustic Holography (SONAH) are well known to NVH
engineers. In an industrial environment as complex as that of an engine test bench, these
methods suffer from certain constraints that limit their use. In particular,
• most of these methods can only reconstruct sound fields on simple surfaces (planes,
cylinders, spheres),
• they must be carried out in a controlled acoustic environment (anechoic room)
• they must be carried out facing the object without the presence of obstacles between
the source and the means of measurement (usually microphone sensors).
In order to overcome all these limitations, this work used a methodology, which has been
developed at the “Laboratoire Vibrations Acoustique”of INSA-Lyon. This identification
method is known as the inverse Patch Transfer Function (iPTF). The principle is based on
the concept of closed virtual acoustic cavity defined around the source and on the application
of Green’s identity. This volume can be defined arbitrarily and the method allows for the effective handling of rigid obstacles. This even makes it feasible for the method to in congested
source environment.
The discrete acoustic measurements are performed at accessible positions around the source
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and are feasible in a non-controlled acoustic environment thanks to Green’s identity, which
acts as a field separation method.
The measurements made are then coupled with numerical modelling, which enables the
source geometry to be managed whatever its complexity. Thus, from a double formulation,
direct and inverse of the acoustic problem, the source is fully characterised and the reconstruction of the entire acoustic field is carried out directly on its geometry.
The objective of this present work is to demonstrate numerically how to use the iPTF method
to identify the velocity field of a source partially masked by an object (blind identification).
This chapter is organized as follows:
• First, the state of the art of source identification techniques will be presented.
• Then, the concept of the virtual acoustic volume will be introduced. This concept is
the theoretical basis of this work and demonstrates how this concept is used to develop
methods for reconstructing sound fields on the surface of a vibrating structure. These
methods are based on an inverse formulation of the radiation problem. They will be
named under the acronym iPTF (inverse Patch Transfer Functions).
• Difficulties faced when inverting ill-posed problems, such as those of iPTF methods,
will be discussed. To overcome these difficulties, the present work has been based on
Tikhonov’s regularisation, which is presented in this chapter. A criteria for the optimal
choice of the regularisation parameter is discussed.
• Then, how to handle the presence of masking objects (also called obstacles) will be
presented. The particularly interesting feature is deduce from the iPTF theory in a
straightforward manner.
• Lastly, some numerical experiments will be carried out to serve as a validation of the
iPTF method when dealing with masking objects. The approach and methodology and
the identified results will be presented and discussed.
3

State of the Art of Source identification techniques

In order to optimize the vibro-acoustic behaviour of a source, the first step consists in characterizing it by identifying the zones or rooms responsible for the radiated noise. Apart from a
source delimited by a vibrating surface and placed in the air (weak coupling hypothesis), the
following information ensures the complete characterization of the source [8]:
• The normal acoustic velocity field at the surface of the source. This is local information
fundamental of the source since the continuity of the normal structural vibrating and
acoustic velocity on its surface (weak coupling) makes it possible to link its structural
vibrating behaviour to its acoustic radiation.
• The surface pressure field is the ”complementary” acoustic quantity of the speed field.
Combined, they determine the surface impedance of the source and its field intensity,
two local characteristics of radiation.
• The active sound intensity field normal to the source surface is the main information,
which characterizes the source. This indicates the location of the regions on the source
surface radiating in the far field.
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• The radiated sound power is the integral of the intensity on the surface of the source.
This scalar globally quantify the power level emitted by the source. It allows thus to
easily compare different configurations or parts between them and to prioritize them
according to their respective influence.
• The radiation factor assesses the ability of the source to transform its vibrations into
noise radiated in the far field. This overall amount thus reflects the effectiveness of the
radiation.

Knowledge of this information makes it possible to completely characterize the vibro-acoustic
behavior of a source. Access to these quantities is possible by numerical simulation, but the
modeling and predictability of numerical models are still today limited. The experimental
characterization of the sources therefore remains relevant, both in the development and optimization process of physical structures and validation of numerical models. In the following,
the main experimental methods of identifying sources acoustics available today on the market and in the literature are presented. Particular focus is made on the major limitations and
constraints of each of these methods in order to identify the relevant methods to meet the
established specifications.
One will distinguish, among the experimental methods of characterization of acoustic sources,
the so-called ”direct” methods and the so-called ”inverse” methods. By ”direct” method is
meant all experimental means for quantifying one of the characteristics of the source (velocity fields, sound power ...) listed above. The ”inverse” methods describes accessing the
source by measuring radiation quantities. Going through the scientific literature, we realize
that many so-called ”inverse” experimental identification methods have been developed since
the last three decades [8, 9, 10]. Some have been introduced to respond to specific applications and others have undergone evolutions or even combinations to overcome theoretical
limitations.

3.1

Direct measurement of sound fields from the source

The simplest identification technique is to measure directly the acoustic field close to the
vibration source to obtain a mapping of the location and characteristics of the source. The
use of simple microphones provides the acoustic field pressure of the source surface. To
obtain the acoustic velocity field two technologies exist today and are compared by Jacobsen
et al. [11]. Acoustic velocity measurement can effect be known with Euler’s relation by
double pressure information (measurement of the gradient, p-p probe) or using microflown
technology [12, 13] which integrates a co-located measurement of air pressure and particle
velocity using a hot wire (pU probe). By placing it perpendicular to the structure’s surface, the
normal velocity field can be obtained. Field intensity is then determined by the multiplication
of the field pressure and normal velocity. Measuring a closed area around the structure also
allows us to trace its radiated acoustic power. Although relatively simple, direct methods
should be implemented in cases when one is interested in measuring the vibratory field as
close as possible to the source (to assume continuity of fields), which requires a precise
measurement (robot arm with operator for example) and easy access to different areas of
the source. These direct experimental measurements can become tedious or even impossible
to achieve for complex source geometry and a potentially congested environment (obstacle,
wiring, etc.). Consequently, to get a more efficient operation, it is necessary to place the
measurement sensors at a certain distance from the source and then use the inverse method
described below.
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Beamforming techniques

Billingsley and Kinns [14] initiated the Beam formation technique in 1976. Since then, it has
undergone numerous changes to be usable in a confined environment (Spherical Harmonics
Beamforming (SHB) from the use of a spherical antenna and a decomposition of the field in
spherical harmonics [15, 16]), or for locating a moving source such as for vehicle passing
noise or on rotating structures. Traditionally, it uses a microphone array, preferably circular,
-with a pseudo-random distribution of the sensors to avoid the appearance of ghost imagesplaced in the far field of the source. At this distance, the waves are considered planar. Source
location is determined by the ”Delay and Sum” technique and scanning of the focal point
by the microphone array in space. Indeed, for each direction pointed, the signals from each
microphone are delayed to allow for wave propagation delays, normalized and then summed.
Whether constructive interference or not, we can determine the peak output signal from the
array and therefore the location of the source. For more details on the algorithm, the reader
can refer to [17]. Because of its simplicity, this technique is therefore particularly robust and
quick to install in an industrial environment. However, it has limitations and application constraints. It suffers from poor resolution at low frequencies (spatial resolution is proportional
to the acoustic wavelength) which limits its use at these frequencies. The beam forming
technique is often combined with near-field holography methods to broaden their respective
frequency limitation [18, 19]. Additional deconvolution algorithms [20] such as NNLS (nonnegative least squares) or DAMAS (deconvolution approach for mapping acoustic sources)
[21] are also available to significantly improve the resolution of technique at these frequencies. In addition, by measuring only one scalar pressure field, the method is sensitive to the
acoustic measurements environment. To counter this and allow the location of sources in
noisy environments, Pascal et al. [22] use a double pressure measurement (on close shots) in
order to estimate the finite difference in acoustic speed. Double speed information and acoustic pressure then makes it possible to distinguish the sources positioned in front of and behind
the antenna in order to get rid of them. Despite this, in view of the initial specifications set,
the main disadvantage of this method is that it is only a rather qualitative approach, focused
on the localization and the visualization of sources. It does not allow the reconstruction of
fields on the surface of the sources and makes it difficult to prioritize sources, which are the
main industrial expectations.
3.3

Near-field holography (NAH) based on the Fourier spatial transform

Maynard et al. [23, 24] introduced the traditional NAH in the 1980s. It is based on the 2D
spatial Fourier transform of the complex acoustic pressure field (at a certain frequency) measured in the nearfield by a microphone array on a surface called a hologram. The conversion
into the wave number domain allows the field to be propagated backwards by a propagator
to any surface conforming to the hologram (spatial periodicity) placed at a certain distance.
An inverse spatial transform finally allows to obtain the acoustic field on the back-propagated
surface as well as the acoustic velocity field thanks to the Euler relation. Jacobsen et al. [25]
and Pézerat et al. [26] have found a better quality of reconstruction using the measurement of
particle air velocity rather than pressure. The main disadvantage of NAH is that it is limited
to simple coordinate systems (plane, cylindrical or spherical [27]), therefore allowing reconstruction only on similar geometries. It is therefore not suitable for the reconstruction of fields
on industrial structures in complex geometry. It also assumes that the microphone array is
regular and that it fully covers the surface of the object to be identified to avoid side effects.
The array dimensions can therefore be consistent for large structures. In addition, spatial
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sampling of microphones must be less than half the wavelength, which limits its use at high
frequencies (number increasing microphones). Finally, without additional field separation
technique, this method requires free field conditions to be applied. Hu et al. [28] proposes
to adjust the procedure to a noisy environment based on double pressure measurement (on
two close holograms) and knowledge of the source reflection coefficient to represent the field
scattered by the source surface. It thus recovers the field that the source would radiate if it
were in a free field condition in order to apply NAH effectively.

3.4

Patch-Holography methods

The limitations of conventional NAH, in particular the need for a larger microphone array
than the source to be identified, have led in recent years to the development of Patch-NAH.
They are based on the representation of the acoustic field by elementary wave functions and
the back-propagation is done by inverse resolution of the problem without going through a
spatial Fourier transform . This avoids side effects, which makes it possible to use an array
dimension smaller than the source under studied. The best known methods are the HELS
method (Helmholtz Equation Least Squares) [29, 30], generally using a spherical wave decomposition and the SONAH method (Statistically Optimized NAH) [31], conventionally
based on an expansion in plane waves. The difference between these two methods comes
from the operation of matching the model to the measures, that is to say the determination
of the expansion coefficients. The HELS method explicitly determines them in the sense of
least squares and implicitly for the SONAH method. One of the interesting applications of
the SONAH method with an expansion in plane waves is the possibility of using a flat array
microphones and limited size. By doing different scans near the structure to identify, generally combined with a space tracking device, it is possible to obtain a reconstruction of all the
acoustic fields on a geometry similar to the surface of the source [32, 33]. However, this measurement process seems to be significantly dependent on the source geometry to characterize
and therefore difficult to automate by using a robot. Furthermore, for the method to be independent of the acoustic measurement environment, it requires a field separation techniques
prior or operated directly by the method. In this last case, Jacobsen et al. [34, 35] propose
the SONAH formulations using the combined speed measurement and pressure (single layer)
or measurement by microphone doublet. They then show that each of these two formulations
remove the influence of the acoustic environment behind the measurement antenna to allow
characterization in noisy environments. Braikia [36] studied the SONAH method applied to
confined environments in detail. Despite this possibility of an uncontrolled measurement environment, the main difficulty that remains with this technique is the non-management of an
inhomogeneous environment around the structure. In certain instances, if the source tends to
be, for example, ”masked” by a rigid obstacle, it is not possible to measure and thus identify
the part of the structure concerned. Another method belonging to Patch-NAH is the Equivalent Source Method (ESM) (or Wave Superposition Method). It was originally introduced
by Koopmann et al. [37] and can be viewed as a simplification of the iBEM method (inverse
BEM). Pereira [38] offers an extension of ESM in confined environments on a formulation
of an interior problem combined with the use of a spherical antenna. The general idea of the
method is to represent the surface of the vibrating structure by a distribution of elementary
sources (monopole, dipole ...) placed virtually inside the structure. The first unknowns, obtained by inverse problem, are the flows of equivalent sources. Once determined they make it
possible to obtain the speed and the pressure at the evaluation points at the surface of the object. Such a method therefore allows the reconstruction of fields on the real surface of source.

Source field reconstruction in presence of masking objects

75

However, like all Patch-NAH methods, the main difficulty comes from the management of
a potentially complex source environment. To deal with a noisy environment, Bi et al. offers a separation technique based on ESM from a double pressure measurement [39, 40] or
a double measurement of particle air velocity [41]. This technique can directly serve the implementation of ESM for identification or as a field separation prior to any other Patch-NAH
method. They then showed that the velocity data allows both better extraction of the acoustic
speed in free field and better reconstruction of the velocity field on the surface of the source.
Fernandez et al. [42] propose to use a combined measurement of air pressure and particle
air velocity (on a single surface) to ensure the field separation technique and at the same
time limit the measurements. They conclude that reconstruction directly from measuring the
velocity (without additional separation technique) seems more accurate and less restrictive
for reasonable disturbance. In the case of a highly disturbed field, a separation of fields on
a double speed measurement is revealed to be most effective. It is therefore finally possible
with the ESM to reconstruct the acoustic fields on the real geometry of the source surface and
from an automated measurement device (surface measurement not necessarily dependent on
the geometry of the structure) in an environment possibly noisy. However, the handling of
particularly congested source (presence obstacles) remains a problem.

3.5

Inverse numerical methods

This category groups the inverse methods based on the numerical evaluation of transfer matrices. The iBEM method [43, 44, 45] is probably the best known and corresponds, as its
name suggests, to a BEM formulation of transfer matrices between points of measurement
(pressure) and the nodes of the border elements discretizing the surface of the source (speed).
The inversion of this system therefore makes it possible to obtain the speeds of the source
and the direct BEM formulation allows to compute its surface pressure. Such a numerical
approach thus enable one to handle a complex geometry of the source surface and therefore
to reconstruct all the acoustic fields directly on its geometry. The iBEM method thus has
the same advantages as the Equivalent Source Method, namely reconstruction on real geometry and a certain freedom for the position of measurement points. Schuhmacher et al [46]
gave an example of an application of the iBEM method on a car tyre excited by a vibrator or
driving at constant speed. In order to handle noisy measurement environment, Langrenne et
al. [47, 48] used a double pressure measurement (on two parallel surfaces surrounding the
source) and the BEM formulation directly as a field separation technique. The ”incoming”
field (containing the external source and reflections on the surfaces) is first separated from
the ”outgoing” field (direct field of the source and the one transmitted by the source from
the ”incoming” field) by the integral formulation. Thus the direct field of the source, which
would be radiated in free field, is obtained by subtracting the field diffused by the source
from the ”outgoing” field. This technique is used in the context of identification by iBEM but
it can also be used as a field separation technique for any other method Patch-NAH identification. The interest is then to take into account the diffusion of the incoming waves on the
surface of the source. It is thus possible to get rid of an uncontrolled external environment but
with an additional measurement step and pre-treatment. Taking into account obstacles in the
BEM formulation also makes it possible to manage an inhomogeneous environment around
the structure. However, the iBEM method is generally done at the cost of a relatively high
computation cost (matrix dense hardly invertible). In parallel to iBEM, the iFEM method
(inverse FEM) is based on the calculation of transfer matrices by the FEM method. Weber
et al. [49, 50] use the iFEM method to find the acoustic fields on the fuselage of an Airbus
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A340 (interior acoustic problem). Indeed, from pressure points measured internally, they
trace back to the acoustic fields in the entire fluid domain and thus to its borders (fuselage).
The advantage of the iFEM method for confined environments is that it does not require a
field separation technique. However, it requires volume modeling of the entire fluid domain
and therefore sometimes a computation cost (in particular relatively high for large problems).
3.6

inverse Patch Transfer Functions

For external problems using an EF solver, Aucejo et al. [51] and Vigoureux [52] developed
the iPTF (inverse Patch Transfer Functions) method. It corresponds to the inverse formulation
of the PTF method, initiated by Ouisse et al. [53] for calculating vibro-acoustics problems
by a substructuring technique. The iPTF method is based on an integral formulation of a
”virtual” interior Green problem. The bounded domain is indeed delimited by the surface of
the source, possibly a rigid wall and a virtual surface defined arbitrarily around the source
so as to theoretically isolate it (controlled environment) from its external environment potentially uncontrolled. All of these surfaces are discretized into elementary surfaces which are
named patches, hence the name of the method. Its particularity is that it uses modal behavior
of this virtual acoustic volume as the basis for the decomposition of the field. The transfer matrices governing the problem are then modal and can be computed numerically by a
solver EF (modal extraction) and independently of the measurements (linked to the geometry
of the domain). The reconstruction of the acoustic fields is therefore done directly on the
real geometry of the source. The method requires combined measurements of pressure and
particle velocity of air produced on the virtual surface to identify the velocity field of the
source. The direct PTF formulation then makes it possible to retrieve all the other acoustic
quantities (pressure, intensity, power, etc.), thus ensuring the complete characterization of
the source on its surface. Therefore, a simpler and automated measuring system is possible, because this virtual measurement surface is arbitrary and thus independent of the source
surface. In addition, it surrounds completely the source to be identified, thus its combined
measurement of acoustic speed and pressure allows the measurement to be independent of the
uncontrolled external environment. Also, the formula-iPTF intrinsically takes into account
any rigid surface boundary or included in the virtual acoustic field. It is with the method to
handle equally inhomogeneous environment around the source. A wide variety of validation
applications have been carried out with the method iPTF, in particular on an L-shaped plate
[54], on baffled pistons in the presence of sources correlated secondary [66, 71], on a diesel
engine pre-catalyst [55], on a gearbox at reduced speed [56] and on a baffled oil pan [57].
With regard to the industrial specifications, the iPTF method therefore has the potentiality to
meet all of the expectations set. It allows indeed an identification on the actual surface of
the source and from a flexible measurement device that can be implemented in a complex
environment, i.e. potentially noisy and cluttered. It uses a double measurement of pressure
and air particle velocity on the virtual surface order to isolate from the external environment
[58].
4

Theoretical background of the iPTF method

The following example in Figure 4.1 gives a brief description of iPTF method. Details of
theoretical derivation have been presented in [58].
Let assume the source represented by the surface ΓS vibrates with a known velocity field
in a semi-infinite medium. The iPTF method is based on the definition of an arbitrary virtual
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Figure 4.1: Normal velocity reconstruction of a plate in a noisy environment in the presence
of a masking object.
acoustic cavity surrounding the source to identify (see Figure 4.1). The virtual acoustic cavity
Ω might engulf a masking object of surface ΓO . This virtual cavity is thus delimited by the
surfaces ΓR , ΓS , ΓO and ΓV with corresponding points QR , QS , QO and QV (see Figure
4.1, R stands for rigid, S for source, O for object and V for virtual). Moreover, disturbing
(stationary) sources might exist but must be excluded from the virtual cavity Ω. The acoustic
problem is governed, in this acoustic domain, by the Helmholtz equation. On boundaries,
a normal harmonic particle velocity vn ejωt is imposed on the source surface, while the normal harmonic particle velocity vnrad ejωt on the virtual acoustic surface ΓV results from the
radiation of the source in the acoustic medium. The corresponding particle velocities on the
masking object surface ΓO and rigid surface ΓR are zero. This is because they are assumed to
be rigid. Consequently, the virtual cavity problem to solve is given by the Helmholtz equation
∆p(N ) + k ∗2 p(N ) = 0 ∀N ∈ Ω

(4.1)

∂p(QS )
= −jωρ0 vn (Q) ∀QS ∈ ΓS ,
∂n

(4.2)

and the boundary conditions

∂p(QV )
= −jωρ0 vnrad (QV ) ∀QV ∈ ΓV ,
∂n
∂p(QR )
∂p(QO )
=
= 0 ∀QR ∈ ΓR and QO ∈ ΓO .
∂n
∂n

(4.3)
(4.4)

∂
where ∆ is the Laplacian operator, ∂n
the normal derivative outwardly directed, ω is the
angular frequency, p is the acoustic pressure and k is the acoustic wavenumber. As detailed
in [51, 57, 58], this system of equations can be solved using the Green’s identity for the
virtual volume and introducing an associated virtual problem along with virtual boundary
conditions. This virtual problem is described by Equation (4.5) and Equation (4.6).

∆φn (N ) + k 2 φn (N ) = 0 ∀N ∈ Ω

(4.5)

∂p(Q)
= 0 ∀Q ∈ ΓS ∪ ΓR ∪ ΓO ∪ ΓV
∂n

(4.6)
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In the present version, called iPTF with uniform boundary conditions (u-iPTF), Neumann’s
boundary conditions are applied on all the surfaces delimiting the virtual volume. Obviously,
these boundary conditions are not representative of the real boundary conditions and are
introduced here for mathematical solving purpose. Solving the system of Equation (4.5)
and Equation (4.6), one obtains a set of orthogonal virtual mode shapes. Combined to the
Equation (4.5) of the real problem, the pressure p(N ) at any point N in the virtual volume
can be computed with Equation (4.7)
p(N ) =

Nm
X

Z N j vj +

ZN l v l

(4.7)

∞
X
φn (N ) hφn ij Aj

(4.8)

j=1

with
ZN j = jωρ0

Ns
X

n=1

l=1

Λn (k ∗2 − kn2 )

The subscripts N , l and j denote respectively a point inside the virtual volume, a patch of
the source surface ΓS and a patch of the virtual surface ΓV . φn (N ) are the mode shapes
of the virtual cavity with rigid walls. Λn is the norm of the n-th mode shape. The notation
hXij represents the space average of the variable X on patch j and Aj is the surface of the
patch j. kn the real acoustic wavenumber at the eigen angular frequency ω, k ∗ is the complex
wave number taking into account damping of air. The terms ZN j and ZN l are the acoustic
impedances. Equation (4.7) permits the calculation of the pressure at a point N using the
velocities of the patches. For a sake of simplicity, Equation (4.7) is rewritten under matrix
form when handling several points i in the virtual cavity
pi = Zij vj + Zil vl

(4.9)

The aim of the iPTF method is to identify the source velocities vl . For that purpose, one uses
Equation (4.9), which after simple matrix manipulation allows to compute source velocities
as
vl = Z−1
(4.10)
il (pi − Zij vj )

The acoustic patch impedance matrices of the volume defined by surfaces ΓS and ΓV are
computed using Equation (4.8) and the eigenmodes extracted with a standard finite element
solver. The pressure and velocity vectors of Equation (4.10) are measured in the virtual
acoustic cavity Ω and on the virtual surface ΓV respectively. The matrix Zil is often illconditioned and a regularization technique has to be used to invert it. The solution is found
using Tikhonov regularization and the maximum of curvature of the L-curve is used to define
the best regularization parameter
4.1

Regularization of an ill-posed matrix in the context of iPTF method

The iPTF method, defined by measured and modal input data form, depends on the inversion
of a direct radiation problem, in particular the inverse of the transfer matrix Zil in Equation
(4.10). As previously presented, iPTF methods can be put in the mathematical form of a
linear system to be solved, of the general form Hx = y:
p̄i = Zil vl

(4.11)

p̄i = pi − Zij vj

(4.12)

where
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Hadamard [59] poses the three essential and inseparable conditions for the representativeness
of a physical phenomenon by a mathematical model. If any of these three conditions are not
met, the problem is then badly posed or badly conditioned and it does not present a theoretical
solution. This is to ensure that:
The solution exists The solution to the iPTF problems exists a priori. In fact, Forget [58]
verified the consistency of their mathematical models by validating the direct Patch transfer
function (PTF) formulations. Now, we seek to determine the input of the problem from the
observation and physical measurement of the outputs. This cause and effect link thus ensures
that the solution exists for the iPTF method.
The solution is unique The uniqueness of the solution is linked to the determination of the
mathematical problem. Three cases are then possible. If the problem is under-determined,
then there is an infinite number of solutions. If it is over-determined then no solution is
theoretically possible. Only a determined problem can ensure the uniqueness of the solution.
To do this, it is necessary to ensure that:
• The number of equations is equal to the number of unknowns.
• The equations are linearly independent

For the iPTF methods, the number of unknowns corresponds to the number of patches l of the
source to identify. The number of equations is given by the number of measurement points
i made in the virtual volume. In an industrial context, mostly the number of measured data
is limited as much as possible. The problem is therefore generally under-determined (more
unknowns to identify than available equations l > i) and the matrix Zil to be inverted is not
square. Furthermore, for these equations to be linearly independent, the rank of the system
must be equal to the number of equations. The decomposition of the pressure field being
made on the modal basis of the virtual volume, it is necessary to make sure to have at least
a number of modes m greater than the number of equations, or finally a number of modes
m greater than the number of measurement points n in the virtual volume. The uniqueness
requirement according to Hadamard is therefore generally not verified for the methods iPTF.
The solution is continuously dependent on the data The third condition relates to the
stability of the solution with regard to errors and disturbances on the input data. There are
two main sources of error for the iPTF method. The first is intrinsically linked to the measurement, which generates noise and positioning in the three-dimensional space of the object
to be characterized. These errors are found in the vector p̄i used for the reconstruction of the
source velocity field. The second is related to the discretization of the continuous problem
(patch sizes, modal truncation and EF volume model virtual). Data averaging, for example, can particularly affect the solution at high frequencies where the acoustic wavelengths
are small compared to the patch size. Finally, the transfer matrices are modal matrices. As
such, they will show sudden variations at identification frequencies close to the resonance
frequencies of the virtual acoustic cavity. This is much more critical to the inversion of the
Zil matrix, which then serves as a propagator of instability. Therefore, inverse iPTF problems
are unreliable and error-prone operations on the input data.
Like many inverse methods in acoustics [60, 46, 61] and more generally in all areas of
physics, iPTF methods are ill-posed problems that need to be regularized so that an optimal
solution, close to the theoretical solution, can be obtained. The next paragraph first details
the inverse process to determine how to establish a suitable regularization.
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4.2

Tikhonov regularization and choice of the parameter

There are many regularization methods available in the literature due to variety of applications
and fields of study. We can in particular distinguish iterative methods from direct methods.
Among the direct methods, the truncation of the decomposition into singular values (TSVD)
[62] or the regularization of Tikhonov [63] are mainly the best known and applied. We can
also cite sparse regularization [64] or recently a method based on a filtering of the singular
values from the estimation of the noise level [65]. It has been shown in previous work [57]
that Tikhonov’s regularisation is also appropriate for the regularisation of iPTF problems and
thus it has been used throughout this work.
The simplest form of Tikhonov regularization (without a priori on the source) is
JTik (vl ) = ||p̄i − Zij vl ||22 + η 2 ||vl ||22

2

(4.13)

where η is the Tikhonov regularization factor. To determine this factor, the ”L-Curve”
method [66] consists in plotting the evolution on a log-log scale of the standard of the regularized solution ||vl ||22 according to the norm of the residue ||p̄i − Zij vl ||22 for all admissible
η 2 values. These are the two terms to minimize in the Tikhonov functional (Equation (4.13)).
They form a parametric curve in the shape of an ”L” whose corner corresponds theoretically
2
at the best compromise between the two terms and therefore at the parameter optimal, ηLCV
.
An example of this curve is plotted in Figure 4.2. As suggested by the shape of the curve, the
”corner” can be difficult to determine. It is then possible to trace, not the L-shaped parametric curve, but its curvature as a function of the regularization parameter η 2 [61]. The optimal
LCV parameter η 2 according to the L-Curve criterion is then at its maximum of the curvature
(Figure 4.2(b)).

(a)

(b)

Figure 4.2: Representation (a) of the L-shaped curve and (b) of its curvature. The red spot
2
corresponds to the position of the optimal regulation parameter ηLCV
with the maximum
curvature value.

5

Example of field reconstruction with iPTF method

To implement the u-iPTF method, a closed virtual volume is defined around the source. Velocity and pressure measurements are then ”measured” on the virtual surface and in the virtual
volume to build respectively the vj and pi vectors in Equation (4.10). As seen in Equation (4.10), one needs the measurement of space averaged velocity vj on the virtual surface
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patches. In experiments, the space averaged pressure is approximated by the value at centers
of patches and also, points in the virtual volume are taken randomly at a minimum distance
from the virtual surface due to the Neumann’s condition applied on the virtual surface. Measurements are then coupled to the modal extraction of the virtual volume, computed by FEM,
to calculate the Zil and Zij matrices. Finally, by using the u-iPTF, the acoustic source fields
can be reconstructed directly on the real geometry of the structure. The usual procedure to
obtain the input measurement data is to perform a real experiment using acoustic sensors such
as the pU probes, microphones, microflowns, etc. In this study, no such physical experiment
is done but rather a numerical experiment is carried out in order to control each parameter of
the following parametric study.
5.1

Presentation of the numerical experiment

The aim of this section is to mimic the measurement of pressure pi and particle velocity
vj as an input information for Equation (4.10) through numerical simulation. The source,
shown in Figure 4.3, is chosen as a simply supported rectangular plate excited by a harmonic
point force. For this numerical experiment, the baffled plate radiates in semi-infinite free
field. The objective will be, after applying u-iPTF, to reconstruct the velocity field on the
geometry of the plate, discretized by patches. The plate is 0.6m long, 0.4m wide, and 2mm

Figure 4.3: Plate model for vibration computation.
thick, and it is made of steel (Young’s modulus E = 2.1 × 1011 Pa; density ρ = 7800 kg/m3 ;
Poisson’s ratio ν = 0.3; damping η = 0.02). The plate is excited by a unit point force located at
point (0.1; 0.1) m on the frequency band [100:1000] Hz (frequency step 2 Hz). This system
is solved using a finite/infinite element (FE/IE) model with ACTRAN software. A finite
acoustic volume that can be seen in Figure 4.4 is defined to discretize the acoustic nearfield
and a layer of infinite elements is added on the skin of this volume to ensure Sommerfeld
free field condition. A direct frequency response with ACTRAN software was used for the
calculation of the radiation. The model takes into account air damping equal to η = 0.5% and
the infinite elements are interpolated to order 10 to ensure the convergence of the solution.
An example of the radiated pressure and velocity field is given in Figure 4.5. In section 5.3,
for reconstructing the velocity field of the plate, some pressures and velocities will be picked
from this radiated field exactly like would be done in a real experiment with microphones and
pU probes respectively.
5.2

Definition of the virtual volume and acoustic impedance computation

The aim of this section is to show how the acoustic impedance matrices Zil and Zij are
computed using a modal extraction analysis of the virtual volume with specific boundary
conditions. It is important to understand that the simulation used for this numerical step for
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Figure 4.4: The Finite/Infinite element model of the acoustic domain for computation of
acoustic radiation of the plate in free field condition.

(a)

(b)

Figure 4.5: A cut- section view of (a) the radiated pressure field (dB, ref: 2 × 10−5 Pa) and
(b) the radiated velocity field (dB, ref: 5 × 10−8 (m/s)) at a frequency of 900Hz
computing acoustic impedances is entirely different and independent from the numerical experiment of previous section 5.1. Indeed, computations in section 5.1 are performed to mimic
a real experiment and give inputs to Equation (4.10). In this section, acoustic impedance involved in Equation (4.10) are obtained numerically: this is a mandatory step for applying
iPTF even in case of real experiments. As the shape of the virtual volume is completely arbitrary, a simple rectangular box surrounding the plate is chose as can be seen in Figure 4.6.
This volume is delimited by three surfaces: the virtual surface, the rigid baffle and the plate
surface itself. As explained in section 4 and as formulated in Equation (4.5) and Equation
(4.6) , some specific boundary conditions must be defined on this virtual volume: the velocity
has to be null on all the surfaces delimiting the virtual volume (Neumann’s boundary condition). These boundary conditions are obviously not the real one but are defined for sake of
mathematical resolution [58]. Due to the problem of discretization and the modal truncation,
several parameters may have an impact on the reconstruction of the source velocity field by
the u-iPTF method. One of such parameters is the size of the patches discretizing the virtual
surface. For the u-iPTF method, the virtual surface is involved in determining the problem
in the conditioning of the modal matrix Zil to be inverted. Forget [58] established that the
identification convergence is ensured with a maximum patch size of the virtual surface respecting the criterion λair /4 (where λair is the acoustic wavelength) at the maximum study
frequency. It is important to know that the field points in the virtual volume affect the de-
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(b)

(c)

(d)

Figure 4.6: Virtual cavity model. (a) Definition of the surfaces delimiting the virtual acoustic
cavity and the associated boundary conditions; (b) Mesh model of the virtual acoustic volume; (c) Source patch; (d) Virtual patch. Only the virtual surface and the plate surface are
divided into patches.

termination (over-determine or under-determine) of the problem and in turn the fineness of
the patch mesh used to discretize the reconstructed source field. As studied by Forget [58],
at a given frequency (or the acoustic wavelength), the quality of reconstruction of the field
is dependent on the number of pressure points taken in the virtual volume. Thus, a minimal
number of these points are needed to ensure a good estimation of the velocity source field distribution. This minimal number Nm of points can be set using a criterion linking the volume
W of the virtual closed domain to the maximum identification frequency f :
Nm =

W

λair 3
4

=

W
3

(4.14)

c
4f

where c is the speed of sound. This criterion should be used as a first-order indicator as it
does not take into account any distribution or re-partition of the chosen points. Finally, modal
truncation imposed to modal summation in Equation (4.8) might also introduce reconstruction errors. The number of modes used in the computation of matrices Zil and Zij has an
influence on their rank as already noticed by Totaro et al. [67, 57]. Indeed, the rank of these
matrices is driven either by the number of points inside the volume or by the number of modes
used in the computation (the rank is equal to the lowest value of both). And they noticed that
if the number of modes is lower than the number of measurement points taken inside the volume, the condition number suddenly highly increases. Thus, as a rule, the number of modes
has to be higher than the number of measurement points. The mode extraction analysis performed in this study is carried out up to the frequency of 6500 Hz for which 2905 modes are
extracted. With 600 measurement points in virtual acoustic volume, it is evident to ensure
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independence linear equations of the system. It should be noted that the FE model of virtual
acoustic volume Figure 4.6 respects the standard recommendations in terms of mesh for such
a calculation, namely a criterion λair /6 to 6500 Hz. The modal data (pressure) calculated at
the nodes of the FE model of the acoustic volume are averaged over the plate patches and
virtual surface patch models, while the nodal value (pressure) is used for the volume points.
The virtual surface has been optimally discretized with a patch size of Lmax = 50 mm (i.e.
Lmax < λair /4 at 1000 Hz).

5.3

Processing reconstruction with iPTF method

At this juncture, the plate velocity vector vl is unknown and will be reconstructed on the
plate patches using the velocity on the vj patches of the virtual surface and at pi points inside
the virtual volume in Equation (4.10) of the u-iPTF method. These points are randomly and
evenly distributed in the virtual volume. It should be noted that the discretization of the
surface of the plate is not imposed but to be determined according to the resolution wanted
and avoiding over-determination of the problem. Also, the study is conducted without the
addition of noise to the simulation data. For this study, a fine source patch model has been
retained of size 20mm. It notably includes 600 patches which respect a maximum size of
Lmax ≈ 57 mm (i.e. an criterion λair /6 at 1000 Hz). To objectively analyze the quality of
reconstruction of the fields identified by the iPTF method with respect to the reference field,
two criteria are considered. The first is the use of a correlation criterion between two vectors.
This is the RVAC (Response Vector Assurance Criterion) criterion given by the Equation
(4.15) [58]:
s
2
|vid (ω)H vref (ω)|
(4.15)
RVAC(ω) =
(vid (ω)H vid (ω)) (vref (ω)H vref (ω))
where vref and vid are the reference velocity vector and iPTF identified velocity vector respectively. Similar to criteria MAC (Modal Assurance Criterion), it determines on a scale
of 0 (no correlation) to 1 (perfect correlation) the degree of co-linearity between two vectors. The RVAC criterion is independent of the amplitude difference between the two vectors
tested for this reason another criteria is also considered: the level error εdB [58] as expressed
in Equation (4.16) :
εdB (vid ) = 10 log10

D

2

|vref |

E

− 10 log10

D

|vid |

2

E

(4.16)

where the notation |g|2 designates the spatial mean square value of the variable g. The
Figure 4.7 compares the reference and the reconstructed field at 400 Hz as an example. As
can be seen in Figure 4.7 the reconstructed field agrees very well with the reference one.
This figure demonstrates that u-iPTF can be used as a source field reconstruction method.
To objectively evaluate the performances of the iPTF method the RVAC and the level error
can be analysed. They are both plotted in Figure 4.8 for the [100:1000] Hz frequency range
(frequency step of 2Hz). In this frequency range, the RVAC shows an almost perfect reconstruction with a RVAC value higher than 0.95. Figure 4.8(b) shows that the reconstructed
field has the tendency to overestimate the real field.
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(b)

Figure 4.7: Maps of the amplitude of the plate velocity field (m/s). (a) Reference computation
and (b) reconstructed field by u-iPTF method. In this example the frequency is set to 400Hz.

(a)

(b)

Figure 4.8: Comparison of the results identified by iPTF to the reference using two criteria.
(a) RVAC in Equation (4.15) and (b) the error (dB) in Equation (4.16).

6
6.1

Example of field reconstruction with presence of a masking object
How to deal with masking objects?

In this section, the challenging case where the source field to reconstruct is partially masked
by the presence of an object is addressed. This situation is very common in real life: the
system under study can be partially masked by a supporting frame or a cable or some zones of
the radiated field might not be accessible due to the presence of a wall or the surface of another
(non studied) part. For many methods, this challenging situation can not be considered. The
aim of this section is to show that iPTF can, thanks to its formulation, treat these situations
in a quite straightforward way. In fact, a masking rigid object can be treated exactly like
the rigid baffle in the previous example. In the case of the rigid baffle, no information were
needed on this surface. This is due to the correspondence between the real boundary condition
(rigid surface) and the virtual boundary condition (Neumann’s boundary condition) on this
surface. In that way, the real problem is already represented by the virtual mode shapes
used in the mathematical formulation. The presence of a rigid object is treated in the same
way. To do that, the virtual volume defined in Figure 4.6 has to be modified to take into
account the shape of the object by removing the volume corresponding to the “footprint”
of the object in the virtual volume. On the created surface (inside the virtual volume), a
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Neumann’s boundary condition is imposed. As a consequence, to respect the correspondence
between boundary conditions, the real object has to be perfectly rigid and not moving. This
is the main assumption of the proposed approach.

6.2

Presentation of the numerical experiment

In the example presented in Figure 4.9, the masking object is considered to be a Parallelepiped
of dimensions 70 × 15 × 1 cm. This object is longer than the plate and the distance to the
plate will vary between 1 cm and 15 cm. Compared to process that was described in section
5.1, the difference lies in the fact that the “footprint” of the rigid masking object is taking into
account in the FE/IE model for the direct computation and as such the acoustic radiation field
generated will be different from the case with no masking object. Obviously, the radiated

Figure 4.9: Model plate for vibration computation in the presence of masking object
field is highly modified by the presence of the masking object as can be seen in Figure 4.10
.This new field will be used as an input for Equation (4.10).

(a)

(b)

Figure 4.10: A cut- section view of the acoustic radiation from the excited plate in the presence of masking object positioned 10 cm away from the plate at 900 Hz. (a) The radiated
pressure field (dB, ref: 2 × 10−5 Pa) and (b) the radiated velocity field (dB, ref: 5 × 10−8
(m/s)).
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Definition of the virtual volume and acoustic impedance computation

Compared to section 5.2, the virtual volume is modified to take into account the footprint of
the masking object as presented in Figure 4.11(a) and Figure 4.11(b). A Neumann’s boundary condition is considered on this internal surface. In this example, the masking object is
completely included in the virtual volume: it is not mandatory. The masking object could
be partially in and partially out the virtual volume. In that case, only the part in the virtual
volume will affect the iPTF modelling. In that case, there is no need to model the rest of
the masking object: it will be taken into account by the measurement of the radiated field.
Compared to case presented in section 5.2, the size of the matrices remains unchanged. Indeed, as one knows that the velocity field is null on the surface of the masking object, there
is no need to discretize it into new patches. As the consequence, the number of measurement
points remains unchanged too.

(a)

(b)

(c)

(d)

Figure 4.11: Virtual cavity model. (a) Definition of the surfaces delimiting the virtual acoustic
cavity and the associated boundary conditions (b) Mesh model of the virtual acoustic volume.
Only the virtual surface and the plate surface are divided into patches, (c) source patch and
(d) virtual patch.

6.4

Field reconstruction in presence of masking object

In the following, reconstructed fields are presented for different distances between the plate
and the masking object: 5cm, and 15cm. In the first step, it is chosen to measure the pressure
inside the virtual volume only in the blue zones presented in Figure 4.12 . It’s a severe case
but it might often happen in case of real measurements. The reference and identified velocity
fields are compared in terms of the amplitude of the velocity as presented in Figure 4.13. For
a distance of 5 cm from the plate, the presence of the masking object evidently degrades the
quality of the results. The level of the reconstructed field is slightly underestimated under the
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(a)

(b)

Figure 4.12: A schematic view of the two configurations considered: (a) masking object
at 5 cm from the plate; (b) masking object at 15 cm from the plate. The blue shaded area:
measurement zone, white shaded zone: no-measurement zone, red bar: masking object, green
bar: plate.
shadow of the masking object as seen in Figure 4.13(b) and Figure 4.13(e) . When the distance between the plate and the masking object increases, the quality of the reconstructions
increases as well. These lower quality results can be explained by some missing information.
Indeed, it appears that not considering measurements in between the plate and the masking
object is too severe, at least in the tested case. A large part of the nearfield is not quantified
and it seems that relevant information on the source field are then missing. To check this
assertion, ten “microphones” have been positioned randomly in between the plate and the
masking object. This represent less than 2% of the total number of the “microphone” positions taken in the virtual volume. As can be seen in Figure 4.13(c) and Figure 4.13(f) , these
10 microphones greatly increase the quality of the reconstruction. It can be seen in by adding
some microphones in the masked zone, the lost information could be, at least partially, retrieved. Figure 4.14 shows also that the results are objectively better when considering some
microphones in well chosen location whilst Figure 4.15 shows that the introduction of microphones in the masked zones led to the reconstructed field overestimating the real field within
some frequency ranges.
Therefore, in the case of the presence of a masking object, the choice of the positions of the
microphones is important. And, conversely to the microphones in between the plate and the
masking object, the microphones located above the masking object might not carry relevant
information.

(a)

(b)

(c)

(d)

(e)

(f)

Figure 4.13: Maps of the amplitude of the velocity field (m/s) when the masking object is at
5cm (a-c) and 15cm (d-f). (a), (d): reference fields; (b),(e): u-iPTF reconstruction without
microphones in between the plate and the masking object; (c),(f): u-iPTF reconstruction with
microphones in between the plate and the masking object
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(a)
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(b)

Figure 4.14: Comparison of the results identified by u-iPTF to the reference using RVAC
criteria Equation (4.15) for the distances of 5cm and 15cm. (a) with no microphones in
masked zone and (b) with 10 microphones in masked zone.

(a)

(b)

Figure 4.15: Comparison of the results identified by u-iPTF to the reference using the level
error (dB) criteria of Equation (4.16) for the distances of 5cm and 15cm. (a) with no microphones in masked zone and (b) with 10 microphones in masked zone.

7

Conclusions

This present work was motivated by the need to fulfil the goals of the PBNv2 project in relation to minimizing road traffic noise. Under this general objective, the scientific approach
consisted to develop a robust and efficient method of identifying, localizing, ranking and
characterizing noise sources. The identification of sources using the iPTF method presented
in this current work is one of the expectations. The iPTF method is based on the concept of
an acoustic volume and the use of Green’s identity. This closed volume is a virtual controlled
domain surrounding the source and defined arbitrarily to provide flexibility in measuring even
in the presence of cluttered source. Green’s identity acts as a field separation technique allowing the method to be independent from the measurement environment. By its use also, the
direct problem of radiation relies on the general Green formulation. The whole principle and
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interest of the method then consists in using the modal behaviour of the virtual acoustic cavity
as a Green’s function. Such a choice allows one to replace the real problem by a virtual one,
which help avoid making any assumptions about the real nature of the field outside the virtual
volume and therefore not impose any measurement. The iPTF method is based on an inversion of an ill-posed matrix. As many methods in source identification, this process poses
difficulties for the correct reconstruction of the source velocity field. Part of this work focused on highlighting the parameters involved in the instability of problem solving iPTF and
illustrate the need to regularize the inverse process. Thanks to its formulation and to the FE
modelling of the virtual volume, dealing with the presence of a masking object can be done
in a rather straightforward way. It consists essentially to take into account the “footprint” of
the masking object in the virtual volume and to compute the matrices of acoustic impedance
accordingly. This offers a particularly interesting feature for industrial applications to deal
with mounting frames, cables, reflecting walls... In the presented results, the influence of a
good choice of the microphone positions has been highlighted. Conversely to the case with
no masking object, in the case of the presence of masking object, some microphones seems
to carry more relevant information than others. Based on these current result obtained, it
can be said that the iPTF method can be used as tool to provide efficient analysis support
to help NVH engineers meet their current and future challenges in terms of vibro-acoustic
performance.
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Chapter 5

Design of warning-sound sources
for electric vehicles to minimize
the drive-by noise
Nikolaos Kournoutos, Jordan Cheer
ISVR
1

Executive Summary

The quiet operation of electric and hybrid-electric vehicles at low speeds has raised concerns
over the safety of pedestrians and vulnerable road users due to the potential hazard that a
lack of auditory warning might bring. For this purpose, regulations have been issued on a
global scale, making the inclusion of artificial warning sounds mandatory, and laying down
guidelines on the composition of these warning signals. At the same time, however, from
a pass-by noise, and general noise pollution perspective, such a measure would produce an
additional source of noise stemming from vehicle traffic. As a solution to this problem, directional warning sound systems have been designed that minimise pass-by noise by directing
the radiated sound solely towards vulnerable road users. Despite showing promising performance, such technologies have yet to be adopted by the industry, as implementation costs are
generally too high, and the components too fragile for implementation.
The research presented in this chapter aims to develop a controllable directional warning
sound system, that achieves the objective of conveying the auditor warning while limiting the
environmental noise output, all the while constituting a relative low production and maintenance cost, and increased physical robustness. The suggested system employs an array of
inertial actuators attached to an existing panel on the body of the vehicle. The required warning sound is radiated by the vibrating panel and its directivity is controlled by adjusting the
amplitude and phase of the signals driving the structural actuators. An analytical model is
formulated and used to perform a simulation based parametric study of the proposed system,
and this is then experimentally validated through measurements of a prototype using a flat
metal panel. The effectiveness of the actuator array installed in an actual passenger car is
then evaluated in a semi-anechoic environment. Directivity measurements are performed for
different target zones using the array in a number of configurations on the vehicle’s body.
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This chapter presents research that has been in part published in [1] or has been submitted
for publication as a peer reviewed article.
2

Introduction/Basic concepts

The advent of electric and hybrid electric vehicles has been encouraged due to the search
for sustainable transportation globally, but has also sparked concern over potential hazards in
road safety that it may create as a new technology. With particular relevance to the field of
acoustics, there have been studies focusing on the increased risk Electric Vehicles (EVs) and
Hybrid Electric Vehicles (HEVs) may pose to vulnerable road users such as pedestrians and
cyclists due to their silent operation [2, 3].
Compared to an internal combustion engine, an electric motor produces low levels of
noise emissions when in operation. The internal combustion engine is the main noise source
at speeds below approximately 30 km/h. Above this limit, the noise generated by the interaction between the tyres and the road and the aerodynamics of the vehicle begin to dominate [4].
Therefore, EVs and HEVs are comparatively quiet at low speeds, meaning that they offer little auditory warning of their presence and direction of travel in situations such as cornering,
parking manoeuvres, and low speed city traffic [5]. This potential safety issue has led to
the issuing of regulations on a global scale [6, 7, 8], which dictate guidelines on the use of
artificial warning sounds, or Acoustic Vehicle Alert Systems (AVAS), that aim to ensure that
EVs and HEVs can be detected aurally. The inclusion of warning sounds is mandatory for the
aforementioned speeds below 30 km/h, as beyond that limit noise produced by other sources
in the vehicle is considered sufficient to provide the necessary auditory warning.
This relatively new requirement has sparked research focusing on the design of such warning sounds, with the objective of generating a detectable signal that can be readily associated
with a vehicle, and is also indicative of its velocity and acceleration. This information is valuable to vulnerable road users, such as cyclists and pedestrians, but particularly the visually
impaired [9] . Factors such as annoyance and intrusiveness in the sonic environment are also
considered in this design process [10, 11, 12], with the objective of minimizing these parameters in order to counteract arguments against the use of warning sounds citing the increase
in noise pollution [13].
Balancing the warning sound requirements may lead to a decrease in their effectiveness,
and therefore, it may prove beneficial to seek a solution that is able to limit the resulting noise
pollution through controlling the spatial aspects of the warning sound. For example, by focusing the radiated sound field towards the direction of vehicle motion, or even individual vulnerable road users, and minimising its output in all other directions, it may be possible to provide
a sufficiently audible warning whilst keeping noise pollution to a minimum. Such directional
warning sound systems have been proposed and investigated, using highly directional parametric loudspeakers [14], low-cost single loudspeaker solutions [15] and loudspeaker arrays
capable of beam-steering to direct sound at identified targets [16, 17, 18]. However, due to
limitations in their effective bandwidth and beamforming capabilities, or the increased cost
of production and maintenance that comes with higher performance solutions, so far none of
the above systems have been adopted for widespread use by the automotive industry.
Loudspeaker array-based systems have been proven capable of generating highly directional, controllable sound fields across a significant bandwidth and have been implemented
in hi-fidelity applications [19, 20]. A difficulty to be overcome with the implementation of
a loudspeaker array as a vehicle warning sound system, however, is the necessity for significant design modifications to be made to existing structures in order to accommodate the
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loudspeakers and enable them to radiate sound efficiently. This might significantly raise the
cost of production and potentially even interfere with other systems in the vehicle. Another
issue to consider is the exposure of the fragile loudspeaker cones to adverse environmental
conditions such as wind, dust, water and temperature variation.
Taking into account the capabilities, shortcomings, and persistent issues that characterise
the warning sound systems that are in current use or have been proposed, the following objectives are set for the research to be presented in this chapter:
• Develop a warning sound system that is capable of rendering the vehicle detectable by
pedestrians and other vulnerable road users in its path.
• The system should be able to transmit the above information, while having a minimal
overall contribution to pass-by noise, and the overall environmental noise level.
• The system should provide sufficient bandwidth, so as to accurately emit a detectable
warning sound, whose harmonic content is in accordance with current international
guidelines.
• The components of the system should be appropriate for installation inside a passenger
vehicle, and robust enough to withstand long-term use.
• The manufacturing and maintenance costs of the system should be kept as low as possible, so as to ensure that it is a viable as a solution for wide implementation in commercial passenger vehicles.
A solution to address both the cost of modifying the structure of the vehicle and the durability of an integrated system would be to replace the conventional loudspeakers with inertial
actuators. These operate by forcing the structures upon which they are attached to vibrate and
radiate sound, acting effectively in place of a loudspeaker cone. For example, inertial actuators are utilized in Distributed Mode Loudspeakers (DMLs), which offer a large bandwidth,
an omni-directional radiated sound field [21, 22, 23], and can be seamlessly integrated into
existing structures such as walls in a building or advertising billboards. Directional radiation
from structural vibration has recently been investigated regarding the sound field directivity of rectangular plates and strips [24] , and the controlled beamforming achievable from
systems utilizing actuator arrays attached to flat panels [1] . An actuator-based system can
potentially match the directivity performance of a conventional loudspeaker array, but holds
practical advantages when it comes to an in-vehicle implementation. Firstly, no structural
modifications are necessary, as the actuators can potentially be simply attached to existing
panels or structures. Secondly, since inertial actuators radiate via the structure to which they
are attached, such an array design offers increased durability because the actuators are not
exposed to the external environment. In addition, using a vibrating panel to radiate a directional sound field could increase the limit that occurs due to the aliasing, which is associated
with the discrete nature of a loudspeaker array and imposes a high frequency limit on the
system [25]. By interpolating sound pressure between the locations of the actuators, a vibrating panel may potentially reduce these aliasing effects, although the radiated sound field
is also likely to be affected by its modal vibration behaviour. The potential downside of a
structural actuator-based array is the more irregular frequency response, but this is unlikely
to be extremely critical for warning sound generation.
The research presented in this chapter investigates the concept of an inertial actuatorbased directional sound system in a vehicle as a potential warning sound system. A simple
analytical model is used in order to simulate the system and enable an investigation into the
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effects that different parameters have on its performance. Upon consideration of the simulation results, a prototype system is constructed and tested in an anechoic chamber. These
experimental results are analysed to determine the directivity performance of the developed
system and they are also compared to the simulation results to evaluate the accuracy of the
mathematical model and, therefore, the presented parametric study. The structural actuator
array is then tested in its intended implementation as installed in a vehicle. Different array arrangements on the body of a commercial vehicle are investigated to determine which
components can be utilized to produce a controllable sound field within the frequency range
from 100 Hz to 5 kHz, which is the bandwidth of warning sounds required by current legislation [6, 7] . The suitability of each configuration is further evaluated by investigating the
resulting sound leakage into the interior of the vehicle.
Section 3 describes the main operating principles of the system in terms of sound radiation
through the forced vibration of a structure, and Sec. 4 presents a method for evaluating and
achieving control of the directivity. In Sec. 5, the experimental validation of the suggested
system is presented, through a simulations-based parametric study and the measurement of
a physical prototype in an anechoic environment. Section 6 presents the implementation of
the structural actuator array in a vehicle. The system is investigated using different actuator
configurations and through the measurement of sound leakage from the array into the cabin.
Lastly, the findings of this research are summarized and commented upon in Sec. 7.
3

Principles of operation

Vibrating structures generate acoustic radiation by imposing fluctuations on the pressure field.
These fluctuations depend on both the response of the structure and on how the structure is
excited. For example, a plate radiates differently depending on its construction, but also on
the excitation force. Therefore, by controlling the vibration of a structure, it is possible to
control how it radiates and this can be achieved using multiple inertial actuators mounted to
the structure. This section will present an analytical model that will enable the exploration in
the following sections of such a system.

fi

h

b
y
a
x
Figure 5.1: Schematic of the mathematical model of the structural actuator array.
The proposed system can be approximated by a thin rectangular panel, simply supported
along all four of its edges, with a distribution of points along its surface at which a transverse
force, fi , is applied. Figure 5.1 shows a schematic of this simplified system with six point
forces distributed along the length of a panel with dimensions a × b × h. The model that will
be used to estimate the pressure at locations in the far field due to the vibrating panel can be
divided into two principal parts: the vibration of the panel by a force distribution, and the far
field sound radiation that results from this vibration.
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Vibration of a thin plate excited by a point force distribution

The motion of a thin rectangular panel can be expressed in terms of its transverse displacement, w, as [26]

 4
∂4w
∂4w
∂2w
∂ w
+
2
+
+
ρh
= −f (x, y, t),
(5.1)
EIM
∂x4
∂x2 ∂y 2
∂y 4
∂t2
where E is the Young’s modulus, IM is the moment of inertia, ρ is the density, x and y are the
coordinate directions, t is the time, and f (x, y, t) corresponds to the applied forcing function,
which is zero in the case of free motion. The quantity EIM is equivalent to the bending
stiffness of the panel, and it is convenient to express this using the Poisson ratio of the panel
material, ν, which gives
h3 E
EIM =
.
(5.2)
12(1 − ν 2 )
It is important to stress that for Eq.(5.1), the wavelength of vibration is assumed to be much
greater than the thickness of the panel and no transverse shear or rotary inertia are taken
into account. These approximations limit the accuracy of this mathematical model at high
frequencies [26], which will be discussed further in Section 5.1.
A continuous system, such as the one formulated above and described by Eq. (5.1), can
be approximated as a multiple degree of freedom system, as shown by Meirovitch [27]. A
separable solution of the transverse modal displacement can be chosen for the free motion of
a simply supported panel as
wmn (x, y, t) = Wmn sin(km x) sin(kn y)ejωt ,

(5.3)

where m and n are the modal indices for modes along the x and y axes respectively, and
Wmn is the corresponding modal amplitude. The mode shapes of a panel have been thoroughly studied, and are dependent on its boundary conditions [28]. For simply supported
boundaries of zero transverse displacement along the edges, the wavenumbers in each coordinate direction are
km = mπ/a,

m = 1, 2, 3, ...

(5.4a)

kn = nπ/b,

n = 1, 2, 3, ...

(5.4b)

and the discrete frequencies at which the system resonates are given by

ωmn =

EI
ρh

1/2

 2

km + kn2 .

(5.5)

In order to represent the effects of an inertial actuator acting upon the panel, it is necessary
to describe the response of the system to a harmonic force. This means that the right-hand
side term in Eq. (5.1) becomes a two-dimensional forcing function f (x, y)ejωt . The forced
response can then be written as a summation over the modes of the free response of the panel,
vibrating at the forcing frequency, such that
wmn (x, y, t) =

∞ X
∞
X
m=1 n=1

Wmn sin(km x) sin(kn y)ejωt .

(5.6)
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The most straightforward type of input is a point force input, expressed as fi (x, y, t) =
Fi δ(x − xi )δ(y − yi )ejωt and located at xi , yi . Under such conditions, the modal amplitudes
are given by
4Fi sin km xi sin kn yi
Wmn (i) =
,
(5.7)
2 )
M (ω 2 − ωmn

where M = ρhab is the total mass of the panel. For a distribution of I point forces acting
upon the panel, the expression for the sum of the modal amplitudes has the form
I
X
i=1

I

Wmn (i) =

X
4
Fi sin km xi sin kn yi .
2 )
M (ω 2 − ωmn
i=1

(5.8)

The solution stemming from Eqs. (5.6) and (5.8) is generally well suited to determine the
global system response. However, it is not well suited to predict structural near-field effects
at higher frequencies. To ensure accuracy at higher frequencies, a relatively high number of
modes is necessary to approximate the sum in Eq. (5.6) when it is truncated in the calculation
of the structural response [29]. To confirm that a sufficient number of modes have been
included in the model in order to cover the frequency range of interest, a convergence study
is necessary, and will be considered for the simulations presented in Sec. 5.1.
The effect of each inertial actuator on the thin panel can be approximated by a single
point force acting at its respective location. However, as practical actuators have a finite area
of contact with the panel, using a number of point forces distributed over this contact area,
acting in phase and with the same amplitude would help in obtaining a more accurate model
with little increase in its complexity. For this purpose, a point force distribution consisting
of eight point forces distributed in a circle with a 15 mm radius, can be used to represent the
contact area of each actuator. A factor that has not been included in the model is the mass of
the actuators, which may have an effect on the response of the panel due to mass loading. A
more detailed model, which represents the actuators as mass-spring-damper systems has been
explored in [30]. However, the effect of the added mass on the panel will not be considered
further in the present model, and it is shown through the experimental results presented in
Sec. 5.2 that this does not have a significant impact on its accuracy.
3.2

Sound radiation to the far field

The acoustic pressure in the far field, at a distance r from the defined centre point of the panel,
can be calculated using the Rayleigh integral in terms of the complex transverse velocities
ẇ(rS ) at points rS on the surface S, such that the pressure is given by


p (r) =
S

jωρ0 ẇ(rs )e−jkR
dS,
2πR

(5.9)

where R = |r − rs |, and the frequency dependence has been dropped for notational convenience. This formulation assumes that the panel is mounted in an infinite baffle. The complex
velocity ẇ(rS ) derived from Eqs. (5.6) and (5.8) is
 mπx 
 nπy 
ẇ(rS ) = Ẇmn sin
sin
{0≤x≤a
(5.10)
0≤y≤b }.
a
b
The total acoustic pressure radiated from the panel due to vibration at its (m, n)-th mode
at a point described by the coordinates (r, θ, φ) in the far field, is expressed upon evaluation
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of the integral in Eq. (5.9) using the transverse modal displacement of Eq. (5.6) as
pm,n (r, θ, φ) =

jωρ0 Ẇmn e−jkr
...
2πr

 b

a

sin

...
0

0

 mπx 
a

sin

 nπy 
b

ej(αx/a+βy/b) dx dy, (5.11)

where α = ka sin θ cos φ and β = kb sin θ sin φ. The above integral can be evaluated as
in [31], which yields the pressure due to the (m, n)-th mode as
pm,n (r, θ, φ) =

jωρ0 Ẇmn e−jkr ab
...
2πr
mnπ 2



(−1)m e−jα − 1 (−1)n e−jβ − 1
. (5.12)
...
(α/mπ)2 − 1
(β/nπ)2 − 1

Taking into consideration a number of I point forces acting at coordinates (xi , yi ), and M
and N modes along the x and y directions, respectively, the above equation can be used in
conjunction with Eq. (5.8) to calculate the pressure radiated from the panel due to the actuator
array, provided a sufficient number of modes is used. This pressure is expressed as a triple
summation of the form
p (r, θ, φ) =

I X
M X
N
X
jωρ0 e−jkr ab
...
2πr
mnπ 2
i=1 m=1 n=1



(−1)m e−jα − 1 (−1)n e−jβ − 1
Ẇmn (i). (5.13)
...
(α/mπ)2 − 1
(β/nπ)2 − 1

It is important to finally note that the mathematical model presented in this section assumes that the vibrating panel is set within an infinite baffle. As this configuration would
not present a practical realization of the proposed array system, the simulations and measurements will only consider radiation in the forward half-space.
4

Directivity control

There are a variety of methods of optimizing the relative amplitudes and phases of the individual elements in an array to achieve a directional response, however, when the primary
objective is to maximize the difference in sound pressure level between different regions of
space, the acoustic contrast maximization process has been shown to offer the highest level
of performance [19, 32]. Therefore, this method has been adopted here and will be described
for the present application in this section.
4.1

Acoustic contrast maximisation

The acoustic contrast maximization method was proposed by Choi and Kim [33] and aims
to maximize the acoustic contrast between the mean squared pressure in two distinct zones
defined as bright and dark, respectively referring to the regions where sound needs to be
generated or attenuated. An example of such control zones is illustrated in Fig. 5.2. In
the depicted case, the acoustic pressure generated by the array is measured at evaluation
points distributed along a circle indicating the plane at which directivity is controlled. A
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designated bright zone consists of three measurement points at which the acoustic pressure is
held constant, and the corresponding dark zone includes all measurement points covered by
its supplementary angle, where the acoustic pressure is minimised.
6

4

z [m]

2

0
Source array
Bright zone sensor array
Dark zone sensor array

-2

-4

-6
-6

-4

-2

0

2

4

6
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Figure 5.2: Example distribution of bright and dark zones relative to an array of acoustic
sources.
For an array of I sources driven by a vector of complex input signals, u, at a given
frequency, the complex pressure amplitudes, p, are given by vectors pB and pD for MB
measurement points in the bright and MD points in the dark zone respectively. The complex
transfer responses between the sources and the pressure measurement points in the bright and
dark zones are GB and GD , so that
pB = G B u

pB = GD u.

(5.14)

Taking the above into account, the acoustic contrast is defined at a given frequency as the
ratio of the mean of the squared pressures in the bright zone and the dark zone, which can be
expressed as
M D u H GH
MD pH
B GB u
B pB
=
,
(5.15)
C=
H
MB p D p D
MB uH GH
D GD u
where the H superscript indicates the conjugate transpose operator. The acoustic contrast
is a dimensionless quantity, which is usually expressed in decibels with its level defined as
10 log10 C.
The above definition allows for the formulation of a constrained optimization problem.
H
The most useful formulation aims to minimize pH
D pD under the constraint that pB pB is held
constant, which also provides the practically useful solution [34]. The resulting Lagrangian
is
H
(5.16)
L = pH
D pD − λ1 (pB pB − B),
where λ1 is the real and positive Lagrange multiplier, and B is the fixed constraint value. The
vector u that minimizes this Lagrangian also maximizes the acoustic contrast. This solution
corresponds to the eigenvector corresponding to the largest eigenvalue in the relation [34]

−1  H

λ1 u = GH
GB GB u.
D GD

(5.17)
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Using the values of this eigenvector to generate the driving signal for the array achieves the
highest level of acoustic contrast in the radiated sound field that the system is capable of producing. It should be noted that alternative control methods, such as pressure matching [35]
or planarity control [36] may allow an improvement in the audio quality, and must be considered in high quality audio reproduction systems. However, this also comes at the expense of
reduced contrast between the bright and dark zones and so it will not be considered further
here, where the primary concern is the directional performance rather than the sound quality
of reproduction.

4.2

Array effort regularization

Another quantity that is useful for both the performance evaluation and optimization of an
array is the normalized array effort. This is defined here as the sum of the modulus squared
signals driving the array, divided by the modulus squared signal required from a single element at the centre of the array to produce the same mean squared pressure in the bright zone,
um . This has the form
AE =

uH u
,
|um |2

(5.18)

and is proportional to the electrical power required to drive the array, if one assumes that
no significant electroacoustic interactions between the transducers occur [20]. As with the
acoustic contrast, the array effort is a dimensionless quantity, again expressed in decibels and
with a level defined as 10 log10 AE.
When formulating the optimization problem defined by Eq. (5.16), it is generally of practical benefit in terms of the system robustness to introduce an additional constraint on the
array effort and this has been investigated in [34]. In this case, the sum of the squared presH
sures in the dark zone, pH
D pD , is still minimized, but under the constraints that both pB pB
H
is equal to B and that u u is equal to P , which represents a constraint on the total power of
the signals driving the array. The corresponding Lagrangian has the form
H
H
L = pH
D pD + λ1 (pB pB − B) + λ2 (u u − P ),

(5.19)

where λ1 and λ2 are the positive real values of the Lagrange multipliers. Seeking the minimum solution of this Lagrangian has been shown to lead to the relation

−1  H

λ1 u = − G H
GD GD + λ2 I u.
B GB

(5.20)

The optimal solution in this case can be obtained from the eigenvector corresponding to the

−1  H

largest eigenvalue of the inverse matrix, GH
GB GB . In this case, the
D GD + λ2 I
Lagrange multiplier, λ2 , not only limits the array effort, but also regularizes the matrix being
inverted, which can improve the robustness of the system in practice [34].
5

Experimental validation

In order to obtain insights into how each individual parameter affects the performance of the
system, and perform a preliminary evaluation and optimisation of the structural actuator array
prior to any physical testing, it is important to conduct a parametric study.
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Air density ρ0
Speed of sound in air c0
Panel density ρ
Young’s modulus E
Poisson ratio ν
Damping ηs
Frequency range
No. of modes considered (x-direction)
No. of modes considered (y-direction)
No. of pressure measurement points
Distance from centre of panel r
Bright zone angle coverage θB
Regularisation factor λ2

1.225 kg/m3
340.27 m/s
2700 kg/m3
70 GPa
0.334
0.04
100 Hz - 5 kHz
50
30
180
2.8 m
36o
10−6

Table 5.1: Basic parameters set for the simulation of the structural actuator array.

5.1

Simulations based parametric study

The mathematical model that has been formulated in Sec. 3 can be used to simulate the radiated sound field of the actuator array and vibrating panel system. This section will present a
simulation based study into the effect certain design parameters, such as the panel dimensions
and the actuator array distribution, have on the directivity performance of the system.
Simulation parameters
Table 5.1 contains the values for the parameters that are common between all of the simulations to be presented in this section. The panel is defined as a rectangular plate made of
aluminium, a material that has been used by vehicle manufacturers, is relatively robust and
lightweight. A frequency range from 100 Hz to 5 kHz has been chosen, as to be consistent
with the current regulations, and is thus enough to cover the harmonic components of EV
warning sounds in use and in development. All simulations consider 50 modes along the
x-direction and 30 modes along the y-direction, giving a total of 1500 modes in the structural
model of the panel. This number has been chosen after a convergence study so as to ensure
an accurate approximation of the theoretically infinite summations in Eq. (5.6), and therefore
an accurate representation of the structural response within the frequency range investigated
in this study.
To represent a more practical configuration, a hysteretic damping, ηs = 0.04, has been selected to limit the magnitude of peaks in the structural response at frequencies corresponding
to the modes of the plate. Together with the modulus of elasticity this is expressed as
E 0 = (1 − jηs )E.

(5.21)

The far field sound pressure on the horizontal plane is measured at single degree increments on a 2.8 m radius half-circle in the designated forward half-space, centred around the
array, making for a total of 180 measurement points. The distance from the centre of the array
was chosen under consideration of the available space in the anechoic chamber which will
be used for the experimental validation presented in Sec 5.2. For all steering angle settings,
the bright zone corresponds to a 36◦ arc, which is defined by 37 measurement points, with
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the remaining 143 measurement points comprising the dark zone. The regularisation factor,
λ2 , used in Eq. (5.20) during the acoustic contrast maximisation process, must be assigned
a high enough value in order to avoid the use of ill-conditioned matrices in the calculations.
The chosen value for λ2 is 10−6 , which is the lowest value ensuring robustness of the model
under all of the conditions considered in the simulations presented in this chapter.
An example of the simulated SPL frequency response as a function of the observation
angle in the forward half-plane is shown in Figure 5.3. The SPL values have been normalised
to the maximum for clarity. The simulated array consists of eight actuators attached to a
rectangular panel of dimensions 1 m×0.2 m×3 mm, with the rest of the parameters detailed
in Table 5.1. The system is optimised using the acoustic contrast method described in Sec. 4,
for bright zones in the forward direction, and steered by 45◦ . From these results it can be
seen that the directivity is greatly dependent on frequency, with evidence for both a low and
high frequency limit. To understand how each parameter of the structural array affects this
behaviour, and to thus be able to optimise its performance, a study on the effect of the number
of actuators, the actuator distribution, and the dimensions of the panel will be presented in
the following parametric study.

Figure 5.3: Normalised SPL frequency response as a function of the observation angle for a
structural array of eight actuators using a 1 m×0.2 m×3 mm panel.

5.1.1

Panel size

The first part of the parametric study explores the effects of the panel size on the array directivity. Figure 5.4 shows the average value of acoustic contrast calculated for frequencies
between 100 Hz and 5 kHz, as a function of the panel length. By varying the length of the
panel one also affects the relative positions of the actuators from its edges. Results are expected to differ when the overall array length is kept fixed while the length of the panel is
increased, and when the spacing between the actuators is also changed to ensure that they are
evenly distributed along the length of the panel, thus increasing the overall array length. Although loudspeaker arrays can use a non-uniform spacing between their elements to increase
the aliasing frequency [25], this is less important in the structural actuator array due to the
effective interpolation between the sources. It turns out that it is more beneficial to evenly distribute the actuators so that they effectively couple into the maximum number of modes and
thus allow greater control of the structural response. It is evident from the results shown in
Fig. 5.4, that the directivity performance increases as the length of the panel is increased. For
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Average Acoustic Contrast [dB]

longer panel lengths it can also be seen that there is a small advantage to evenly distributing
the actuators along the length of the panel, rather than keeping their positions fixed.
7
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Figure 5.4: Frequency averaged acoustic contrast as a function of panel length used by different structural actuator arrays.

5.1.2

Actuator distribution

In the previous section it has been shown in brief that the distribution of the actuators on the
panel has a significant impact on the achievable acoustic contrast, particularly when the bright
zone is steered away from the forward direction. Therefore, it is important to also investigate
the effects of changing the array distribution in isolation, without any other changes to the
system parameters. The optimization of the actuator distribution on a flat panel loudspeaker
has been previously investigated with the objective of matching the frequency response of a
conventional loudspeaker [37]. However, in this instance, the aim is to ensure a high degree
of directivity across a wide frequency range, rather than matching the performance of a traditional cone loudspeaker. Keeping the dimensions of the panel fixed at 1000 mm × 200 mm
× 3 mm, the effect of different actuator array distributions has thus been investigated.
The average acoustic contrast between 100 Hz and 5 kHz as a function of the spacing
between consecutive actuators, for different numbers of actuators, is shown in Fig. 5.5. The
bright zone is set to the forward direction for all cases. It is evident that by increasing the
number of actuators, the overall performance improves. The difference in frequency averaged
contrast is much greater when increasing the number of actuators from an even to an odd
number than when increasing it from odd to even. This is due to the presence of an actuator
at the centre of the panel being beneficial to the generation of a forward directed sound field.
Thus, when increasing the number of actuators from seven to eight, for example, the even
distribution of the array on the panel means that there is no longer an actuator at the center
point of the panel, which limits the achieved improvement in directivity. The spacing between
actuators seems to only have a limited effect, with a slight downward trend in frequency
averaged contrast as the distance is increased.
Comparison to loudspeaker arrays
One last insight that can be obtained via simulation is the comparison of the directivity
performance across frequency with that of a loudspeaker array. In Fig. 5.6, the acoustic contrast frequency response of a structural actuator array employing six actuators and
a 1.2 m×0.2 m×3 mm is compared to that of a simulated six loudspeaker array of the same
overall length, which is indicative of the configurations that have been suggested for use
as warning sound systems [17]. From the two responses it can be seen that although the
structural actuator array displays a more irregular response across frequency, owing to the
abundance of resonances and anti-resonances on the panel, it ultimately offers an improved

Average Acoustic Contrast [dB]
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Figure 5.5: Frequency averaged acoustic contrast as a function of the spacing between actuators.
high frequency limit. This is due to the aforementioned reduction in aliasing effects that are
normally characteristic of loudspeaker arrays. Although the low frequency performance of
the loudspeaker array is superior, the cut-on frequency of the actuator array at roughly 250 Hz
means that it can still accommodate even the lowest frequency components of warning sounds
in current use.
Acoustic Contrast [dB]
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Figure 5.6: Simulated acoustic contrast frequency response of a structural actuator array using
six actuators and a 1.2 m long panel, and a six loudspeaker array of 1.2 m loudspeakers.
In summary, the parametric study has shown that for the presented configurations, the
acoustic contrast performance of the structural actuator based array is dependent on the length
of the panel, the number of actuators and their distribution on the panel. Longer panels, as
well as a greater number of actuators in the array generally ensure a higher overall contrast over the investigated frequency range. The frequencies at which maximum contrast is
achieved is dependent on the spacing between actuators.
5.2

Measurement of a physical prototype

The parametric study performed in Sec. 5.1 allows for the optimisation of the basic parameters of the prototype in order to maximise its performance given the intended application of
the system. The vibrating surface is a flat, rectangular panel, constructed from an aluminium
alloy (Al 6082), of dimensions 1 m×0.2 m×3 mm. This configuration was chosen as to
best reach a compromise between the simple geometry simulated through the mathematical
model, and the available surfaces and materials found on an actual vehicle. The panel itself is
set upon a wooden mounting, which creates an enclosure of dimensions 1 m×0.2 m×0.18 m,
as shown in Fig. 5.7.
The number of actuators and length of the array determine its performance across frequency for the given panel characteristics. Six inertial actuators (model TEAX25C05-8 round
audio exciters) form the array, with an overall weight of 360 g and a nominal frequency range
of 200 Hz to 20 kHz. Although a higher number of actuators would be expected to result in
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Figure 5.7: Detail of the physical prototype of the structural actuator array.

better directivity performance, it would also lead to an increase in the total mass and their
total area of contact with the panel. As these parameters are not included, or only approximated by the mathematical model, this would potentially lead to higher inaccuracies in the
simulations, and thus a less effective comparison. Moreover, a six actuator array offers a
more direct comparison with the eVADER warning sound system, which employs an array
of six loudspeaker drivers.
As it was shown that the system cannot produce a high level of acoustic contrast across the
entire bandwidth designated for potential warning sounds, the prototype must be optimised
under consideration of the warning sound used and its frequency components. A spacing of
14 cm between actuators was chosen, which ensures a higher performance in terms of acoustic contrast at steered directivity settings, and at lower frequencies in the forward direction,
as indicated by results in Sec. 5.1. Although this choice of spacing is expected to reduce
the cut-off frequency for the forward directed setting, the resulting bandwidth should still be
sufficient to cover all components of warning sounds such as the one used in the eVADER
system[17], which is also intended to be emitted directionally.
5.2.1

Measurement set-up

The anechoic chamber has dimensions 9.15 m×9.15 m×7.32 m, which are further limited
by the acoustic diffusers attached to the walls. The prototype structural actuator array is
placed for measurement inside the chamber, positioned at the centre of the chamber and
supported at a height of 1.2 m. Three compact stereo amplifiers are used to drive the actuators.
The resulting sound pressure is measured using a circular array of eleven omni-directional
microphones, placed at a distance of 2.8 m from the centre of the panel, at a height of 1.2 m,
and covering an angle of 180◦ , corresponding to the forward half-plane. Figure 5.8 provides a
view of the microphone array positions relative to the prototype inside the anechoic chamber.
Control of the signal sent to each amplifier channel, and data acquisition from the microphone
array are handled by a compact data acquisition system which is connected to the computer
with the necessary software and scripts.
Constraints on the frequency range within which the system can be reliably evaluated and
compared with the mathematical model are primarily imposed by the additional mass loading
on the panel due to the weight of the actuators at lower frequencies and by the number of
modes included in the model at higher frequencies. The experiments using the prototype
presented in this chapter are intended to both validate the results presented in the previous
section and to assess the potential performance of the proposed directional structural actuator
array system in practice.
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Figure 5.8: Experimental set-up for the evaluation of the structural actuator array in an anechoic chamber.

5.2.2

Implementation of directivity control

As explained in Sec. 4, the directivity of the sound field resulting from the vibration of the
structure is determined by controlling the relative phase and amplitude between the actuators
of the array, two properties that are contained in the complex input vector, u. In practice,
this can be achieved by filtering the base signal of the warning sound to be emitted through
a filter characterised by the appropriate magnitude and phase response, before driving each
actuator. Such filters are designed using information from each individual actuator’s transfer
response, obtained through an initial measurement in the anechoic chamber. The process for
this implementation of directivity control, from the stage of obtaining the response of each
actuator to driving the system to radiate a directional sound field, is presented in a four-step
flowchart, shown in Fig. 5.9.
In detail, the steps taken for the directivity control implementation process are as follows:
1. Each actuator in the array of I elements is driven with a test signal, such as broadband
noise or a sine sweep. The resulting radiated sound pressure is measured by the sensor
array, which is formed by M microphones.
2. The acoustic contrast maximization process is implemented in the next stage. The
recorded data is used to calculate the matrices of transfer responses corresponding to
the bright and dark zones, GB and GD . These matrices must be calculated for the
N frequency bins used in the analysis. Then, the optimal source strength vector for
each actuator, u, is obtained at each frequency according to Eq. (5.20). The regularization factor, λ2 , is chosen accordingly to ensure a relatively smooth frequency response,
avoiding spikes in excess of 5 dB in acoustic contrast level to ensure robust performance.
3. These optimal source strength frequency responses are then used to calculate a set of I
FIR filters that match the frequency responses of u. However, in order to do this, a time
delay, τ , needs to be introduced to the optimal source strengths in order to produce a
realizable causal filter. In the frequency domain, this can be expressed as ue−i2πf τ ,
where f denotes the frequency. As warning sounds tend to be continuous signals, this
delay does not have a significant impact on the effectiveness of the system.
4. A directional sound field that focuses on the assigned bright zone and minimizes the
pressure in the dark zone can be produced by filtering a base signal, which would be
the desired warning sound signal, through the optimal filter set, before using it to drive
the actuator array.
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Utilizing this method, a real-time implementation would require a number of pre-defined filter
sets to be stored, each corresponding to a specific steering angle, that could be implemented
in order to control the direction to which the beamformer is focused.
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Figure 5.9: Flowchart of the directivity control process for the structural actuator array.
Using twenty microphones to cover an angular width of 360◦ means that there is a 18◦
increment between neighbouring microphones. For each directivity setting, the bright zone
is defined by the positions of three microphones, which cover a 36◦ angle. Figure 5.10 shows
an example of the control zones used, with the bright and dark zones chosen to maximize
directivity in the forward direction in the depicted instance.
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Figure 5.10: Control zones used for the directivity optimisation of the structural actuator
array.

Structural response
Prior to any sound field measurements, it is useful to obtain a view of the structural response
of the panel when it is excited by the inertial actuators. This can provide an early insight
into the accuracy of the mathematical model, and in particular, the approximations taken to
describe the vibration of the plate. By attaching an accelerometer to the panel, the structural
response can be obtained for that specific point. Figure 5.11 shows the response of the system when driven by a single actuator, measured using an accelerometer located at a point
with coordinates (0.24 m, 0.07 m), and as simulated for the same point using the mathematical model, as described by Eq. (5.6). The comparison between the simulated and measured
results shows that the model matches the behaviour of the physical system well for frequencies ranging from 400 Hz to roughly 3 kHz. At lower frequencies, differences between the
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simulated and measured responses are more noticeable. This is because the analytical model
does not consider the mass of the actuators. In reality, this additional mass loading on the
panel has an effect on its response at these frequencies. Potential causes for other discrepancies between the measurement and simulation results across the entire frequency range are
the representation of the actuators by distributions of point forces, which might lead to a different excitation of modes at high frequencies, where the wavelength might be comparable
to the dimensions of the actuator. Additionally, the infinite baffle assumption is significantly
different from the experimental set-up, and might lead to differences in the resulting sound
pressure at higher angles. Lastly, the model assumes simply supported boundary conditions,
but in reality, the boundary conditions only approximate this theoretical condition.
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Figure 5.11: Structural frequency response of the prototype structural actuator array as measured and as simulated using the mathematical model.

Sound pressure levels
The on-axis sound pressure level frequency response, measured at a distance of 2.8 m from
the centre of the panel is evaluated and the measurement is compared to the simulation, calculated from Eq. (5.13), in Fig. 5.12. Comparison of the results shows that for frequencies
above 400 Hz the response of the model effectively follows the trends of the physical prototype. Once again, discrepancies are most likely due to neglecting the mass of the actuators,
and other approximations such as the simply supported boundary conditions and the assumption of an infinite baffle in the model.
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Figure 5.12: On-axis SPL frequency response of the structural actuator array, as measured
and as simulated using the mathematical model.
Directivity control is achieved using the prototype system by driving the actuators with
an output signal filtered through their respective FIR filters constructed using the control
zones shown in Fig. 5.10, via the process presented in Sec. 5.2.2. In Fig. 5.13, the average
measured sound pressure level calculated between 100 Hz and 5 kHz, is shown for different
steering settings: aimed forward, and at angles of 36◦ and 72◦ . In all cases the bright zone
has the previously defined coverage width of 36◦ . It is evident from these plots that the
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system is capable of controlled directional radiation. To obtain a more detailed insight into
the performance of the system, it is necessary to quantify directivity and evaluate it in terms
of the acoustic contrast.
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Figure 5.13: Directivity patterns of the structural actuator array prototype for different steering settings. The measured SPL has been averaged between the frequencies of 100 Hz to
5 kHz.

Acoustic contrast
The acoustic contrast is calculated at each frequency bin using Eq. (5.15). This calculation is
performed for the measured sound pressure in the anechoic chamber, and the sound pressure
as estimated using the mathematical model of Sec. 3 to simulate the prototype array. The
regularization factor, λ2 , used in the measurements, is chosen to ensure a relatively smooth
response, as elaborated in Sec. 4. The value chosen for λ2 in the simulations is set so that the
simulated system requires equal array effort to the measured system. This is done to ensure a
consistent comparison. Although the control zones shown in Fig. 5.10 were used to maximise
directivity, only the forward half-plane is considered during the calculation of the resulting
contrast presented in this section. This is done to ensure consistency with the mathematical
model based simulations, as the assumption of an infinite baffle in the formulation of the
model is expected to have different effects compared to the frame upon which the prototype
is mounted.
Table 5.2 shows the frequency averaged acoustic contrast and its standard deviation within
the 100 Hz to 5 kHz range, for both measurements and simulations at different bright zone
steering settings. Results from the measurement indicate a generally lower acoustic contrast
compared to the simulation, albeit by a small margin. An exception is the 70◦ steered setting,
where measurement and simulation achieve a very similar average value for contrast, with
only 0.1 dB of difference. However, the high standard deviation across all cases suggests
that the acoustic contrast is greatly dependent on frequency. Therefore, in order to obtain an
in-depth view of the performance, it is necessary to examine the directional characteristic as
a function of frequency.
To ensure that the optimal filter application for the directivity control process is implemented properly and yields reliable results, a comparison of the acoustic contrast frequency
response between the on-line measurements in the chamber and the off-line estimation using
the transfer matrices obtained in Sec. 5.2.2 is shown in Fig. 5.14. Both responses display a
very similar behaviour at the majority of the investigated frequency range, with an average
difference of 1.54 dB. Disparities at specific frequencies, particularly around 220 Hz and
above 4 kHz are likely due to differences in the excitation of modes when all six actuators are
simultaneously forcing the vibration of the panel. It can be thus concluded that the method
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Steering angle
0◦
36◦
72◦

Measured
7.2 dB ±6.9 dB
8.1 dB ±5.9 dB
12.0 dB ±5.5 dB
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Simulation
10.9 dB ±8.5 dB
9.2 dB ±6.2 dB
11.9 dB ±3.4 dB

Table 5.2: Frequency averaged acoustic contrast and standard deviation between 100 Hz and
5 kHz, at different bright zone steering settings. Comparison of results between measurements of the prototype array and simulations using the model presented in Sec. 5.1.
produces sufficiently accurate results, and an effective experimental evaluation of the prototype system, and a comparison with the mathematical model, can be reliably performed.
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Figure 5.14: Acoustic contrast frequency response of the structural actuator prototype, as estimated via the transfer response matrices obtained in the anechoic chamber, and as measured
in real-time.
Figure 5.15 shows the acoustic contrast over frequency, calculated according to Eq. (5.15).
For the simulation and measurement results of the prototype system, for different directivity
settings. In all cases, the model is effective at predicting the trends exhibited by the physical
system over frequency. The accuracy of the predictions appears to diminish as the steering
angle increases, particularly at the lower end of the investigated frequency range.
The system achieves the highest average acoustic contrast over the investigated frequency
range, as well as the highest value for contrast at an isolated frequency, for the forward setting.
As the steering angle is shifted to 36◦ , the average contrast decreases, which is due to the
effective decrease in the aperture size. It is worth noting however, that a limited increase
in contrast is visible for frequencies above 2 kHz. For the 72◦ steered setting, along with
the increase at higher frequencies, there is also a significant improvement in performance
at lower frequencies around the 500 Hz mark. As the steering angle approaches 90◦ , the
arrangement of actuators begins to resemble that of sound sources in an end-fire instead of
broadside configuration, which is also capable of high directivity. However, due to the finite
size of the plate, standing waves occur and the resulting modal behaviour imposes a limitation
on the end-fire capabilities of the system, which would otherwise require an infinite surface.
6

In-vehicle implementation

The previous chapter demonstrated that structural vibration can be controlled to produced
a directional sound field. The next step in the investigation of the structural actuator array,
presented in this chapter, is to investigate if the system is capable of the same performance in
its intended role as a vehicle warning sound system. For this purpose, the array was installed
on a production vehicle in different configurations, facilitating a series of measurements to
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determine the optimum configuration for the system and evaluate its performance. The experiments took place in the facilities of Applus+IDIADA in Tarragona, Spain.
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Figure 5.15: Acoustic contrast frequency response of the structural actuator array at different
steering settings. Results shown as measured in the anechoic chamber and as obtained via
simulations using the mathematical model.

6.1

Measurement set-up

The measurements have been carried out in a semi-anechoic chamber, with fully anechoic
walls and ceiling and a concrete floor. A test vehicle was placed in the centre of the chamber.
The directional sound system was integrated into the vehicle by attaching inertial actuators
onto its body to form an array. The actuators used (Tectonic Elements TEAX32C20-8) have
an individual weight of 150 g, a diameter of 51.2 mm and a nominal rated power of 10 W.
The frequency range of the actuators is between 100 Hz and 15 kHz. Up to six actuators are
used simultaneously, powered by compact two-channel class D amplifiers (Sure Electronics
TPA3110).
Figure 5.16 shows the measurement set-up with the test vehicle in relation to the microphone array. The sound pressure is monitored by a circular array of twenty omnidirectional
microphones (PCB 130F20), centred around the front end of the vehicle. This sensor array configuration offers 360◦ of coverage, which means an 18◦ interval between consecutive
microphones, facilitating the use of the control zones shown in Fig. 5.10 to evaluate the directivity at different steering settings, aimed forward, at a 36◦ angle and at a 72◦ angle. The
dimensions of the chamber limit the radius of this circle to 5m, and the microphones are
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placed at a height of 1.2m.

Figure 5.16: Experimental set-up for the investigation of the structural actuator array installed
in a vehicle.
As can be seen from Fig. 5.16, the actuators are mounted on the outside of the vehicle,
which has been done for convenience of installation when investigating different array configurations on the vehicle. The intended implementation would have the actuators mounted
on the inside of the vehicle structure. Nevertheless, as the direct radiation from the actuators
is negligible compared to the radiation from the vibrating structure, the difference between
the radiated sound fields with the actuators mounted on the interior or exterior of the vehicle
structure is minimal.
Figure 5.17 displays the four different configurations that are considered in this study as
potential practically realisable options. Specifically, the array is placed on the hood, the front
door, and the front bumper of the vehicle. The spacing between actuators in each case is
chosen to ensure the maximum overall array length given the available surface. This is due to
previous findings [1] indicating that a larger panel, with actuators evenly distributed along its
length, can achieve the highest overall contrast. As the hood offers the largest area available
for actuator placement, two configurations are tested: one in a broadside arrangement, with
the actuators distributed along the width of the vehicle, as shown in Fig. 5.17 a, and one in
an end-fire arrangement, shown in Fig. 5.17 b, with the distribution of the actuators along
its length. The spacing between actuators is 15.6 cm for the broadside, and 13.9 cm for the
end-fire case. The door configuration uses only four actuators spaced at 17.8 cm, as shown
in Fig. 5.17 c, due to limitations on their possible placement imposed by the curvature of the
structure. Lastly, a six actuator array is installed along the front bumper of the car, with a
13.7 cm interval between actuators and a 68.5 cm overall length, as shown in Fig. 5.17 d.
6.2

Off-line investigation of different configurations

By measuring the response from individual actuators in each of the configurations tested, the
information necessary to construct the corresponding transfer response matrices is obtained,
as per the process presented in Sec. 5.2. Using this data, the acoustic contrast performance can
be estimated off-line for arrays consisting of specific actuator placements, by choosing the
appropriate matrices, GB and GD , to solve Eq. (5.20) and use the resulting optimal source
strength vector in Eq. (5.15). This allows for an off-line investigation into the effect that
different numbers of actuators in each configuration have on the performance of the system.
Figure 5.18 shows the estimated acoustic contrast, frequency averaged between 100 Hz and
5 kHz, for different numbers of actuators in each array configuration tested, for the different
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Figure 5.17: Schematics of the different actuator array configurations investigated on the
vehicle.

steering settings. A trend apparent across all cases is that a higher number of actuators in a
configuration guarantees better directivity performance, as expected from understanding the
design of loudspeaker arrays, but also from the results presented in Sec. 5.2, also published
in [1].
For the forward setting, shown in Fig. 5.18 (a), the bumper configuration is consistently
the most effective out of the four, as it is capable of an average contrast above 10 dB when
using four or more actuators. There is little difference between using a broadside or endfire configuration on the bonnet, with the 10 dB mark only approached marginally when
using all six actuators. The door configuration only manages a positive contrast value for
four actuators, proving incapable of generating a forward directed sound field. At a steered
setting of 36◦ , as shown by Fig. 5.18 (b), there is less difference between the performance of
the different configurations for the same number of actuators. However, the most effective
configuration differs depending on the number of actuators used. The highest level of contrast
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is achieved by the bumper configuration with 6 actuators.
For the highest considered steering angle of 72◦ , the door-mounted array becomes the
most efficient at achieving the desired directional control with the highest average contrast
when compared to all other configurations using the same number of actuators. Specifically,
the door-mounted array achieves in excess of 10 dB of broadband averaged contrast when
using three and four actuators. The three other configurations all display similar performance
at an increased steering, and manage to achieve a broadband averaged contrast of 10 dB when
utilising six actuators.
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Figure 5.18: Off-line estimation of the frequency averaged acoustic contrast between 100 Hz
and 5 kHz achieved at different bright zone steering settings, as a function of the number of
actuators used in the array for the different investigated configurations.

Hybrid actuator configurations
Considering that different array configurations provide the highest directivity depending on
the bright zone that is used, it might prove useful to investigate a hybrid configuration,
which contains actuators in multiple different parts of the vehicle’s body. In particular, as
the bumper and door arrays achieve the highest average contrast at forward and steered settings (Fig. 5.18), a configuration which includes actuators on the front bumper and on both
front doors could be capable of improved performance in all steering settings. Due to limitations on the equipment available during the experiments, this investigation is limited to
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Figure 5.19: Off-line estimation of the frequency averaged acoustic contrast between 100 Hz
and 5 kHz achieved at different bright zone steering settings, for arrays using four actuators
on the front bumper and different number of actuators on either front door.
off-line estimations of the acoustic contrast achievable by these hybrid configurations using
the transfer responses obtained from individual actuators.
Figure 5.19 shows the frequency averaged acoustic contrast between 100 Hz and 5 kHz,
estimated off-line for arrays which contain four actuators on the front bumper and different
numbers of actuators on each door. It is evident that the door actuators are unable to assist
the bumper array in forming a sound field maximised in the forward and 36◦ bright zones.
The highest increase is in the order of roughly 0.5 dB on the average contrast, which is
achieved by having four actuators on each door. At the 72◦ setting, the contribution of the
door actuators is substantial, though even in this setting, at least three actuators are required
to increase the average contrast achieved. This would mean that the system would require
at least ten actuators in total, which would lead to an increase of its potential cost, and thus
question its viability as an alternative to other directional systems.
Overall, from the results shown in Figs. 5.18 and 5.19, it can be concluded that the mixed
actuator distribution proves relatively inefficient, as installing the same overall number of actuators on the front bumper of the vehicle leads to better directivity performance. Although
the hybrid array can display an advantage for highly steered bright zones, it requires at least
four actuators on each door to achieve this, and this performance is inconsistent when compared to the contrast achieved at other steering settings.
6.3

On-line measurements: sound pressure levels

With the off-line investigation offering a view of the potential performance for each array
configuration, and its dependence on the number of actuators used, the next part of the study is
to evaluate the system via a series of on-line measurements. This is done by driving the array
using the optimal filters to produce a directional sound field in the semi-anechoic chamber,
and obtaining the resulting sound pressure measured from the microphone array, as per the
process described in Sec. 5.2. As the off-line results show that a higher acoustic contrast is
achieved by a greater number of actuators in the array across all configurations, the on-line
measurements are performed using the maximum number of actuators available in each case,
which is four for the door-mounted array and six for the rest of the positions.
The measured directivity is shown in Fig. 5.20. The measured SPL resulting from each
investigated configuration is displayed, normalised and frequency averaged between 100 Hz
and 5 kHz. The results of different steering angle settings, controlled through the optimal
filter implementation are displayed separately. It can be seen that the bumper array is capable
of the highest forward directivity, and also achieves a certain degree of directivity at both the
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36◦ and 72◦ steering angle settings. Conversely, the door configuration appears only capable
of producing a directional sound field at the 72◦ steering angle setting. Both bonnet configurations display comparable performance to the bumper array at steered settings, however,
their forward directivity is noticeably lower.
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Figure 5.20: Directivity patterns at different steering settings from the investigated configurations of the structural actuator array installed in the vehicle. The measured SPL has been
averaged between the frequencies of 100 Hz to 5 kHz.

6.4

On-line measurements: acoustic contrast

A better understanding of the performance of the system can be obtained by investigating
its directivity across frequency. This is most efficiently done by calculating the acoustic
contrast frequency response of each configuration. Figure 5.21 shows the acoustic contrast
across frequency, calculated from the measured sound pressure resulting from each array
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configuration, at the different steering angle settings.
Both bonnet-mounted arrays display a similar performance, shown in Figs. 5.21 (a) and
(b), which is relatively stable at a level of about 10 dB. The inability of the door configuration to produce a forward directed sound field is visible in Fig. 5.21 (c), where the level of the
acoustic contrast for the forward setting is in the negative values for a number of frequencies
between 500 Hz and 3 kHz. This configuration is, however, capable of the highest acoustic
contrast level at both steered settings, exceeding the 10 dB mark for most of the investigated
frequencies. The response of the bumper array displays the greatest frequency dependence.
At frequencies below 200 Hz, this configuration appears to be incapable of producing a directional sound field towards a designated bright zone. For frequencies above the 200 Hz limit,
however, the array can produce an acoustic contrast of over 10 dB in level. In particular, this
performance reaches 20 dB in acoustic contrast level within the 1 kHz to 2 kHz range, for
the forward and 36◦ settings. The achieved level drops at the higher steering angle of 72◦ to
10 dB, similar to that of the bonnet configurations. This is due to the natural directivity of the
bumper being in the forward direction.

6.5

Sound leakage into the vehicle interior

Another factor that is key to evaluating the suitability of the proposed system for practical
implementation, and can be readily investigated in this study, is the separation between the
resulting external and internal sound fields. The system is intended to convey a warning sound
to vulnerable road users in the path of the vehicle, but it should not be intrusive to the driver
and passengers. Therefore, it is important to ensure that the sound radiated from the rear of
the structural actuator array into the car cabin is sufficiently attenuated by the construction
of the vehicle. If this is not the case, then it may be necessary to modify the construction of
the vehicle to provide higher levels of attenuation or utilize more complex array designs that
minimize the sound radiated from the rear of the panel. However, both of these measures will
clearly increase the cost of implementation and, therefore, the appeal of the proposed system.
Figure 5.22 provides insight into the sound leakage into the vehicle cabin in the form of
the attenuation achieved across frequency for the different configurations, when they are all
steered towards the forward direction. The level of attenuation across frequency is defined in
this instance as the difference in level between the SPL in each frequency bin measured by
a microphone placed at the driver’s car seat headrest and the SPL measured at a microphone
placed 5 m in front of the vehicle, defining the centre of the bright zone. Furthermore, the
calculated attenuation has been scaled using octave bands to provide a convenience of comparison, as the frequency response would normally be characterised by peaks and notches
caused by ground reflection and car-body diffraction effects. It is evident that the bumper
configuration displays the highest level of attenuation between the externally and internally
generated sound pressures. This is probably due to the presence of the engine compartment
between the array and the cabin and the significant levels of attenuation that this provides.
For both hood configurations, the attenuation achieved approaches a level of around 10 dB at
frequencies above 1 kHz, however, it is significantly lower at lower frequencies. The results
obtained for the door configuration indicate that the placement of the array on the door results
in similar sound levels at the target exterior position and in the interior of the vehicle. The
lack of attenuation between the door panel vibration and the interior sound field is perhaps
not surprising, given the lightweight nature of modern vehicles and the low levels of noise
transmission loss typically required through the door panel.
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Figure 5.21: Measured acoustic contrast frequency response at different steering settings for
the investigated configurations on the vehicle.
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Figure 5.22: SPL attenuation at different octave bands between a measurement point 5 m in
front of the vehicle and in its interior.
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Conclusions

The research presented in this chapter aimed to develop suggestions for realisable warning
sound system designs that are capable of achieving both detectability and minimisation of
drive-by noise emissions, while presenting a viable option for manufacturing and implementing in a wide production context.
A solution that offers the directivity control capabilities of the loudspeaker array at a
lower cost and with increased robustness was introduced, in the concept of the structural
actuator array. This system consists of an array of inertial actuators, which are attached to a
surface that could potentially be part of an existing structure in the vehicle. Control of the
vibration of the structure, and the resulting radiated sound field, is achieved through adjusting
the relative amplitudes and phases of the signals driving each actuator. An analytical model
was formulated to simulate the structural actuator array and provide insights into the effect
of individual design parameters on its performance.
A simple prototype consisting of a flat panel and an array of six actuators was built to
validate the analytical model. Directivity measurements conducted in an anechoic environment showed that the analytical model succeeds in simulating the behaviour of the physical
system. As a directional system, the structural actuator array was shown to be capable of
generating a controllable directional sound field over a bandwidth that can be used to emit
the warning sound signal required by legislation.
The structural actuator array was installed in a production vehicle to be evaluated in the
full context of its intended implementation. The measurements, conducted in a semi-anechoic
environment, included the testing of different configurations of the array on the vehicle to
determine the most suitable position. The configuration which proved to be most suitable
consisted of six actuators attached on the front bumper of the vehicle. This arrangement was
capable of maintaining an acoustic contrast level of over 10 dB throughout the investigated
frequency range. In addition, its position ensures the least amount of noise leakage into the
cabin, making it the most appropriate for a practical implementation of the system.
Suggestions for Future Work
Further work on the development of the proposed solution could progress in the following
directions.
• The consideration of the design of the vehicle for the optimisation of the structural actuator array in regards to its positioning and the number of actuators to be used. The
in-vehicle experiments presented in this thesis were carried out without prior knowledge of the test vehicle. The system can be more efficiently optimised through simulations, if full knowledge of the vehicle components available to accommodate the array
are utilised together with methods such as finite element modelling. This could help
identify the optimum positions and characteristics of the actuators that are necessary to
ensure the best performance.
• Jury based testing and evaluation of the structural actuator array installed in a vehicle.
The effectiveness of the system in effectively emitting the warning sound to a specific
target in isolation from all other directions could be better determined in a multiple
participant survey. In addition, such a study could help define the width of a sound
maximisation zone necessary to convey a sufficient warning.

Design of warning-sound sources

123

• Development of an environment-dependent spectral adaptation algorithm for the warning sound. Systems suggested in other research have included the aspect of adapting
the level of the warning sound, if it is estimated to be too high or low compared to the
levels of ambient noise. A more advanced algorithm could perform a spectral adaptation instead of an adjustment of the overall level, to overcome narrow band-specific
masking effects and ensure audibility in all conditions. The evaluation of such an adaptive system could be performed by conducting a series of listening tests.
• The combination of both the structural array and the adaptive algorithm through their
simultaneous integration in a single warning system, that will be able to adapt its base
warning sound depending on the current environment and emit it directionally through
the array.
• Investigation of real-time steering methods for the array. The acoustic contrast maximisation method used in the presented investigation could be implemented in real-time
through the use of pre-stored filter banks corresponding to specific directivity settings.
However, instead of using preset settings, it would be beneficial to develop an algorithm
that considers the detection of a vulnerable road user and controls the directivity in response to the situation. This could be similar to the method used for the loudspeaker
array in eVADER.
• Application of the structural actuator array to other domains. For example, the proposed array could be beneficial in other applications where it is not possible or practical
to accommodate the addition of loudspeakers, such as in flat panel television screens,
advertising boards or exhibition displays.
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Microphone array processing to
reduce the effect of reflections in
estimating pass-by noise with
static vehicles
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1

Executive Summary

The estimation of pass-by noise indoors, using a rolling road and a microphone array, has
advantages over outdoor measurements in terms of the repeatability and robustness to the
environmental conditions of the measurements. It also has the advantage of estimating the
individual source contributions to pass-by noise, by placing additional microphone arrays
close to each source. The in situ contribution of tyre noise is characterised by discretising the
tyre into a few equivalent sources, which are quantified using the measured near field spectra
in an inverse problem and then used in a forward problem to synthesise the pressure in the
far field. In order to used the inverse method, the number and the position of the equivalent
sources need to be known a priori.
In this project, two different techniques are investigated to choose the number and positioning of the equivalent sources for tyre noise synthesis using the sparsity promoting properties of the `1 norm regularisation to derive frequency - dependent and frequency - averaged
source positions. In the first instance, the methods are formulated and tested in a 2D tyre
model, which models the tyre vibration up to 1 kHz. The `1 norm regularisation techniques
are then used with the spectra measured from a rolling tyre at 50 km/h. Additional formulations of the `1 norm regularisation are also investigated, particularly a power-based approach
for the frequency - averaged `1 norm regularisation, which gives good synthesised far field
pressures with only 2 equivalent sources, near the leading and trailing edges of the tyre.
The frequency - averaged `1 norm regularisation is then used to analyse the spectra measured from a tyre as it is accelerated, on a rolling road, from 5 to 60 km/h. Different operational conditions are considered and it is shown that the regularisation can predict the number
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and position of the equivalent sources that give good representations of the measured far field
spectra, which are valid for different acceleration rates. The power-based approach is also
investigated in this case, again showing good results with only 2 equivalent sources.
2

Introduction

The exterior sound emission from a vehicle is an increasingly important criterion for the
homologation of road vehicles, given the emission limits of 70 dB (A) in 2020 and the aim
for 68 dB (A) by 2024 [1]. Until recently, pass-by noise has been measured outdoors, but can
now be measured in an indoor environment with a far field microphone array and a stationary
vehicle on a rolling road, according to ISO-362:2016 [2]. This standard also describes passby noise testing systems, using a roller bench in a semi-anechoic room, to increase the total
robustness and repeatability of the measurements and there also exists the ability to quantify
the various car noise source contributions. This is described as the pass-by noise contribution
analysis and is nowadays widely used in the field of vehicle noise control as it gives further
insight into the total noise disturbance.
Tyre noise has become one of the major sources of pass-by noise due to considerable efforts in reducing engine noise and increasing use of electric vehicles. The indoor tyre pass-by
noise contribution can be estimated in fully operational conditions by using a set of additional
microphones close to the real car sources using the concept of acoustic transfer path analysis
(TPA) [3-4]. The tyre is approximated by a set of equivalent sources and the acoustic transfer
responses are measured between these sources and all near field microphone positions, to
give a full matrix of coupling coefficients. The various equivalent source strengths are then
estimated by combining the pressure responses measured by the near field microphone array
and the inverse of the transfer response matrix. A new set of acoustic transfer functions is
then measured between the source positions and a linear microphone array 7.5 m away from
the car, which is then used to synthesise the far field acoustic pressure.
A number of studies have used the noise contribution analysis to quantify the indoor
tyre pass-by noise, along with all the various noise source contributions in fully operational
conditions [5-10]. A slightly different variation is proposed by Janssens et al, where the
phase information is omitted from the measured spectra by assuming an energetic, powerbased approach to the traditional formulation [3]. In this previous work, the indoor tyre noise
contribution is estimated by assuming a small number of uncorrelated monopole sources
very close to the leading and trailing edge of each tyre, using double this number of near field
microphones in close proximity to the tyre. The positions of the equivalent point sources are,
therefore, chosen based on experience and the knowledge that the most dominant tyre noise
sources are situated at the tyre-road contact area [4], while the number of sources is kept
low to minimise the duration and complexity of the measurement sessions. However, while
conclusions can be drawn as to the number of equivalent uncorrelated sources needed for an
accurate far field pressure reconstruction, the source positions are not optimised in order to
achieve the best possible accuracy under the given operational conditions, but rather chosen
beforehand and tested for their ability to accurately reconstruct the sound field.
With the aim of overcoming this limitation, the work presented here utilises two `1 norm
regularisation methods to select a few equivalent source locations out of a larger number
of possible locations using compressive sensing techniques, applied in both simulated and
real-life data. The novelty of this work is that the methods utilise the sparsity-promoting
properties of the `1 norm to choose optimised equivalent source distribution for a given number of sources and enhance the accuracy of the tyre noise contribution far field synthesis in
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an indoor pass-by noise context. Using this method, a fast and robust selection of source
positions can be performed compared to an exhaustive search of the various combinations
of equivalent source positions which grows geometrically in time with increasing number of
assumed source positions.
In Section 3, the theory of the inverse method used for the tyre noise synthesis including
the different regularisation strategies is covered. In Section 4, the use of the regularisation
methods with simulated data is described, while, in Section 5, the results acquired using the
methods for measured steady-speed data are given. An energetic, power-based approach to
the problem is further introduced in Section 6, while corresponding results are given using
this formulation for the measured steady-speed data. In Section 7, corresponding results are
given for accelerating synthesised tyre noise spectra under the presence of other operating
sources, while, finally, in Section 8, the conclusions drawn are covered.
3

Theory and formulation

The synthesis of the far field pressure with use of near field measured spectra is a two-step
process. It consists of an inverse method where the equivalent source strengths on a tyre
are reconstructed by using the near field spectra and a forward problem where the source
strengths are used to synthesise the pressure in the far field. The accuracy of the synthesis
is largely dependent on the accuracy of the inverse method in the first step, which is correspondingly determined by the conditioning of the transfer matrix to be inverted [13-14]. This
matrix is often ill-conditioned and, subsequently, susceptible to errors associated with noise
and uncertainties inherited through the measurements.
The susceptibility of the problem to errors, however, can be controlled by selecting the
geometry of the problem, that is the spatial sampling of the source and the microphone array
as a function of frequency [15-16]. In this work, two `1 norm regularisation techniques are
investigated which utilise the sparsity-promoting properties of the `1 to directly associate the
choice of the equivalent source positions with the cost function to be minimised. The first
technique is a Compressive Sensing technique [17-18] which has previously been used in
near-field acoustic holography (NAH) [19-21] and beamforming applications [5], while the
second one is its generalisation for the simultaneous recovery of signals with shared sparsity
properties and has been used in source localisation [6] and other applications [24-26]. The
approach is to identify the positioning of a small number of equivalent sources that can then
be used independently, thus minimising the instrumentation and complexity.
Once the equivalent source positions are chosen for various numbers of source elements,
the inverse problem is then solved using the pseudo-inverse that is formed using the equivalent source positions chosen by the compressive sensing techniques. A standard `2 norm
(Tikhonov) regularisation technique is often further used to alleviate the effect of poor conditioning at lower frequencies and the final source strengths are then used to synthesise the far
field pressure and compare it to the one measured directly.

3.1

Use of `1 norm regularisation at each frequency

As a first step, the pressure is assumed to be measured with a near field array of M microphones. The spectra are estimated by defining the Fourier transform from a series of finite
length histories of measured data [7]. For example, the discrete Fourier spectrum at the mth
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microphone is defined by
pnear,m (k) =

N
−1
X

pm (n)e−iωk nT

(6.1)

n=0

where pm is the sequence of N pressure samples, T is the period and ωk = 2πk
N T . These
spectra will in practice be contaminated by errors and noise. The modulus squared Fourier
transform can be smoothed to give the power spectral density either by averaging the modulus
squared spectra over multiple blocks of data in the time domain, or by averaging the modulus
squares spectra across multiple frequency bins in the Fourier transform for a single large set
of time-domain data [8]. The tyre radiation is approximated by N monopoles distributed
over its radiating surface with complex source strengths q, while their pressure contributions
to the near-field are estimated by means of a frequency response function matrix Gnear of
size M xN which in practice should also be measured. Therefore, the equation describing the
system at a given frequency is
pnear = Gnear q + e
(6.2)
where pnear is a vector of pnear,m and e is a vector of complex errors.
Unlike conventional methods, in this configuration the total number of possible equivalent
source positions can be greater than the number of near field microphones (i.e. N > M ).
In the conventional least-squares case, a full-rank solution would imply that the system has
either no solution or an infinite number of solutions. However, sparsity, herein introduced by
adding a penalty in the `1 norm of the source strength vector q, forces it to be decomposed
as a combination of a number of elements equal to Nf , which is a subset of the number of
source positions N (i.e. N ≥ Nf ) [9]. By enforcing an acceptable level of sparsity with a
constraint on the `1 norm of q, a number of non-zero point sources smaller or equal to the
number of near field microphones is finally used (N > M ≥ Nf ) and the final system of
equations becomes resolvable in the constrained minimisation problem
minkGnear q − pnear k22 subject to kqk1 ≤ δ
q

(6.3)

where δ is a positive scalar, kk22 denotes the squared `2 norm and kk1 denotes the `1 norm,
the solution of which is a convex problem [9].
The level of sparsity in the source strength vector q is adjusted by tuning the regularisation
parameter δ. This parameter directly represents the `1 norm, that is the sum of the absolute
values of the source strength vector at that frequency. Therefore, the lower the δ, the more it
is going to enforce sparsity in the solution and thus a smaller number of non-zero equivalent
sources will be used in the inverse problem. The careful selection of δ gives the opportunity
to choose the number of sources with which the source reconstruction is realised at each
frequency and their distribution from the grid of candidate sources is optimised to minimise
the least-squares linear problem.
The `1 norm is used as a convex alternative to the non-convex sparse minimisation of the
`0 norm, which is essentially a direct selection of the number of non-zero source strength
positions [9]. Since the `1 norm regularisation cannot be expressed in closed form, it has no
analytical solution and, therefore, iterative numerical methods are used to solve it. Numerous
algorithms exist (interior point algorithms, iterative reweighted least squares, gradient projection etc.) and several toolboxes are available, such as CVX [10] and SPGL1 [29-30]. The
latter is the one used in this work.
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This regularisation technique can normally provide an estimate of the source strength distribution without computing the ill-conditioned pseudo-inverse of the transfer matrix Gnear .
In this paper, the technique is used to select a small number of equivalent source positions
to minimise the measurement complexity and instrumentation. Therefore, once the equivalent source positioning is identified at each frequency, the inverse problem is then solved
using the pseudo-inverse formed between the non-zero source components and the near-field
microphones.
3.2

Use of `1 norm regularisation over a range of frequencies

The `1 norm regularisation, as presented in the previous section, can be used to give the same
number of equivalent sources at each individual frequency, however it does not guarantee
that those sources will be located at the same positions over a range of frequencies. This is
impractical for synthesis, therefore, what is additionally needed is a method that can predict a
fixed equivalent source positioning, that is the same few equivalent source positions over the
frequency range of interest. If the responses are measured in discrete frequency bins, ωk , we
assume that the frequency range of interest is from k = K1 to K2 , which may be the whole
frequency range of interest or just 1/3 octave bands. The constrained minimisation problem
of Equation (3) is thus modified as below
min
Q

K2
X
k=K1

kGnear (ωk )q(ωk ) − pnear (ωk )k22 subject to kQk1,2 ≤ 

(6.4)

where the subscript k corresponds to the discrete frequency lines and Q is a N xK matrix
whose columns are the source strength vectors q(ωk ) at each frequency line k. The nth row
of Q is then qn =[q n [K1 ],...,q n [K2 ]] and the mixed `1,2 norm of Q is then defined as
kQk1,2 =

N
X

(kqn k2 )1 =

n=1

K2
N
X
X
|q n [k]|2 )1/2
(

(6.5)

n=1 k=K1

This mixed `1,2 norm is suitable in this application as it promotes a common sparsity
profile for the various frequency lines, that is the non-zero source strength positions are fixed
over frequency [11]. The level of sparsity which translates to the number of non-zero equivalent source positions is controlled by the regularisation parameter , similarly to the way
this is done with δ at each distinct frequency line in the previous section. Note that this
technique effectively uses the second method of estimating power spectral density described
above, where the mean square value of the Fourier transform is averaged over the bins within
the bandwidth considered. This constrained optimisation can, therefore, yield source strength
vectors q which share the same sparsity pattern with respect to the source positions and minimise the sum of the least-squares linear problem over frequency. This method belongs to the
family of the joint sparse recovery problems and can be solved using different variations of
the mixed `p,q norm. The SPGL1 toolbox is again used, as in the previous section, to solve
the problem. The generalisation of the single frequency least squares error to the sum of the
errors over the frequency range is done by replacing Gnear with a diagonal block of matrices
which contains the various Gnear (ωk ) at each frequency line k. The formulation solved and
used in Eq. (4) is the one of the Lasso technique, which minimises the residual norm subject
to the `1 norm of the coefficients being no greater than a given regularisation parameter. This
is an alternative to the Basis-Pursuit-Denoising formulation, which minimises the `1 norm of
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the coefficients subject to the residual norm no greater than a given regularisation parameter
[12]. Once the equivalent source positioning is identified over the frequency range of inter+
est, the inverse problem is then solved using the pseudo-inverse G0near formed between the
non-zero source components and the near-field microphones.
3.3

Additional use of `2 norm regularisation

After the use of `1 norm regularisation technique, the problem is reduced to a determined or
overdetermined one with q0 the size of Nf x1 and the reduced transfer response function matrix G0near the size of M xNf , where M ≥ Nf . However, although the synthesis accuracy is
controlled to an extent by the choice of the source geometry for a specific number of sources,
a low frequency correction is often still needed, especially when an increasing number of
equivalent sources is used and the condition number rises at lower frequencies [13]. Therefore, once the equivalent source distribution is calculated using the `1 norm penalty terms,
a conventional `2 norm regularisation is performed in the inverse problem by additionally
minimising the `2 norm of the source strengths q0
min
kG0near q0 − pnear k22 + βkq0 k22
0

(6.6)

q

where β is a positive scalar. The source strengths are then given by
+

q0 = G0near,β pnear

(6.7)

and the regularised pseudo-inverse matrix then takes the form
G0near,β

+

H

= [G0near G0near + βI]−1 G0near

H

(6.8)

where H is the Hermitian transpose operator. The parameter β discriminates against small
singular values, reducing the magnitude of their inverse and softening them [13]. It should
be noted that the power spectral matrix for the equivalent source strengths is
+

Sqq0 = G0near,β Sppnear G0near,β

+H

(6.9)

where Sppnear , the power spectral matrix of the near field pressure, is not necessarily diagonal, demonstrating that the equivalent sources do not need to be uncorrelated.
3.4

Far field tyre pressure synthesis

An estimate of the pressures in the linear far field array is then given by
p̃far = G0far q0

(6.10)

S̃ppfar = G0far Sqq0 GH
far

(6.11)

or alternatively

where G0far is the transfer response matrix connecting the far field microphones and the
non-zero equivalent source positions. This estimate is finally compared to the exact directly
radiated field pfar or S̃ppfar .

Microphone array processing
4

133

Application of `1 norm regularisation strategies with simulated tyre noise data

In this section, the inverse problem is applied on a low - frequency tyre noise source model.
A 2D linear tyre model is first introduced in short, in which the radial velocity distribution
on the surface of the tyre is calculated subject to a speed dependent road excitation. The
tyre radial velocity distribution predicted by the model is then embedded in a two-step passby noise contribution analysis model. The direct far field response is compared to the one
acquired by discretising the tyre source and using the near-field pressure spectra to obtain an
equivalent source distribution. Finally, `1 regularisation techniques are investigated for the
optimisation of the equivalent source positioning in order to maximise the accuracy of the
synthesised far field spectra.
4.1

The tyre - road model

Tyre noise is approximated by a 2D linear tyre model up to 1 kHz, following the work done
by Rustighi and Elliott in [14]. Measurements of the noise generation mechanism show
that there is a strong correlation between the radiated sound pressure and the vibrations of
the tyre structure for frequencies up to 1 kHz [15], at which the external sound radiation
from the tyre and the internal sound generation are dominated by the tyre’s vibration rather
than aerodynamic sources. A simple linear model is presented for the excitation of a tyre’s
vibration, which represents a first-order approximation to the full interaction and consists of
a ring model, that is a stationary representation of the tyre, a contact model, that is the timevarying nonlinear interaction between the road and the tyre and, finally, a road excitation
model.
The tyre model used in this work is the stationary ring model proposed by Huang and
Soedel [16]. This model can be used to account for the ring modes of the tyre that dominate
its response below about 400 Hz, above which the first cross modes become apparent. In such
a model, the stiffness of the sidewalls, the inflation pressure and the loss factors of sidewalls,
tread and internal pressure have been taken into account. On the contrary, the vibration of the
sidewalls, the stiffness of the suspension and the effects due to the rotation are not taken into
account .The model also does not take into account the anti-symmetric rigid belt modes since
these can only be represented by a three dimensional model. The two-dimensional ring model
provides a good approximation to the behaviour of a real car tyre in the low-frequency range
if the parameters of the model are properly tuned to the tyre characteristics. An overview of
the model parameters and the values chosen here are summarised in Table 6.1.
The interaction between the tyre tread pattern and the road surface generates a timevarying force distribution over the contact patch. These fluctuating forces that excite the
tyre structure, producing vibrations, are generally generated by a non-linear mechanism, due
to the time-varying nature of the contact area. A simplified contact model is used here, in
which it is assumed that all of the contact patch is in touch with the road at all times. This
assumption can be justified by assuming that the tyre is smooth and soft enough that the
whole of the tyre’s surface in the contact patch connects with the road. Such a model consists
of a Winkler bedding of NC independent springs that connect each point on the road to each
point in the contact patch on the tyre.
The road excitation is approximated by a displacement d, which is considered a realisation of a multi-variate stationary random process and so can be described by a spectral density
matrix Sdd . Each contact point travels over the same profile as that of the forward contact
points, so that each point experiences, after a speed-dependent delay, the same imposed dis-
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Description and dimensions
Radius of the tyre (m)
Tyre width (m)
Tyre thickness (m)
Young’s modulus (Pa)
Tyre density (kg/m3 )
Tangential coefficient (N/m3 )
Radial coefficient (N/m3 )
Rubber Poisson ratio
Internal pressure (Pa)
Individual contact stiffness (N/m)
Number of radial segments
Number of modes
Number of contact points

Constant
a
b
h
E
ρ
kt
kr
ν
P0
ki
NT
Nm
NC

Value
0.28
0.17
0.02
4.9 ∗ 108
103
8.82 ∗ 106
1.09 ∗ 106
0.45
1.98 ∗ 105
1.2 ∗ 103
180
15
11

Table 6.1: Material parameters assumed for the tyre.
placement. A frequency-domain formulation is used so that each displacement variable corresponds to the Fourier transform of a long time history. The combination of the tyre, contact
and tyre excitation models leads to a fully linear model, for which random vibration analysis
theory can be applied. The spectral density matrix of the tyre’s equivalent velocities, Svv ,
due to the road excitation can thus be expressed in terms of the road displacement spectral
density matrix, Sdd , as
Svv = TSdd TH

(6.12)

where the overall transfer matrix T is
T = YT [I + KTC CCT ]−1 KTC .

(6.13)

and YT is a matrix of structural mobilities for the free tyre suspended off the ground, KTC
is a matrix describing the linear contact stiffness and CCT is the matrix of tyre compliances
at the points in the contact patch. The radial velocity distribution around the tyre can then be
calculated from the diagonal elements of Svv for a given tyre speed. In Figure 6.1, the rms
elemental velocity around the tyre is given for various car velocities, when integrating the
velocity distribution over a frequency range of 10 Hz – 1 kHz.
4.2

Results

The tyre model is assumed to be a circular source with radius equal to 0.28 m and a road
excitation corresponding to a car speed of 100 km/h, which translates to a radial velocity v,
obtained from a corresponding power spectral density matrix Svv . A 16 - microphone near
field array (Mn = 16) is assumed for the inverse problem, covering 300◦ along a radius of
0.4 m from the centre of the tyre excluding a region of 60◦ close to the tyre contact patch. A
16 - microphone linear far field array (Mf = 16) is also assumed for the forward problem, at
7.5 m away from the tyre covering a straight line of 15 m in total with the tyre placed in the
middle of the line.
The rms radial velocity of the tyre and the pressure obtained directly in the far field array
using the full set of tyre velocities are used as the benchmark results. The tyre is discretised
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Figure 6.1: Root mean square of the tyre element radial velocity, evaluated at different car
speeds. The dashed vertical lines denote the extent of the contact patch.

into 40 candidate sources uniformly distributed along the circumference. The source selection
methods, as described in the previous section, are then used to select 1, 2, 4 and 8 equivalent
sources either at each frequency or over the frequency range of interest. The synthesis is
finally performed using the selected source positioning and the final responses are compared
with the ones obtained directly.
The first step of the analysis is the use of the `1 regularisation techniques to choose the
source distribution for either 1, 2, 4 or 8 equivalent sources from the grid of the 40 source
positions and utilise them to synthesise the far field tyre noise pressure. In this process, the
decomposition is approximate meaning that the radial velocities of the majority of the sources
are not set to zero but are highly compressed. A criterion of 20 dB amplitude difference is
used between the sources that are kept and the ones that are considered negligible.
Figure 6.2(a) shows the relationship between the regularisation parameter δ and the number of retained sources at frequencies of 80 Hz, 200 Hz and 800 Hz. It is seen that the use of a
smaller regularisation parameter results in the selection of a smaller number of sources which
is expected as the regularisation parameter directly represents the sum of the absolute values
of the source strength vector at each frequency. It is also shown that an increase in frequency
results in a decrease in the frequency-dependent δ required to enforce the same level of sparsity, which suggests a decrease in the radial velocity amplitudes with increasing frequency.
In Figure 6.2(b), the relationship between δ and the least squares residual of the near field
problem is given. It is shown that the error decreases with increasing δ for the frequencies
considered and, subsequently, with increasing numbers of sources. It can be deduced that, at
each frequency, there is a set of regularisation parameters, primarily translating to the use of
2 equivalent sources, where the error is seen to decrease substantially. A further increase in
the number of sources is not shown to have a substantial effect on the error reduction.
For the frequency - averaged optimisation, Figure 6.3(a) shows the relationship between
the regularisation parameter  and the number of non-zero sources, while, in Figure 6.3(b),
the sum of the least squares residuals over frequency is shown with respect to . It is again
shown that there is a set of regularisation parameters, primarily translating to the use of 2
to 4 equivalent sources, where the error decreases substantially whereas the use of a larger
number of sources is shown to not further improve the reconstruction accuracy. For both
regularisation strategies, the regularisation parameter that minimises the errors defined in
Equations 6.5 and 6.6 is chosen within the range of the parameter which results in the use of
1, 2, 4 and 8 non-negligible sources respectively.
The second step of the analysis is the application of the inverse problem and the recon-
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Figure 6.2: Relationship between regularisation parameter  and (a) number of non-negligible
sources, (b) near field least squares residual at 80 Hz, 200 Hz and 800 Hz. The dashed lines
denote the points where the least squares-residual stops decreasing with increasing number
of equivalent sources.

struction of the source radial velocities. The source distributions retrieved by using the `1
norm regularisation techniques are compared to the ones obtained directly from the tyre
model and to the ones synthesised by arbitrarily preselecting a number of uniform fixed
source positions for a specific number of equivalent sources using 1, 2, 4 and 8 sources.
In the 1 and 2 - predefined source case, the sources are arbitrarily placed very close to the
contact patch, while, in the 4 and 8 - source case, the sources are uniformly distributed along
the tyre circumference. The inverse and forward method are then used to obtain synthesised
responses of the rms radial velocity and far field pressure.
In Figure 6.4, the near field reconstructed radial velocities are given at 70 Hz, 200 Hz and
800 Hz using the predefined uniform source distribution, the `1 norm regularisation at each
frequency and the frequency averaged `1 norm regularisation for 1, 2, 4 and 8 equivalent
sources. The source positions selected by the frequency-dependent optimisation are seen
to form irregular distributions, while it is also seen that the distance between the frequency
dependent source positions decreases with increasing frequency. The source positions chosen
using the frequency-averaged `1 regularisation are stationary with frequency. The method is
expected to prioritise the reconstruction at frequency lines where the response is the highest,
since the cost function to be minimised is the sum of the least-squares residuals at the various
frequencies.
The last step of the analysis is the utilisation of the equivalent source radial velocities to
synthesise the far field response and compare it with the one obtained directly.
In Figure 6.5, the computed pressure level at far field microphone No. 7 is shown, over
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Figure 6.3: Relationship between regularisation parameter  and (a) number of non-negligible
sources, (b) near field least squares residual. The dashed lines denote the points where the
least squares-residual stops decreasing with increasing number of equivalent sources.

the frequency range of interest, for the various numbers of equivalent sources chosen with
the three methods and compared to the one obtained directly. The response at microphone
No. 7 is chosen since it is close to the middle of the far field array and subject to the highest
acoustic response. The directly measured spectra show a high response between 60 Hz and
approximately 120 Hz, above which the pressure level decreases.
Using 1 source, the result shows that the source distributions acquired by `1 norm regularisation at each frequency give very good estimates of the radiated pressure up to 1 kHz,
unlike the ones obtained by using the predefined source close to the contact patch which overestimate the tyre noise response from 10 Hz up to approximately 100 Hz. For the case of the
`1 norm regularisation over the frequency range, the reconstruction is acceptable, focusing
on the frequency bins where the response is the highest, whereas a slight underestimation of
the response is seen at frequencies higher than 600 Hz. The small deviation between the directly obtained response and the synthesised ones suggest that a high level of reconstruction
accuracy can be achieved when using just 1 source. Using 2 sources also gives very accurate
representations of the direct response when the `1 regularisation methods are utilised, while
the same low frequency overestimation is seen when the uniform equivalent source distribution is chosen. Further increases in the number of equivalent sources reduces the level
differences between the synthesised responses using the various methods, since the impact of
the source selection decreases, while the use of 8 sources results in similar results for all the
various strategies.
The far field pressure synthesis accuracy of the different regularisation methods is further
investigated over the far field microphone array by taking into account the averaged pressure
response, over the frequency range of interest.
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Figure 6.4: Comparison between original and near field reconstructed radial velocities with
the considered methods using (a) 1, (b) 2, (c) 4 or (d) 8 equivalent sources at 70 Hz, 200 Hz
and 800 Hz.

Figure 6.6 shows the pressure level across the far field microphone array using the different numbers of equivalent sources. The results are in line with the least squares residuals
given in Figures 6.2(b) and 6.3(b) and the responses shown only for microphone No. 7 in
Figure 6.5. For the 1 - source case, the best strategy is the `1 norm regularisation at each
frequency, although the equivalent source positions then become frequency dependent, while
the response acquired by the `1 norm regularisation over the frequency range gives an average deviation of 1.5 dB. On the other hand, the predefined source close to the contact patch
overestimates the direct response by an average of 2.7 dB. Using 2 equivalent sources slightly
improves the performance of the `1 norm regularisation at each frequency reducing the deviation at microphones 1 to 7. This is in agreement with Figure 6.2(b) where it was shown that,
while using 1 source can indeed accurately solve the inverse problem, the use of 2 sources
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Figure 6.5: dB pressure at far field microphone 7 over the frequency range for (a) 1 equivalent
source, (b) 2 equivalent sources, (c) 4 equivalent sources and (d) 8 equivalent sources

substantially reduces the least squares residual within the inverse problem. The curve acquired using `1 regularisation over the frequency range is very similar to the 1 - source case
with a small improvement in the response of microphones 8 to 11. Finally, the set of predefined source positions is again seen to overestimate the response by about 3 dB, similar to the
result that was shown in Figure 6.5 at microphone No. 7.
A further increase in the number of equivalent sources improves the results acquired by
using `1 norm regularisation over the frequency range. An improvement is also seen in the
curve acquired using the predefined uniform distribution which was also seen for the 4 source case at microphone No. 7 in Figure 6.5. Finally, using 8 sources is seen to give
very accurate representations of the direct response using any of the methods, suggesting that
the effect of the source selection decreases with increasing number of equivalent sources.
Therefore, it was shown that appropriate tuning of the equivalent source positions can be
done with use of the `1 norm regularisation techniques compared to a blind source selection
approach, in order to enhance the near field inverse problem accuracy and, subsequently, the
far field synthesis success.
5

Application of `1 norm regularisation in the inverse method for measured indoor
tyre noise synthesis

In this section, the methods outlined above are tested in a real indoor tyre pass-by noise
synthesis procedure for an equivalent road speed of 50 km/h. Measured near field pressure
data are used to estimate virtual source strengths close to the tyre using the inverse method and
the far field tyre noise is then synthesised at a far field microphone array and compared to the
ones measured directly. A combination of the `1 norm regularisation and more established
`2 norm regularisation methods are investigated to optimise the equivalent source position
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Figure 6.6: dB pressure across the far field array using 1, 2, 4 and 8 fixed sources over
frequency compared to the directly obtained response
and strength and, subsequently, the far field pass-by noise pressure estimates through the
frequency range of interest.
5.1

Experiments on a real car tyre rolling at 50 km/h

The methods described above were tested on the spectra obtained from a real car tyre source
rolling at 50 km/h. The experiment was split into two measurement sessions which took place
in the semi-anechoic chamber in Applus+ IDIADA [17]. In both campaigns, a SEAT Ibiza
was fixed in the designated area so that the back tyres of type Michelin 175/70R14 (total
radius equal to 30 cm) were placed on top of the rolling road, controlled by two independent
motors, one for each tyre, as shown in Figure 6.7. For the purposes of the measurements
described below, only the noise emitted from the right rear tyre, as shown in Figure 6.7, was
used for the synthesis procedure.
Within the first measurement session, 14 PCB microphones were placed in a linear array
4.3 m away from the car, as shown in Figure 6.8. The microphone height was set to 0.9 m,
adjusted from the 1.2 m suggested in [2] to be in line with the smaller distance from the car.
The microphone spacing was set to 0.9 m, implying a 11.7 m total array length.
Before moving the car into the chamber, the background noise spectra pb,far were measured in the far field array with the right motor running at 50 km/h between 100 and 10,000 Hz
in order to quantify the effect of the motor noise. The car was then placed in the chamber and
the right rear tyre pressure spectrum pfar was measured at the 14 far field microphones for
a speed of 50 km/h. The mean deviation between the SPLs derived from the two measured
signals, which is approximately 26 dB suggests that, for the purpose of the methods used
herein, the background motor noise can be considered negligible. The pressure signals were
all measured using an NI-DAQmx acquisition system. Each measurement had a duration of
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Figure 6.7: Fixed car in the IDIADA semi-anechoic chamber.

(a)

(b)

Figure 6.8: (a)Schematic of the far field array measurement campaign, (b) Far field measurement campaign in the IDIADA semi-anechoic chamber.

60 seconds, while the sampling frequency was set at 25,600 Hz.
The next step was the measurement of the transfer responses between the far field microphones and 20 candidate equivalent source positions distributed close to the tyre, which were
herein represented by the measured Frequency Response Functions (FRFs). For this purpose,
an omni-directional volume velocity source, covering the range between 100 and 10000 Hz,
supplied by ISVR Consulting [18], was used. The source positions were chosen to be radially
distributed along the tyre circumference starting from the leading edge towards the trailing
edge. The sources located close to the edges were positioned at the centre of the tyre tread,
while the rest were located on the side of the tyre due to better accessibility. A fully coupled
matrix of Gfar , representing the transfer paths between the 14 microphones and the 20 candidate source positions, was therefore calculated at each frequency line over the range of 100
to 10000 Hz.
Within the second measurement session, the far field array was dismantled and a new
array of 15 PCB microphones was placed close to the circumference of the tyre, as shown in
Figure 6.9. 14 of those microphones formed a circular array attached on the car chassis 10
- 15 cm away from the tyre surface and the last microphone was placed on the tyre side at a
distance of 55 cm. The array was chosen to form a circle in order to follow the geometry of
the tyre, as this was shown to maintain good conditioning within the transfer matrix inversion
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process [19]. The number of microphones was chosen to be equal to 15 to be approximately
double the maximum number of equivalent sources considered within the regularisation techniques (8 equivalent sources). The large distance of the side microphone from the tyre was
due to the lateral length of the rolling road mechanism. The near field right rear tyre pressure
spectrum pnear was then measured at the 15 near field microphones for a speed of 50 km/h
over the frequency range of 100 to 10000 Hz. The same technique used for the measurement of the far field FRFs was also used and a fully coupled matrix of Gnear , representing
the transfer paths between the 15 microphones and the 20 candidate source positions, was
therefore calculated at each frequency line over the frequency range of interest (100 to 10000
Hz).

Figure 6.9: Near field microphone array configuration.

5.2

Results

The results were computed for an equivalent road speed of 50 km/h. A detailed analysis is
given below for the synthesis of the 50 km/h far field noise spectra highlighting the effect of
the regularisation techniques on the synthesised results. The first step of the analysis is the
use of the `1 norm regularisation techniques to choose the source distribution for either 1, 2,
4 or 8 equivalent sources from the grid of the 20 source positions and utilise them to synthesise the far field tyre noise pressure. To accomplish that, a selection of the regularisation
parameters, as defined in Equations 6.5 and 6.6, must be done, which, for the case of the `1
norm regularisation at each frequency, is a frequency dependent scalar, while, for the case of
the `1 norm regularisation over the frequency range, is a single scalar.
Figure 6.10(a) shows the relationship between the regularisation parameter δ and the number of non-negligible sources used in the inverse problem of Equation 6.5 at frequencies of
200 Hz, 1 kHz and 4 kHz. The threshold used to decide the sources which are regarded
negligible is 20 dB less than the amplitude of the maximum source strength. It is seen that
the use of a smaller regularisation parameter results in the selection of a smaller number of
sources which is expected as the regularisation parameter directly represents the sum of the
absolute values of the source strength vector at each frequency. In Figure 6.10(b), the relationship between δ and the near-field problem least squares residual is given. It is shown
that the error decreases with increasing δ for the frequencies considered and, subsequently,
with increasing numbers of sources. At low frequencies, the use of 1 equivalent source can
lead to very good representations of the near field. At 1 kHz, a fall-off in the residual is seen
when approximately 2 to 4 equivalent sources are used, while, finally, at higher frequencies,
the same leap occurs when 6 to 8 equivalent sources are used. In all the cases considered,
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Figure 6.10: Relationship between regularisation parameter δ with (a) number of non-zero
sources and (b) near field problem least-squares residual at 300 Hz, 1 kHz and 4 kHz. The
dashed lines denote the points where the least squares-residual stops decreasing with increasing number of equivalent sources.

a further increase in the number of sources is not shown to have a substantial effect on the
error reduction, therefore, within this method, an optimum number of equivalent sources can
be retrieved at each frequency bin.
The corresponding source selection process is also done for the frequency - averaged
`1 norm regularisation case. In Figure 6.11(a), the relationship between the regularisation
parameter  and the number of non-zero sources used in the frequency - averaged inverse
problem of Equation 6.6 is given, while, in Figure 6.11(b), the sum of the least squares
residuals over frequency is shown with respect to . It is again seen that by decreasing , a
smaller number of non-zero sources is selected which translates to a loss of reconstruction
accuracy. However, it is shown that there is a set of regularisation parameters, translating to
the use of about 4 equivalent sources, where the error decreases substantially, whereas the use
of a higher number of sources is not shown to further improve the reconstruction accuracy.
Therefore, an optimum number of stationary equivalent sources can also be decided using
this method.
For both regularisation strategies, the regularisation parameter that minimises the errors
defined in Equations 6.5 and 6.6 is chosen within the range of the parameter which results in
the use of a chosen number of non-zero sources. This is done for the cases of 1, 2, 4 and 8
equivalent sources.
In Figure 6.12, the equivalent source positions are given, when using the `1 norm regularisation at individual frequencies 300 Hz, 1 kHz and 4 kHz and also using the frequency
averaged `1 norm regularisation for 1, 2, 4 and 8 equivalent sources. It can be seen that the
`1 norm regularisation at each frequency delivers frequency dependent source distributions.

H2020 Marie Curie ITN PBNv2 (GA 721615)
8

Number of non-negligible sources

144

7
6
5
4
3
2
1
10-3

10-2

10-1

100

10-1

100

(a)

10-1

n n

q -pn||22 over freq.

100

10-2
10-3

10-2

(b)

Figure 6.11: Relationship between regularisation parameter  with (a) number of non-zero
sources and (b) near field problem least-squares residual.

For a small number of sources, the source positions are concentrated towards the leading and
trailing edge of the tyre, where the tyre noise phenomena are known to be dominant, while
using a higher number of sources spreads their distribution along the tyre circumference. It is
also seen that the distance between the frequency dependent source positions decreases with
increasing frequency. The source positions chosen using the frequency-averaged `1 norm
regularisation, on the other hand, are expected to prioritise the reconstruction at frequency
lines where the response is the highest since the cost function to be minimised is the sum of
the least-squares residuals at the various frequencies. This is demonstrated by the agreement
between the fixed positions and the corresponding frequency dependent ones particularly at
1 kHz and at 300 Hz and the disagreement at 4 kHz.
After the selection of the equivalent source positions and the application of the inverse
method, the next step of the analysis is the utilisation of the equivalent source strengths to
synthesise the far field response and compare it with the one obtained directly.
In Figure 6.13, the computed SPL in 1/3 octave bands at far field microphone No. 5 is
given over the frequency range of interest for the various numbers of equivalent sources chosen with the two methods and compared to the one measured directly. In fact, the frequency
– averaged formulation for the equivalent source positions in Equation 6.6 was used even
for the 1/3 octave results, but in this case with the averaging only over the frequency bins in
each 1/3 octave. The directly measured spectra show a high response between 100 Hz and
approximately 2.5 kHz above which the SPL decreases, while the most dominant region is
between 450 Hz and 1 kHz.
For a small number of sources, the deviations between the directly measured spectra and
the synthesised responses at high frequencies are due to the inability of the sources to sufficiently synthesise the source field. Using the inverse method with a single source element,
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Figure 6.12: Equivalent source positions using the frequency dependent `1 norm regularisation at 300 Hz, 1 kHz and 4 kHz respectively (orange stars) and the frequency averaged `1
norm regularisation (green stars) for (a) 1, (b) 2, (c) 4 and (d) 8 equivalent sources

as in Figure 6.13(a), is equivalent to focusing a beamformer on a single monopole source
[20]. The result shows that the source distributions acquired by both `1 -norm regularisation
techniques give good estimates of the radiated pressure up to 750 Hz, above which the pressure is underestimated. The use of 2 sources extends the accuracy of the synthesis up to
approximately 1.5 kHz above which the number of sources is not sufficient for an accurate
reconstruction. By using 4 and 8 equivalent sources, this underestimation at higher frequencies is largely taken care of. However, an overestimation of the response at low frequencies
becomes apparent, which is due to the poor conditioning of the Green function matrix.
The far field pressure synthesis accuracy of the considered methods is further investigated
over the far field microphone array by taking into account the overall pressure response over
the frequency range of interest.
In Figure 6.14, the A-weighted SPL across the far field microphone array is shown for the
various number of equivalent sources selected using the two `1 norm regularisation strategies.
The use of `1 norm regularisation at each frequency (Figure 6.14(a)) shows that very accept-
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Figure 6.13: SPL in 1/3 octave bands at far field microphone 5 over the frequency range for
(a) 1 equivalent source, (b) 2 equivalent sources, (c) 4 equivalent sources and (d) 8 equivalent
sources
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Figure 6.14: A- weighted SPL across the far field array for various number of sources using
(a) `1 norm regularisation at each frequency and (b) `1 norm regularisation over the whole
frequency range

able representations of the directly measured spectra can be synthesised, especially when
using 4 sources achieving 0.5-1 dB deviations, while using 1, 2 or 8 sources results in deviations of approximately 2 to 4 dB. This accuracy level is partly achieved due to the application
of the A-weighting in the spectra which discriminates against the low frequency components
and is at the expense of using different source distributions in each frequency bin. In Figure
6.14(b), however, the demand for fixed source positions increases the deviation using 1, 2 or
8 sources to an average of 3-5 dB, but it is shown that in the 4 – element case, a synthesised
curve with an average deviation of 1.5-2 dB is achieved.
This deviation can be decreased by using a different number of sources within different
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frequency ranges. For example, the synthesised spectra shown in Figure 6.13 suggest that,
for the fixed source position synthesis, using a combination of 2 sources up to 1 kHz and 8
sources from 1 kHz upwards should yield the best results over the frequency range of interest.
However, improved results can be achieved using the same number of fixed sources over the
frequency range by applying a conventional `2 norm regularisation at G0near to alleviate the
effect of the poor conditioning at low frequencies.
A number of techniques have been documented for selecting the optimum value for the
regularisation parameter β [19]. Herein, however, a trial-and-error strategy is followed and
the selected parameter is the one which gives the minimum least squares error over the frequency range of interest. The technique is used only in the 4 and 8-source case where errors
occur due to the poor low frequency conditioning. Using the regularisation for a smaller
number of sources has no effect on the result as the errors in those cases are due to the underestimation of the tyre sound field at high frequencies which is solved by increasing the
number of sources.

Sum of l.s. errors over freq.

10-1
4 sources
8 sources

10-2

10-3

10-4
10-5

100

105

Figure 6.15: Sum of the least squares error over the whole frequency range for different
regularisation parameters β using 4 and 8 fixed sources
In Figure 6.15, the sum of the least squares errors over the frequency range is given using
different regularisation parameters β. For very small values of β, the effect of the regularisation is not adequate and does not manage to alleviate the effect of the ill-conditioning. For
higher values, the low frequency conditioning is improved at the expense of a slight decrease
at high frequency spatial resolution which incurs errors in the synthesised spectra. For the
4-source case the optimum β is seen to be close to 0.002 while for the 8-source case close to
0.03.
In Figure 6.16, the `1 -regularised synthesised spectra over frequency for 4 and 8 sources
are given before and after the use of the `2 norm regularisation. It is shown that for both cases
the low and mid frequency errors due to the ill-conditioning are lessened without significant
decrease in spatial resolution at high frequencies.
Correspondingly, in Figure 6.17, the updated A-weighted SPL across the entire microphone array is given, using 4 and 8 fixed equivalent sources after the `2 norm regularisation,
while the A-weighted SPL curves using 1 and 2 sources are repeated to summarise the final results of the proposed methods. The synthesised responses are compared to the directly
measured SPL. It is shown that using 4 or 8 sources gives very good representations of the
directly measured SPL. The response acquired by using both `1 and `2 norm regularisation
for 4 fixed sources is slightly underestimated towards the right end of the array, while the
synthesised response using 8 fixed sources after `1 and `2 norm regularisation is the most
accurate providing an average deviation of 0.3 dB. It is thus seen that the far field spectra can
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Figure 6.16: SPL in 1/3 octave bands at far field microphone 5 over the frequency range
before and after the use of `2 norm regularisation compared to the directly measured spectra
for (a) 4 and (b) 8 equivalent sources
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Figure 6.17: Synthesised A-weighted SPL across the far field array, calculated using `1 and
`2 norm regularisation for 1, 2, 4 and 8 fixed sources over frequency compared to the directly
measured spectra.

be accurately synthesised even using fixed source positions over the frequency range of interest by applying an additional `2 norm regularisation at the 4 and 8-element case to tackle the
ill-conditioning at low frequencies. Therefore, using 4 fixed sources over the frequency range
of interest appears to be the optimum strategy in terms of both minimising the measurement
complexity and delivering accurate representations of the directly measured spectra.
The same analysis was performed using measured spectra for an equivalent road speeds
of 100 km/h and similar conclusions were drawn. A source coherence analysis was also
performed, where it was shown that, although the equivalent sources are partially correlated,
neglecting the correlation between them has a negligible effect on the synthesised results for
both road speeds.
6

Application of power-based approach

The established formulation described above assumes that the tyre is discretised into a number of partially coherent point sources, however it was also shown that taking into account
the cross spectra does not have a substantial effect on the synthesised results. The approach
described above could be considered impractical for the pass-by noise application, when tar-
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geting frequencies up to 10 kHz, since the number of sources needed becomes high due to
the short wavelengths [3]. Another important drawback is that the estimation of the source
strengths by matrix inversion is very sensitive to phase errors, even if the source positioning
is optimised by using the `1 norm regularisation techniques. An interesting alternative to the
formulation described above is the energetic, power - based approach of the synthesis problem [athanasios11] which assumes uncorrelated sources and omits the phase information in
the formulation. With this approach, larger effective surface areas can be created that are
represented by an average source strength.
6.1

Formulation

The vector of power spectral densities of the near field microphones at a given frequency bin
can be written as
2

sp,near = |Gnear | sq + se

(6.14)

where sp,near is the vector of the power spectral densities of the near field pressure, sq is
the vector of the power spectral densities of the source strengths, |Gnear |2 is the squared
amplitude of the transfer matrix and se is a vector of errors.
The investigation of the optimum source positioning at each individual frequency is not
repeated here, but only the fixed source positioning formulation averaged over frequency is
investigated. The constrained cost function is now modified as below
min
sQ

K2
X
k=K1

k|Gnear (ωk )|2 sq (ωk ) − sp,near (ωk )k2 subject to ksQ k1,2 ≤ α

(6.15)

where the subscript k corresponds to the discrete frequency lines and sQ is a LxK matrix
whose columns are the power spectral densities of the source strength vectors sq (ωk ) at each
frequency line k. The lth row of sQ is then sq l =[sq l [K1 ],...,sq l [K2 ]] and the mixed `1,2 norm
of sQ is then defined as
ksQ k1,2 =

L
X
l=l

(ksq l k2 )1 =

K2
L
X
X
(
|sq l [k]|2 )1/2 .

(6.16)

l=1 k=K1

This mixed `1,2 norm promotes a common sparsity profile for the various frequency lines,
that is the non-zero source strength positions are fixed over frequency. The SPGL1 toolbox is
again used for solving this problem. The inverse method is then followed using the selected
non-negligible equivalent source positions and the final far field synthesised responses at each
frequency are given by
s̃p,far = |G0far |2 sq .

(6.17)

where G0far is the transfer response matrix connecting the far field microphones and the nonnegligible equivalent source positions. This estimate is finally compared to the exact directly
radiated power spectral densities at the far field microphone array sp,far .
6.2

Results at 50 km/h

The analysis is performed for the case of the measured near field spectra with the engine
off using 1, 2, 4 and 8 equivalent sources. In Figure 6.18(a), the relationship between the
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regularisation parameter α and the number of non-zero sources used in the frequency - averaged inverse problem of Equation 6.15 is given, while, in Figure 6.18(b), the sum of the least
squares residuals over frequency is shown with respect to α. In this case, α represents the
sum of the source strength power spectral density vectors over the frequency range of interest,
therefore it is not frequency dependent. It is shown that the set of regularisation parameters
where the error decreases substantially translates to the use of only 2 sources, where the use
of a higher number of sources is not shown to further improve the reconstruction accuracy.
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8
7
6
5
4
3
2
1
10-6

10-5

10-4

10-3

10-2

10-1

10-3

10-2

10-1

(a)

10-2

10-3

n

|2Sq-Sp||22 over freq.

10-1

10-4
10-6

10-5

10-4

(b)

Figure 6.18: Relationship between regularisation parameter α with (a) number of nonnegligible sources and (b) near field problem least-squares residual over frequency.
As also done in the previous section, the regularisation parameter that minimises the error
defined in Equation 6.15 is chosen within the range of the parameter which results in the use
of 1, 2, 4 and 8 equivalent, non-negligible sources. In Figure 6.19, the equivalent source
positions are given using the frequency - averaged `1 norm regularisation. It is shown that,
for the 1 and 2 - source case, the source positions are exactly the same as the ones obtained in
the previous section, as shown in the right column of Figure 6.12. For 4 or 8 sources, small
changes occur, however very similar source distributions are obtained compared to the ones
where the `1 norm of the complex source strength vectors was penalised.
The spectra obtained by using the source distributions with the frequency - averaged
`1 norm regularisation in the inverse problem and synthesising the far field spectra in this
case are given in Figure 6.20. It is shown that, for a small number of equivalent sources,
assuming uncorrelated sources and omitting the phase information improves the synthesis
accuracy at high frequencies compared to Figure 6.13. For the 2 - source case, the accuracy
is very acceptable up to approximately 3 kHz, while this frequency was only 1.5 kHz in
Figure 6.13(b). Omitting the phase information and coherence of the sources also has an
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Figure 6.19: Equivalent source positions using the frequency averaged `1 norm regularisation
(green stars) for (a) 1, (b) 2, (c) 4 and (d) 8 equivalent sources.
65

SPL in 1/3 octave (dB)

SPL in 1/3 octave (dB)

65
55
45
35
25
15
102

Directly measured
L1 reg. synthesis over freq.

103

55
45
35
25
15
102

104

Frequency (Hz)

(a)

(b)
SPL in 1/3 octave (dB)

SPL in 1/3 octave (dB)

104

65

55
45
35

15
102

103

Frequency (Hz)

65

25

Directly measured
L1 reg. synthesis over freq.

Directly measured
L1 reg. synthesis over freq.

103

Frequency (Hz)

(c)

104

55
45
35
25
15
102

Directly measured
L1 reg. synthesis over freq.

103

104

Frequency (Hz)

(d)

Figure 6.20: SPL in 1/3 octave bands at far field microphone 5 over the frequency range for
(a) 1 equivalent source, (b) 2 equivalent sources, (c) 4 equivalent sources and (d) 8 equivalent
sources.

effect when using a higher number of sources at lower frequencies. Compared to the results
obtained in the previous section, the overestimation of the response at low frequencies is
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smaller for both 4 and 8 equivalent sources. This is due to the fact that the signal phase,
which is herein omitted, is highly susceptible to the inversion of the transfer matrix and the
poor low frequency conditioning.
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Figure 6.21: Synthesised A-weighted SPL across the far field array using 1, 2, 4 and 8 fixed
sources over frequency compared to the directly measured spectra.

The trend highlighted above is also depicted in the A-weighted SPL across the far field
microphone array in Figure 6.21, which should be compared with Figure 6.17 for the complex equivalent source case. Using 1 source gives an average deviation of 1.7 dB over the
microphone array, while adding 1 more source reduces this deviation to only 0.2 dB, showing
a significant improvement over the 2 dB deviation in Figure 6.17. Using 4 and 8 sources give
deviations of approximately 0.4 and 0.9 dB respectively, even without additional `2 norm
regularisation in the power-based method. Therefore, considering the need for the minimisation of the number of equivalent sources used identifies the use of 2 sources on the leading
and trailing edge of the tyre as the optimum strategy with the given inverse problem formulation. Similar conclusions were drawn from the results acquired performing the corresponding
analysis for the 100 km/h - case.
7

Application of indoor tyre noise synthesis for an accelerating electric vehicle

In this section, the frequency - averaged `1 norm regularisation is tested in tyre noise synthesis
for an accelerating electric vehicle with real pressure spectra measured in the semi-anechoic
chamber of Siemens Digital Industries Software in Leuven. Different numbers of equivalent
sources are again assumed in the inverse problem and the synthesised spectra derived indicatively assuming the power-based formulation are compared to the directly measured ones for
fully operational conditions.
In this case, the sources emitting noise are both the rear tyres and the gearbox. The
frequency - averaged `1 norm regularisation is used to select the number and the positions
of the equivalent sources for the right rear tyre noise synthesis, while the noise emitted from
the remaining sources is synthesised using 2 equivalent sources for the left rear tyre and
1 source for the gearbox. The responses are then all added energetically together and the
overall response is compared to the ones measured directly in the far field array.
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Rear tyre noise measurements in fully operational conditions

The vehicle used for the measurements was the electric prototype Simrod. In this session, the
Simrod was fixed in the designated area so that its rear tyres were placed on top of the rolling
road. A linear 16 - microphone far field array was used 4.8 m away from the car, as shown
in Figure 6.22(a), and an 18 - microphone near field circular array was placed 15 cm away
from the right rear tyre, which was chosen as the tyre under investigation, as shown in Figure
6.22(b). Finally, 4 1/4-inch Gras microphones were placed close to the left rear tyre, 2 on the
leading and 2 on the trailing edge of the tyre, as shown in Figure 6.23(a), and 2 microphones
were placed close to the gearbox, as shown in Figure 6.23(b). An updated schematic of the
measurement set up is given in Figure 6.24.

(a)

(b)

Figure 6.22: (a)Fixed Simrod with rear tyres on rolling road and far field microphone array in
the Siemens semi-anechoic chamber, (b) Near field microphone array close to the right rear
tyre.

(a)

(b)

Figure 6.23: (a)Near field microphones close to the left rear tyre, (b) Near field microphones
close to the gearbox.
In these measurements, the car was driven and the rolling road was operated in a minimal
resistance mode. The pressure spectrum was measured at all the various microphones in two
accelerating conditions, the first one from 5 to 60 km/h with an acceleration of 1 m/s2 and
the second one with an acceleration of 2 m/s2 . The pressure signals were all measured using
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Figure 6.24: Schematic of the 2nd measurement set up.
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a Simcenter SCADAS acquisition system. The time signals measured at a microphone in the
near field circular array for both accelerating conditions, as well as their corresponding spectrograms, are given in Figure 6.25. The two pressure signals appear to have a very similar
form, while the difference in the acceleration is demonstrated by the duration of the measurements, with the first one being approximately double the second one. The two spectrograms
are also very similar, highlighting that the increase in the rolling speed is associated with
increasing frequency.
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Figure 6.25: Pressure signals measured in the near field circular mic array for (a) 1 m/s2 and
(b) 2 m/s2 acceleration. Spectrograms of the near field pressure signals for (c) 1 m/s2 and (d)
2 m/s2 acceleration
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A volume velocity source was then used to measure the transfer responses between the
12 equivalent source positions along the right rear tyre circumference and both the far field
linear and the near field circular array, as shown in Figure 6.26. Corresponding FRFs were
also measured for the two equivalent sources, one at each edge of the left rear tyre, and
for the one equivalent source close to the gearbox. Fully coupled matrices were therefore
calculated between the equivalent source positions and their corresponding far field and near
field microphones at each frequency line over the frequency range of interest (100 to 10,000
Hz). An overview of the equivalent source positions assumed in this measurement set up is
given in Figure 6.27.

Figure 6.26: Measurement of the transfer responses between equivalent source positions and
microphone arrays with the volume velocity source.

(a)

(b)

(b)

Figure 6.27: (a) Equivalent source position grid for right rear tyre under investigation,
(b)Equivalent source positions for left rear tyre, (c) Equivalent source position for gearbox.

7.2

Results using the power-based approach

Although not presented here, it was shown that the sources are also partially correlated in
this case, but neglecting their coherence does not have a substantial effect in the synthesis
accuracy. Therefore, the power - based approach on the synthesis problem, which assumes
uncorrelated sources and omits the phase information in the formulation, is used here. The
formulation of the method is not repeated herein, instead, a number of results are given which
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Number of non-negligible sources

highlight the effect of the `1 norm regularisation on the source selection process and the
synthesis accuracy for the 1 m/s2 case using 1, 2, 4 and 8 equivalent sources.
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Figure 6.28: Relationship between regularisation parameter  with (a) number of non-zero
sources and (b) near field problem least-squares residual.
In Figure 6.28(a), the relationship between the regularisation parameter α and the number
of non-zero sources used in the frequency - averaged inverse problem is given, while, in
Figure 6.28(b), the sum of the least squares residuals over frequency is shown with respect
to α. In this case, α represents the sum of the source strength power spectral density vectors
over the frequency range of interest. Compared to the previous method, it is shown that the
set of regularisation parameters where the error decreases substantially translates to the use
of 2 sources whereas the use of a higher number of sources is not shown to further improve
the reconstruction accuracy. The 1, 2, 4 and 8-source cases were again investigated.
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(c)

(d)

Figure 6.29: Equivalent source positions using the frequency averaged `1 regularisation for
(a) 1, (b) 2, (c) 4 and (d) 8 equivalent sources.
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In Figure 6.29, the equivalent source positions are given using the frequency - averaged
`1 norm regularisation. It is shown that similar source distributions are obtained compared
to those where the `1 norm of the complex source strength vectors were penalised for all the
various number of source distributions. The 1 and 2 source distributions are located close to
the tyre edges, while using 4 or 8 sources spreads their distribution asymmetrically towards
the top of the tyre.
60

60

50

50

40

40

30
20
10
102

30
Directly measured (all sources)
Synthesised (all sources)
L1 reg. synthesised (RR tyre)
Synthesised (LR tyre)
Synthesised (gearbox)

103

20

104

10
102

Frequency (Hz)

(a)

104

(b)
60

50

50

40

40

30

10
102

103

Frequency (Hz)

60

20

Directly measured (all sources)
Synthesised (all sources)
L1 reg. synthesised (RR tyre)
Synthesised (LR tyre)
Synthesised (Gearbox)

30
Directly measured (all sources)
Synthesised (all sources)
L1 reg. synthesised (RR tyre)
Synthesised (LR tyre)
Synthesised (Gearbox)

103

Frequency (Hz)

(c)

20

104

10
102

Directly measured (all sources)
Synthesised (all sources)
L1 reg. synthesised (RR tyre)
Synthesised (LR tyre)
Synthesised (Gearbox)

103

104

Frequency (Hz)

(d)

Figure 6.30: SPL in 1/3 octave bands at far field microphone 11 over the frequency range
with the right rear tyre synthesis performed using (a) 1 equivalent source, (b) 2 equivalent
sources, (c) 4 equivalent sources and (d) 8 equivalent sources.
The spectra obtained at microphone 11 by using the source distributions with the frequency - averaged `1 norm regularisation in the inverse problem and synthesising the far field
spectra are given in Figure 6.30. It is shown that the gearbox noise contribution is very similar to the one where the coherence and the phase information were taken into account. On
the other hand, the left rear tyre contribution is enhanced especially in the dominant regions
between 600 Hz and 1.5 kHz. Using 1 equivalent source for the right rear tyre synthesised
response gives an overall acceptable accuracy up to approximately 2 kHz, while using 2
sources extends the accuracy up to approximately 4 kHz. These frequency limits are again
higher than the ones seen in the power - based case when only tyre noise was present. For
higher number of sources, a slight overestimation of the directly measured response is seen
up to approximately 1.5 kHz, while at higher frequencies the synthesised response is a better
representation of the direct.
The trend highlighted above is also depicted in the A-weighted SPL across the microphone array in Figure 6.31. Using 1 source to discretise the right rear tyre gives an average
deviation of 2 dB over the microphone array, while adding 1 more source reduces this deviation to only 0.5 dB. Using 4 and 8 sources gives deviations of approximately 0.8 and 0.9 dB
respectively. The small deviation seen in the 1 - source case, as well as the overestimation of

158

H2020 Marie Curie ITN PBNv2 (GA 721615)
70

70

Directly measured (all sources)
Synthesised (all sources)
L1 reg. synthesised (RR tyre)
Synthesised (LR tyre)
Synthesised (gearbox)

65
60

60

55

55

50

50

45

45

40

1

2

3

4

5

6

Directly measured (all sources)
Synthesised (all sources)
L1 reg. synthesised (RR tyre)
Synthesised (LR tyre)
Synthesised (gearbox)

65

7

8

9 10 11 12 13 14 15 16 17 18

40

1

2

3

4

5

6

Far field microphones

7

8

(a)

(b)

70

70

65

65

60

60

55

55
Directly measured (all sources)
Synthesised (all sources)
L1 reg. synthesised (RR tyre)
Synthesised (LR tyre)
Synthesised (gearbox)

50

Directly measured (all sources)
Synthesised (all sources)
L1 reg. synthesised (RR tyre)
Synthesised (LR tyre)
Synthesised (gearbox)

50

45
40

9 10 11 12 13 14 15 16 17 18

Far field microphones

45

1

2

3

4

5

6

7

8

9 10 11 12 13 14 15 16 17 18

40

1

Far field microphones

(c)

2

3

4

5

6

7

8

9 10 11 12 13 14 15 16 17 18

Far field microphones

(d)

Figure 6.31: A-weighted SPL across the far field array using (a) 1, (b) 2, (c) 4 and (d) 8
fixed sources for the right rear tyre reconstruction over frequency compared to the directly
measured spectra.

the response in the 4 and 8 - source cases, is not in agreement with the results of the `1 norm
regularisation and implies an overestimation of the response of either tyres, which is possibly
due to the added noise captured by the near field microphones in fully operational conditions.
Nevertheless, considering the need for the minimisation of the number of used equivalent
sources, the use of 2 sources on the leading and trailing edge of the right rear tyre is identified
as the optimum strategy with the given inverse problem formulation and assuming that the
synthesis estimate provided from the left rear tyre and the gearbox are reasonably accurate.
Although not presented herein, the same analysis was performed for the 2 m/s2 case
and it was shown that, by assuming uncorrelated sources and omitting the phase, very good
representations of the final overall synthesised spectra can be obtained using 2 equivalent
sources on the leading and trailing edges of the left front tyre. This result is due to the fact
that, with this approach, larger effective surface areas are created, which are represented by an
average source strength, while the high sensitivity of the inversion process to phase errors is
also avoided. However, the same trend was seen in the 1, 4 and 8 - source cases, as described
above, which implied an overestimation of the true contribution of either one of the tyres.
8

Conclusions and suggestions for future work

In this work, a number of different `p norm regularisation techniques have been investigated
for their ability to predict the number and positioning of equivalent sources close to a tyre
in order to accurately synthesise the far field pressure. Different formulations have been
studied both with simulated and with measured data obtained from measurements in various
operational conditions.
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Use of `p norm regularisation techniques with simulated data

The first step of the investigation of the capabilities of `p norm regularisation in tyre noise
synthesis was its use with simulated data. A 2-D linear tyre model was first introduced where
the radial velocity distribution on the surface of the tyre is calculated subject to a speed
dependent road excitation. The model only considers the structural vibration of the tyre so its
use was limited to low frequencies, where noise emitted due to the tyre vibrations is dominant,
and can accurately predict the tyre structural behaviour up to approximately 400 Hz, with an
overestimation of the response at higher frequencies.
The tyre model was then embedded into a two-step pass-by noise contribution analysis
model. The tyre was discretised into a number of equivalent sources and near field pressure
spectra were used to reconstruct an equivalent radial velocity distribution at 100 km/h, which
was then used to synthesise a far field pressure response. This was then compared to the
direct far field response, which was acquired by using the initial radial velocity distribution
acquired by the model. The number of equivalent sources is a trade-off between the complexity of the synthesis procedure and its accuracy. As a reference case, a uniform equivalent
source distribution with predefined number and positioning was used. This was shown to
overestimate the far field for the 1, 2 and 4 - source cases, while the deviation from the direct response decreased substantially when 8 sources were used. In the first regularisation
approach, the sparsity promoting properties of the `1 norm were used at each frequency bin
in order to decide the best possible source positions out of a grid of 40 candidate sources.
The reconstructed far field responses were shown to be accurate representations of the direct
one even for the case of 1 equivalent source, however this was at the expense of a frequency
- dependent source positioning. In the second regularisation approach, an extension of the
`1 norm regularisation over the whole frequency range of interest was used, delivering fixed
positions for a given number of sources. This method was shown to give fairly accurate synthesised responses for the 1 and 2 - source cases, while the accuracy increased substantially
when 4 and 8 equivalent sources were used.
The results acquired in this approach were the result of processing simulated, error- and
noise-free data, with limited capability to represent a real tyre noise synthesis problem in a
pass-by noise context. However, it was shown that appropriate tuning of the equivalent source
positions in an inverse problem can be done using the `1 norm regularisation techniques,
without prior knowledge of the noise generating mechanisms.
8.2

Use of `p norm regularisation techniques with measured data at steady speeds

Having developed the `1 norm regularisation techniques on simulated data, the next step was
their utilisation for real tyre noise synthesis. A number of measurements were, therefore,
conducted in the semi-anechoic chamber at IDIADA, Spain, by using a 15 - near field microphone array, a 14 - far field microphone array, a volume velocity source and involved the
assumption of 20 equivalent sources on a rolling tyre. The rolling road was run at different
constant speeds. The use of 1, 2, 4 and 8 non-negligible equivalent sources was investigated
both with the `1 norm regularisation at each frequency and the frequency - averaged version
for a rolling speed of 50 km/h. Once the equivalent source positioning was found using near
field measured spectra, the source strength distribution was used to synthesise the response
at the far field array and compare it to the one measured directly.
Using frequency - dependent source positioning gave an acceptable level of synthesis
accuracy with 4 sources, but worse representations of the directly measured spectra were obtained with the fixed equivalent source strategy. For a small number of sources, the drawback
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was the underestimation of the response at higher frequencies which could only be solved
by increasing the number of sources. For a higher number of equivalent sources, an overestimation of the response at low frequencies became apparent which was due to the bad low
frequency conditioning and was dealt with by using an additional `2 norm regularisation on
the source spectra. It was therefore shown that the best strategy that gave very good representations of the direct spectra was using 4 fixed equivalent sources, two close to the leading
and trailing edge of the tyre and two higher along the tyre circumference. In the same context, an analysis of the coherence between the equivalent sources was done revealing that,
although the sources are partially correlated in all the various cases, the effect of not taking
into account their coherence was not substantial in the final synthesised results.
An energetic, power-based approach to the inverse problem was then investigated for the
frequency - averaged `1 norm regularisation. Instead of synthesising the complex pressure
vector, the power spectra densities of the pressure were synthesised in a formulation that
involved assuming that the sources were uncorrelated and omitting the phase information
in the measured pressure and transfer responses. It was shown that, using this formulation,
a very good synthesis accuracy was obtained by using just 2 fixed sources on the leading
and trailing edge of the tyre for both rolling speeds without need for additional `2 norm
regularisation.
8.3

Use of `p norm regularisation techniques with measured data at accelerating operational conditions

The final part of the work was focused on investigating the ability of the frequency - averaged
`1 norm regularisation to optimise the equivalent source positioning for an accelerating tyre
when several sources on an electric car were operating simultaneously. The measurements
took place in the semi-anechoic chamber of Siemens Digital Industries Software in Leuven
and involved two different run-ups from 5 to 60 km/h with the car driven in fully operational
conditions and noise emitted by the two rear tyres and the gearbox. For both cases, the
investigation of the equivalent source number and positioning was done only for the tyre close
to the far field array, assuming 1, 2, 4 and 8 equivalent sources, and the remaining sources
were quantified assuming a predefined small number of equivalent sources. The various
source contributions were then added energetically and the overall response was compared to
the one measured directly.
It was shown that, by assuming that the sources were uncorrelated and omitting the phase
information, a very good synthesis accuracy was obtained by only using 2 fixed sources on
the leading and trailing edge of the left front tyre. However, the overall far field estimates
for the various equivalent source cases were seen to have smaller deviations from the directly
measured spectra than expected, when using a small number of sources, while slight overestimations of the final response were seen when using 4 or 8 sources. This implies that,
although the frequency - averaged `1 norm regularisation was performed properly, the near
field measured pressure for one or both of the tyres was contaminated with added noise from
the other operating sources, leading to overestimated noise contributions in the far field.
9
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Executive Summary

Increasing traffic has been causing many problems and environmental issues that greatly affect our quality of life, such as traffic congestion, air pollution, greenhouse gas emissions,
traffic accidents, etc. Among these, traffic noise is the second deadliest source of environmental pollution in the EU after air pollution according to the European Environment Agency
[1]. According to WHO reports [2], many short- and long-term health problems can be caused
by exposure to excessive noise levels, such as sleep disturbance, cardiovascular diseases like
hypertension, and so on. Hence, it is very important for government organizations to take
measures in environmental noise reduction.
With the rapid development of ICT (information and communication technology), a lot
of data is generated everywhere. By collecting those data, finding the patterns with the help
of emerging artificial intelligence, especially through data mining and machine learning, we
can make the best use of the data for modelling and forecasting, so that necessary measures
can be taken to mitigate environmental problems, for instance by setting up noise abatement
barriers.
This chapter explains how machine learning and deep learning can be applied to predict
traffic noise footprint. Three case studies will be investigated with pass-by noise data of single
vehicle and traffic noise data from Vienna, Austria and from Blansko, Czechia. The simple
scenario of a single vehicle pass-by noise prediction model has shown an excellent result
and a promising insight for applying machine learning in the traffic noise field. Therefore,
a real traffic scenario was demonstrated afterwards with experiments collecting both audio
and video data. A 15-minute recording was taken in Vienna as a pilot study and a 10-hour
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recording over two days in Blansko. With the Blansko data, notable results were achieved
with advanced machine learning and deep learning methods. In conclusion, traffic noise
prediction can be very well modelled with machine learning methods. In the next step, the
generalization of the model, applying it to different traffic scenarios and weather conditions,
will be the main goal to achieve.
Keywords: pass-by noise, traffic noise, machine learning, deep learning, statistical test
2

Introduction/Basic concepts

Traffic noise and machine learning are the key terms in this project. Therefore, the literature review has been mainly performed in the related two aspects: big data in the transport
field and the state-of-the-art traffic noise models. The number of studies employing machine
learning in the transport field has increased significantly in recent years. Generally, big data
studies in transport field cover two main areas: 1. One is traffic flow related and includes
travel pattern identification, traffic demand forecasting, traffic congestion detection, transport
planning, traffic flow state prediction, public transport ridership prediction, etc. M. Yap et
al. [3] have analysed how to make the best use of big data in the age of digitalization and
benefit public transport users. Z. Zhao et al. [4] combine the time domain and spatial domain road network interactions and generate an ODC (origin destination correlation) matrix
by applying an LSTM (long short term memory) model for traffic volume prediction, using
travel time, speed and occupancy. H. Lu et al. [5] have built a traffic flow state clustering
model based on speed and occupancy, identifying real-time traffic flow states by employing
big data. S. Zheng et al. [6]proposed a hybrid model of XGBoost (extreme gradient boosting) and discrete wavelet de-noising to predict real-time short-term traffic flow and evaluated
the model with four different benchmark datasets, which outperformed the state-of-the-art
models. Y. Zhang et al. [7] employ a GBM (gradient boosting machine) to predict high-way
travel times with collected real world travel data from Maryland and prove that the proposed
machine learning method outperforms other ensemble methods. 2. Secondly, Smart Cities
and EVs (electric vehicles) are also hot topics, including ITS (intelligent transportation system), shared electric vehicles, EV charging and parking management, autonomous driving,
IOT(internet of things) based traffic infrastructure, etc. B. Li et al. [8] have compared different data analytical tools for EV integration to smart grids for building smart cities with
big data generated by vehicles and by the smart wearable devices of the drivers. Different
sources to collect the data are introduced in the paper such as EV batteries, chargers and
drivers. C. Lee et al. [9] have demonstrated how to extract travel pattern of EV with the
battery model and proposed an energy management solution to the ‘range anxiety’ problem
of EVs by applying an unsupervised learning algorithm of a GHSM neural network model to
the big data collected from the EV system. W. Lu et al. [10] proposed a method for tractor
assistant driving control according to EEG (electroencephalographic) signals by using a deep
learning RNN-TL algorithm, to create a massive driving dataset in the virtual environment,
in order to combine it with the small actual world dataset to achieve high accuracy.
However, there is very little research related to emission assessment and policy assessment. Practical big data applications in traffic noise research are also relatively limited.
However, quite a few machine learning studies have been performed on air pollution. For
example, different assessment methods on CO2 emissions can also lead to conflicting results,
hence, P. Jochem et al. [11] have applied an optimizing energy system model to calculate the
CO2 emissions in Germany in 2030 and bring up the concern that political measures should
be developed to reduce CO2 emissions from electricity generation, otherwise EVs replacing
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conventional vehicles might not do much to reduce emissions. S. Zhang [12] has proposed
a machine learning algorithm to predict air pollution source locations as well as uncertainty
analysis of the source identification by placing sensors in different locations.
With regards to traffic noise studies, it is mostly coming from government organizations.
For example, the EU has European directive on environmental noise. There are strict rules for
vehicle manufacturers to measure the pass-by noise of a vehicle before entering the commercial market. In the past decades, due to governmental requirements, different investigations
have been performed for building traffic noise models from vehicle fleets, but these models
are quite rough as they only aim to predict an average noise level over a certain time period.
For instance, different region-based traffic noise models have been compared in [13], highway noise prediction models such as FHWA TNM for the US, CoRTN for the UK. RLS90 for
Germany, STL-86 for Switzerland, ASJ-1993 for Japan, etc. In [14], N. Garg et al. provide
a more recent study on the afore-mentioned models, Japan has updated its ASJ-1993 model
to ASJ RTN-Model in 2008 by integrating more different traffic conditions. Nord 2000 has
been developed and unified for northern European countries [15]. Meanwhile the EU has
proposed the HARMONOISE model for all EU members, covering environmental noise including roads and railways [16]. In [17] a more recent model called CNOSSOS-EU has been
introduced, which builds on the Nord2000, HARMONOISE and IMAGINE models[18][19].
B. Dai et al. [20] have proposed an improved model based on the US FHWA model for
inland waterway traffic noise prediction in China. P. Alam et al. [21] have validated the
RLS90 model with real world data collected by monitoring road traffic noise levels during
day and night times in India and also applied a t-test to check the results, which proved the
RLS90 model suits Indian traffic conditions. N. Garg et al. [22] applied the auto regressive
integrated moving average technique and developed a long-term noise monitoring model to
simulate and predict day-night average sound levels of traffic noise in A- and C- weightings
with a statistical analysis of 181 days. The drawback of the model is its limitation to Delhi
only, so it cannot be applied to other regions. B. Li et al. [23] have developed an integrated
noise- GIS system for noise modelling, based on local environmental standards, vehicle types
and traffic conditions, which is suitable for use in China.
On the other hand, with the availability of emerging artificial intelligence and big data,
studies on traffic noise prediction through machine learning and deep learning have started
to appear, but the research being performed is still very limited. A. Torija et al. [24] predict short term SPLs (sound pressure levels) of urban environments and their temporal and
spectral components through back-propagation neural networks. J. Navarro et al. [25] applied univariate long short term memory to forecast future sound pressure level and loudness
values of environment noise in a certain location and proved that the proposed model outperforms the auto regressive integrated moving average model. A. Mansourkhaki et al. [26]
have applied multilayer perceptron neural networks to predict equivalent sound level from
the traffic data collected from different areas of Tehran, Iran. Traffic volume per hour, average speed of vehicles, proportion of each type of vehicle as well as road gradients and the
building density around are used as feature variables, while equivalent sound level is used as
the target variable.
In this article, three specific case studies of applied machine learning will be discussed.
These include single vehicle pass by noise prediction based on standard pass by noise testing
data from IDIADA (an engineering company providing testing to the automotive industry),
experiment- based real traffic noise prediction with data collected from Vienna, Austria and
Blansko, the Czech Republic. This paper is structured as follows: section 3 after this introduction will show the methodology of this study, including techniques of data pre-processing,
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machine learning and deep learning algorithms used in this work for model training, model
evaluation methods, model debugging, and error analysis. Section 4 will explain the three different case studies as mentioned above as well as the results achieved in each case. Finally,
section 5 will conclude this work and propose some future work.
3

Methodology

Generally, during a machine learning project, a generalized recursive workflow can be applied, consisting of data collection, data cleaning and pre-processing, data transformation
into suitable input and output formats for machine learning, model training with different
machine learning and deep learning algorithms, model debugging and error analysis, again
model tuning, model evaluation and comparison, and model interpretation.
3.1

Data-preprocessing

Label encoding and one-hot encoding have been popular methods to handle categorical data.
Label encoding labels target variables with ordinal values between 0 and (number of classes1). It is easy and intuitive, but the numeric values might be misinterpreted as having orderhierarchy. This problem has been solved by one-hot encoding, which creates a binary column
for each class and returns a matrix in an orthogonal vector space. However, the feature space
could blow up quickly and lead to high dimensional problems.
Feature scaling is also very important in many machine learning applications, especially
when different input variables represent different physical features. In this case, those input
variables with larger absolute value will dominate the target variable(s). Feature scaling
will make the learning process much faster, especially when the applied machine learning
algorithms exploit distances or similarities. To normalize the input data before model training
will lead to better performance. Standardization methods such as scaling the features to fall
into a certain range, or removing the mean and scaling to unit variance are most widely used.
Outlier detection is another significant preparation step for the data before training the
model, as many algorithms are very sensitive to outliers. Besides, parametric statistics such
as mean, variance, etc. are also highly sensitive to outliers. In this work, the z-score method
has been applied for outlier detection. An extremely large or small value compared to the rest
of the data is considered to be an outlier. According to the Empirical Rule, 95 % of data lies
in the range of (mean ± 2x standard deviation), the rest of the data outside of the range is
rare, which is also explained by the rare event rule (Fig. 7.1). Data out of the range of (mean
± 3x standard deviation) are considered to be outliers. This method is applied in this chapter
in the third case study, since the target variable is normally distributed. When the outliers
have been detected, if we cannot prove that the outlier comes from the measurement error, it
might not be correct to drop it. Simply dropping the detected outlier might lose information
such as the variability of the data. In the case of very big datasets, it might help to drop them,
as the data characteristics will not be affected by losing some wrongly dropped outliers.
3.2

Data Splitting

To ensure unbiased modelling, it is necessary to divide the whole dataset into different parts
like training data, validation data and testing data. Testing data is kept aside during the whole
process, as it is only used for final model evaluation. The remaining data is used for training
and validation. KFold cross validation (Fig. 7.2) is a resampling method, which can use all
the remaining data for both training and validation, leading to a lower bias. The remaining
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Figure 7.1: Illustration of normal curve regarding spread

data is split to K parts with KFold cross validation. During each iteration, (K-1) parts of
the data are used for training while the remaining part is used as a validation set to calculate
the error, in order to compare and adjust the hyperparameters. Finally, the model with the
lowest error is chosen. In the end, different models trained from different machine learning
architectures can be compared again by applying the testing data.

Figure 7.2: Data split and example of 5Fold cross validation

3.3

Machine learning architectures

Predicting sound pressure from labelled data is a supervised learning task. To predict a continuous value, rather than discrete groups, is a regression issue. In terms of regression, many
state-of-the-art machine learning algorithms as well as neural networks are suitable. In this
work, multiple linear regression, polynomial regression, decision trees, support vector re-
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gression (SVR), ensemble methods like random forest, gradient boosting machine (GBM),
extreme gradient boost (XGBoost), and artificial neural networks (ANN) such as dense neural
networks (DNN) will be explained in details and applied in case studies.
3.3.1

Multiple Linear Regression (LR)

According to [27], ‘the linear model has been a mainstay of statistics for the past 30 years
and remains one of our most important tools.’ Linear regression aims to find a line that fits
the data (Fig. 7.3).

Figure 7.3: Multiple Linear Regression

m
m
X
X
2
min
(yi − ŷ) =
(yi − (ωxi + b))2

(7.1)

ω̂ = (X T X)−1 X T Y

(7.2)

i=1

i=1

eq. (7.1) is the cost function, where yi is the true value, yˆi is the predicted value, ω̂ is the
estimation of the parameter. With the least square method, ω̂ in eq. (7.2) will be finally
obtained.
3.3.2

Polynomial Regression (PO)

Polynomial regression is also a kind of linear model where the estimated parameters are in
the linear form as shown in the equations below, although the data will be fit with a non-linear
model:
y = ω0 + ω1 · x + ω2 · x2 + . . . + ωp · xp + ε

(7.3)

y = ω0 + ω1 · x1 + ω2 · x2 + . . . + ωp · xp + ε

(7.4)

xi = xi

(7.5)

eq. (7.3) can be transformed to eq. (7.4), the multivariate linear regression problem, by replacing the variables with eq. (7.5). Then the estimation of parameters can be performed in
the same way with multiple linear regression with the least square error method as eq. (7.2).
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Figure 7.4: Polynomial regression

Similar to linear regression, polynomial regression aims to find a curve that fits the data
(Fig. 7.4).
3.3.3

Decision Tree (DT)

Decision trees can be used for both regression and classification. It builds models in the form
of a tree structure by breaking down a dataset into smaller subsets each time, picking a value
to split into two subsets as depicted in Fig. 7.5. The leaf nodes represent the final regions.
The average of each region will be the predicted result.

Figure 7.5: Structure of decision trees with a recursive binary splitting example
Mean squared error (MSE) reduction is the criterion for deciding whether to split a node.
The tree keeps growing until a user- defined stopping conditions are met, which have been
set at the beginning as hyperparameters. The decision tree model is immune to outliers and
also capable of handling categorical data. It is easy to interpret the decision tree model,
compared to other machine learning ‘black box’ architectures. With a decision tree model,
the feature importance can be obtained by Mean Decrease in Impurity (MDI). The larger the
mean decrease in Gini index brought by a certain feature is during the whole training, the
more important that feature is.
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3.3.4

Support Vector Regression (SVR)

In contrast to the decision tree, the support vector machine (SVM) model is much more
difficult to interpret. Support vector machine was introduced by Vapnik in 1992 [28]. SVM
can be used for classification, regression, anomaly detection etc. Here in this article support
vector regression (SVR) is going to be explained.
The cost function of SVR is differently formed, comparing to the linear regression. Instead of finding a line to fit the data, SVR aims to find a tube to fit the data, which brings
a convex -insensitive loss function. Inside the tube, the error is tolerated. The goal is to
maximize the margin, in other words, to form the flattest tube containing most of the training
points.
The cost function is converted to a constrained problem, defined as shown in eq. (7.6-7.9)
[29]:
Minimize:
n

X
1
2
kwk + C
(ξi + ξi∗ )
2
i=1

(7.6)

yi − < w, xi > −b ≤  + ξi

(7.7)

< w, xi > +b − yi ≤  + ξi∗

(7.8)

, ξi , ξi∗ ≥ 0

(7.9)

Subject to:

where ξi and ξi∗ are non-negative slack variables, allowing regression errors up to the value
of ξi , ξi∗ , which is called the soft margin. C is the penalty term, when C =∞, which means
ξi ,P
ξi∗ will have to be very small, close to 0, this is the hard margin. This second term
n
C i=1 (ξi + ξi∗ ) also helps to mitigate overfitting.

Figure 7.6: Linear SVR regression (left) and non-linear SVR regression (right) [30]
SVR also suits nonlinear fitting problems by applying a non-linear kernel function as
shown in eq. (7.10). The kernel transforms the data into a higher dimensional space to make
linear separation feasible (Fig. 7.6).
K(xi , xj ) = φT (xi )φ(xj )

(7.10)
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Ensemble Methods

As very powerful machine learning architectures, ensemble methods use a set of learning
algorithms to achieve better predictive power. In this section, tree- related ensemble methods
will be introduced.
Ensemble methods build multiple models based on sub-datasets. These sub-datasets can
be generated with different ways of sampling such as bagging and boosting. With bagging,
the multiple sub-datasets are generated through random sampling with replacement, while
with boosting, they are generated through random sampling with replacement over weighted
data, which means in bagging each data sample to be selected in a certain subset has same
probability, but in boosting they don’t have equal chance. This is also related to how the trees
grow with bagging and boosting as depicted in Fig. 7.7.

Figure 7.7: Schematic diagram of bagging and boosting [31]
With bagging, all the trees grow in parallel, while with boosting they grow sequentially.
Both bagging and boosting combine multiple estimates from different models, which decreases the variance of a single estimate and leads to a better final stability. In contrast to
bagging, boosting is a stepwise additive technique. Boosting is quite helpful for bias reduction, because the next tree will correct the previous tree and optimize the model. As a
consequence, if the single estimate has issues of overfitting, bagging can be very helpful. If
the single model has underfitting issues, then boosting is more effective.
3.4.1

Random Forest (RF)

As an ensemble method, random forest applies the bagging technique to create a large number
of trees; each tree is built independently at the same time, and finally the results of each tree
are combined by using the average of them in terms of regression. Forecasting accuracy
is improved by the random forest method, because the final averaging process reduces the
variance caused by different single trees.
3.4.2

Extreme Gradient Boosting (XGBoost)

Several learning algorithms use the boosting technique, such as adaptive boosting (AdaBoost),
gradient boosting machine (GBM) and extreme gradient boosting (XGBoost). With the
boosting technique, as mentioned before, the trees are generated sequentially and the newly
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generated trees will also correct the mistakes from previous trees. Here, XGBoost is most
noteworthy. As the most successful algorithm in the competition platform of Kaggle, XGBoost combined many weak learners into a single strong and precise model. The resampling
of the training data when building each tree with boosting is adjusted based on the error generated from previous trees [32]. Therefore, the chance of each sample to be selected is not
the same. Samples that have been incorrectly predicted with large errors have more chance
to be selected. Besides, the learning rate is applied to scale the contribution of each tree, in
order to prevent overfitting. XGBoost is a regularized implementation of GBM. The scalability of XGBoost makes it much faster than random forest or GBM, thanks to the embedded
parallel and distributed computing with the use of out-of-core tree learning and end-to-end
tree boosting systems [33].
3.5

Artificial Neural Networks (ANN)

Due to the potential power of artificial neural networks, they have been applied in more and
more fields from the medical field via engineering field, up to musical composition etc. The
capability to achieve very accurate predictions with ANN has been proven in many different
applications. That is because neural networks have very strong ability to solve complex
non-linear problems. A typical ANN network consists of many neurons in different layers,
including one input layer, one output layer and one or multiple hidden layers. When there are
one or two hidden layers, it is called shallow neural network, when the number of the hidden
layers is greater than 2, it is a deep neural network. In terms of ANN architectures, dense
neural network (DNN), convolutional neural network (CNN) and recurrent neural network
(RNN) have been very powerful methods in different fields. For instance, CNNs have been
very successful in image processing, and RNNs for natural language processing.
3.5.1

Dense Neural Network

A dense neural network is also called a multilayer perceptron (MLP). It has fully connected
layers, which means each neuron in a layer is fully connected with neurons in both the previous and the next layer.
A feedforward MLP architecture is shown below (Fig. 7.8):

Figure 7.8: Illustration of DNN [31]
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Each neuron in the hidden layers receives input from the neurons of the previous layer,
which are linearly weighted, summed, and then pass through a sigmoid function, and output
to next layer as shown in eq. (7.11-7.12).
z=

n
X

wi xi + bi

(7.11)

1
1 + e−z

(7.12)

i=1

f (z) =

where f(z) is a sigmoid function, w and b are the weights, which will be obtained during
model training through cost function optimization by back propagation. The function of a
neuron in detail can be also illustrated as below (Fig. 7.9):

Figure 7.9: A neuron of DNN [31]

3.5.2

Loss function and cost function

In a regression task, the cost function eq. (7.13) is based on mean squared error, measuring
the average squared difference between the predicted value and the actual value of an instance
from the testing data. The objective is to minimize the cost function during model training.
m

1 X
(hθ (x(i) ) − y (i) )2
J(θ0 , θ1 ) =
2m i=1
3.5.3

(7.13)

Regularization

Although eq. (7.13) shows the basic structure of the cost function, very often more terms are
added to the cost function, which are called regularization term; they serve the purpose of
weights penalization, in order to avoid overfitting. Two widely used regularization methods
in machine learning are L1 and L2 regularization. L1 regularization is also referred to as
Lasso regularization as shown in eq. (7.14), the additive term on the cost function:
J(θ0 , θ1 ) =

m
m
X
1 X
(hθ (x(i) ) − y (i) )2 + λ
|θi |
2m i=1
i=1

(7.14)
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In L1 regularization, the absolute value of the weights is penalized. Feature selection can be
achieved through Lasso regularization since the weight can be assigned zero for unimportant
features. In contrast, L2 regularization cannot do feature selection, which is also called Ridge
regression as shown in eq. (7.15):
J(θ0 , θ1 ) =

m
m
X
1 X
(hθ (x(i) ) − y (i) )2 + λ
θi2
2m i=1
i=1

(7.15)

In Ridge regularization, the sum of the square of all feature parameters is penalized. By
adding such a regularization, the weights have to be small, approaching 0 but will not be 0.
Therefore, L2 regularization cannot do feature selection by shrinking the coefficient to 0.
Apart from regularization on weights penalization, it is also very common to insert a drop
layer in neural networks against overfitting and apply Early stopping to stop the training,
when the validation error (generalization error) starts to go up while the training error keeps
going down (Fig. 7.10).

Figure 7.10: Neural network training learning curve [34] (Used with author’s permission)

3.5.4

Backpropagation and Gradient Descent

Back propagation is one of the most efficient learning procedures for layered neural networks,
made up by the chain rule and gradient descent [35]. At each state, the partial derivatives of
the state will be calculated with respect to the weights. The purpose is to find the best fitting
model that minimizes the cost function.
At each step of the gradient descent, the weight will be re-assigned, and the cost function
will be re-calculated. The goal is to find the global minimal point, where the cost of the model
is minimized. The weights at every iteration are calculated with eq. (7.16) until convergence
is reached:
θj := θj − α

∂J(θ)
∂θj

(7.16)
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Model debugging and error analysis

Understanding the model and the reasons that caused its poor performance can give a clear
direction on how to handle the error. In machine learning and deep learning, model debugging
basically deals with the problems of variance and bias (Fig. 7.11).

Figure 7.11: Learning curves in three scenarios of bias and variance issue
When increasing the number of training samples, there may be some difference in the
change of the cost of the model as shown above in the figure of learning curves. High variance
occurs when the training samples fit well while testing samples have a large error. High bias
means that both training samples and testing samples have large errors during the training.
When training error and testing error (validation error) approach each other while increasing
the number of training instances in a certain accepted range, this is a good fit.
During model training, it is recommended to plot the learning curve, so that we can better
understand the issues of the model. When there is high variance, the model is overfitting, and
different solutions such as obtaining more data, reducing the complexity of the model, trying
a smaller set of features or bringing regularization terms to the weights of the model can be
applied. When there is high bias, the model is underfitting; we can try to obtain additional
features, decrease the regularization parameter or increase the complexity of the model by
adding more hidden units or neural network layers, etc.
3.7

Model evaluation

Model selection is a crucial part of applied machine learning. Model evaluation gauges the
model’s prediction ability by estimating the generalization accuracy of the model on unseen
data. There are various evaluation metrics to do this, with respect to the concrete problems,
such as confusion matrix for classification and R squared score for regression tasks. To prove
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that the obtained result of the evaluation metrics are not due to chance, hypothesis testing has
been a robust approach for final confirmation.
3.7.1

Evaluation methods

R squared is coefficient of determination, which measures how well the data fit the regression
line. It is a proportion between the explained variance of the model and the total variance of
the data. Normally the value is between 0 and 1, 1 indicating perfect fit, meaning that the
model can explain 100% of the data variance. When the value approaches 0, it means a poor
fit. A constant model, which always predicts the expected value of y independent of the input
features, will achieve an R squared score of 0. Mathematically R squared can be expressed
as eq. (7.17-7.20):
R2 (yi , ŷ) =

RSS
ESS
=1−
T SS
T SS

(7.17)

RSS =

X
(yi − ŷ)2

(7.18)

ESS =

X
(ŷ − ȳ)2

(7.19)

T SS =

X
(yi − ȳ)2

(7.20)

where ŷ is the predicted value and yi is the true value, and ȳ is the average of the samples
of the true value yi . T SS (total sum of squares) is the summation of RSS (residual sum
of squares) and ESS (estimation sum of squares). R squared is the proportion of ESS and
T SS.
Although R squared is very often selected as the evaluation metric, it has some disadvantages since its value always increases when the number of variables increases. Hence,
adjusted R squared has been introduced, which imposes a penalty for adding additional explanatory variables and only increases when a significant variable is added; otherwise, it will
decrease. The equation is shown in eq. (7.21):
2
Radj
(yi , ŷ) = 1 −

(1 − R2 )(n − 1)
(n − k − 1)

(7.21)

where n is the number of observations and k is the number of features.
Moreover, mean squared error (MSE) and root mean squared error (RMSE) are also widely
used in regression tasks for model evaluation with the mathematical expression as shown in
eq. (7.22-7.23):
M SE =

n−1
1X
(yi − yˆi )2
n i=0

v
u n−1
u1 X
RM SE = t
(yi − yˆi )2
n i=0

(7.22)

(7.23)
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Similarly, mean absolute error (MAE) and mean relative error (MRE) are also becoming more
and more popular (eq. (7.24-7.25)):
M AE =

n−1
1X
|yi − yˆi |
n i=0

(7.24)

M RE =

n−1
1 X yi − yˆi
|
|
n i=0
yi

(7.25)

In this work, MSE, RMSE, R2 and adjusted R2 are used to evaluate the machine learning
models.
3.7.2

Statistical test

To compare two or more models, it is not precise enough to simply compare the evaluation
metrics indicated by the single value of R squared, or by MSE. Is the difference in the values between different models real, or due to a statistical chance? To answer this, statistical
hypothesis testing is more convincing. The hypothesis testing will be applied to the error
distribution of the ‘untouched’ testing dataset, on the assumption that the sample errors from
different models have the same distribution (null hypothesis). The p-value can be calculated
and compared to significance level. The significance level is the probability of rejecting the
null hypothesis when the null hypothesis is actually true; in this project, 0.05 is selected as the
significance level, indicating a 5% risk of concluding that a difference exists when there is no
actual difference. The p-value is the probability value of the occurrence of a given event, in
this case that the null hypothesis is true. It will be calculated and compared to the significance
level in order to decide whether to reject the null hypothesis.
Different statistical testing methods are available, which should be correctly applied to
corresponding scenarios according to the distribution type of the samples, number of models
being compared and other factors. To give a few examples, Student’s t-test assumes a normal
distribution of the samples; the Wilcoxon signed-rank test is applied to samples without normal distribution; the ANOVA (analysis of variance) test is used to compare multiple (three or
more) models with a single test.
3.8

Model interpretation

It might be not satisfying if a machine learning model works well only as a black box. Data
scientists would like to explain the model to make the prediction result from the model more
convincing. Only in this way, we can trust the model to make further decisions. To understand
feature importance is part of model interpretation. Tree- related algorithms are, in this regard,
more interpretable than other algorithms, due to the intrinsic capability to calculate variable
importance by MDI (mean decrease in impurity). The impurity is measured by Gini index.
A high Gini index means a high impurity.
In tree- related algorithms, every node has a certain distribution of the dependent variable.
The sub node should have a lower Gini index if the split is performed on this parent node,
as the goal of splitting is to make each leaf node as pure as possible. The feature variables
are used to make the split. Therefore, we can evaluate which feature has contributed most to
the Gini decrease during the whole modelling/splitting process so that we know this feature
should be the most important one.
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Case Studies

Three different cases will be described in this section, including a single vehicle scenario and
a real traffic scenario. The latter consists of two different datasets, collected from Vienna and
Blansko respectively.
4.1

Case study I

Since this case study of standard pass-by noise prediction on the basis of IDIADA data
(Fig. 7.12) has been submitted to the FA2020 conference, here only the main concepts, data
source and main results are summarized for reasons of copyright. In the FA2020 paper, five
different datasets have been trained separately, and the five models have been compared.
Here, only dataset5 is discussed [36].

Figure 7.12: Standard pass-by noise test of passenger car setup by Applus IDIADA
The obtained exemplary pass-by noise data sample from IDIADA consists of all numeric
data, including the sound pressure of the vehicle passing by as well as its momentary location
on the test track and its speed. The data contains two vehicle categories, a passenger car,
B segment (PC), and a light commercial vehicle over 3500kg, class N2 (LCV), with different driving modes, CRS (cruise control) with constant driving speed and WOT (wide open
throttle) with fully pressed pedal.
4.1.1

Data Description

Since the vehicle type includes only two categories, label encoding was selected, which transformed the vehicle type into numeric data, with 0 assigned to PC and 1 to LCV. There are
four feature variables and one target variable as the inputs for machine learning model training (Table. 7.1), vehicle instantaneous speed, location on track (the center of the test track
is taken 0 as the reference point), distance to microphone, and vehicle category as feature
variables, and root mean square (RMS) sound pressure as target variable.
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Table 7.1: Basic information of the selected dataset

As for the RMS sound pressure, the audio test equipment from IDIADA has measured it
based on a unit driving distance of 0.1m rather than a constant time window. The distribution
of the target variable ‘sound pressure’ is shown in Fig. 7.13.

Figure 7.13: Distribution of target variable
The whole dataset of 684 samples has been split into 20% testing data and the other 80%
used for 20Fold cross validation.
4.1.2

Results

Four different machine learning algorithms were applied to the IDIADA dataset for pass-by
noise prediction: multiple linear regression (LR), polynomial regression (PO), decision tree
(DT), and support vector regression (SVR). With the held-out testing data from dataset5,
Fig. 7.14 shows the predicted sound pressure vs. the real sound pressure with all four algorithms.
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Figure 7.14: Prediction performance of different models based on Dataset5 test set
Table 7.2: Results of different machine learning models

Figure 7.15: Evaluation comparison of different models
The evaluation result (Table. 7.2) indicates that machine learning has a very good performance in pass-by noise prediction of a single vehicle. Linear regression performs relatively
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poorly in comparison with the other three algorithms, while polynomial regression, decision
trees and support vector regression algorithms all achieve the best performance with high R
squared score reaching 0.99 and low MSE (Fig. 7.15). These three models have been further compared pair-wise through statistical significance test. The Wilcoxon signed-rank test
has been applied to the distributed error samples obtained through testing data, as they are
not normally distributed. It is eventually proven that these three models are not significantly
different in the performance of pass-by noise prediction with available dataset by statistical
test.
4.1.3

Model Interpretation, Feature Importance

Applying feature importance calculated by MDI, vehicle location has been proven to be the
most important feature affecting the target variable of sound pressure as shown in Fig. 7.16.

Figure 7.16: Feature importance interpreted by decision tree model
‘Vehicle speed’ is influencing the sound pressure at the second place after ‘vehicle location’. The relationship between ‘vehicle location’ and ‘vehicle speed’ against ‘sound pressure’ is illustrated in the 3D plot in Fig. 7.17. Two curves are seen in the plot caused by
different vehicle categories, with the left one representing LCV and the right one representing PC.
Fig. 7.17 also shows an excellent estimate of the decision tree model in the pass-by noise
prediction with the highly overlapping curves of prediction result and real testing data in both
LCV and PC.
4.2

Case study II

The IDIADA data has shown promising performance of machine learning applied to single
vehicle pass-by noise prediction. In this section, machine learning and deep learning will be
applied to real traffic scenarios. The idea is to collect the video and audio data separately in
the real traffic scenarios, extract traffic features from the video data and noise metrics from
the audio data, and later synchronise them and use them for machine learning model training.
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For traffic video processing and vehicle trajectory detection, there was cooperation with another company, DataFromSky. DataFromSky is a traffic video analysis company from the
Czech Republic, specialized in the field of computer vision.

Figure 7.17: The relation between vehicle location/vehicle speed against sound pressure with
test data and prediction data, based on decision tree model

Figure 7.18: Camera view of experimental setup in Vienna
Therefore, a 15-minute pilot study in Vienna was first performed, in order to check the
data quality and the implementational feasibility for this project. Compared to the standard
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pass-by noise prediction scenario, here the challenge is how to represent traffic data.
The figure above (Fig. 7.18) shows the experimental setup. The highlighted red circle
is where the microphone was installed on a tree, 1.2m above the ground. A static camera
was fixed on the balcony of the 4th floor of the AIT building at Giefinggasse 2 in Vienna.
The audio was recorded by Head Acoustics SQuadriga II while the video was recorded by
YoomQ3hd. The reason to separate the audio and video recordings is for the precision of the
obtained audio file, which should best represent the traffic noise. The total recording of this
pilot study took around 15 minutes.
4.2.1

Data Description
Table 7.3: Basic data description of case1

Table. 7.3 shows the basic information of the input data for the model’s training. The
dataset consists of 424 samples with 9 traffic features and 1 target variable, RMS sound
pressure in Pa.
The raw audio data is in the format of each individual vehicle trajectory, showing the
instantaneous speed, acceleration, and GPS data of each vehicle. The data is preprocessed
and converted, which will be explained in detail in the next part of case study III.
At each second, the number of vehicles (traffic volume), the ratio of motorcycles, medium
size vehicles, heavy vehicles, buses, and the ratio of cars is counted. The traffic speed is
calculated by averaging the speeds of each individual vehicle at that second in the camera
scene; the same transformation is also applied to acceleration and distance to microphone.
Simply using the average values to represent the traffic is not precise, but it is applicable in
this scenario, because the selected area of the city is not very busy. The passing vehicles
are driving relatively slowly due to the traffic lights at the end of the street. Therefore, the
obtained data is also sparse, as shown in Fig. 7.19. The sound pressure is not even continuous
during the 15-minute recording due to the sparsity of the data. However, this was just a
pilot study, mainly for checking the feasibility of cooperation with DataFromSky and the
implementation of the experiment.
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Figure 7.19: Target variable description
All 424 instances were shuffled and split into 80% training data and 20% testing data.
Multiple linear regression, polynomial regression, decision tree and SVR were each applied
to train the model.
4.2.2

Results

The result is shown in Fig. 7.20. The blue dashed line is the ideal situation where predicted
values equal real values of the testing data, the scattered dots show the poor regression performance with all the four algorithms.

Figure 7.20: Prediction performance of different models based on Vienna data test set, case1
Therefore, it was assumed that the way of averaging to represent traffic might not be
correct, and might still have missed important information. Considering this point and also
considering the successful experience with IDIADA data of single vehicle’s passing-by noise

Pass-by Noise Modelling of Road Vehicles by Machine Learning & Big Data

185

prediction, the second scenario was tested by extracting all the moments with only a single
car in the camera scene during the 15-minute’s recording, so that the instantaneous individual
vehicle features can directly represent the traffic features, as the number of vehicles is one
and the vehicle type is car. After extraction, the obtained data is shown below in Table. 7.4:
Table 7.4: Basic data description of case2

The input data was shrunk and three features with one target were obtained for training the
machine learning model. The distribution of the 135 instances of target variable is depicted
in Fig. 7.21. The RMS sound pressure is very sparse as seen from the discontinuity.

Figure 7.21: Target variable description
With these 135 samples, again 80% was randomly selected as training data while the
other 20% served as testing data. The same algorithms were applied to this sub-dataset and
the results given below were achieved. Fig. 7.22 indicates that the regression is about as poor
as in case1. Therefore, the initial assumption of misrepresenting the traffic features should
be not the root cause of poor prediction in case1. RMSE and R squared of both cases are
calculated in Table. 7.5:

186

H2020 Marie Curie ITN PBNv2 (GA 721615)

Figure 7.22: Prediction performance of different models based on Vienna data test set, case2

Table 7.5: Modelling results of case1 and case2
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We can see that although case2 has relatively better results than case1, the R squared is
still too low, while the RMSE is too high.
In sum, different machine learning algorithms were applied on the 15-min data, none of
which worked out in either case1 or case2. The reason probably lies in the data quality. The
recording is very short with little information. The street is not in a busy area, so not many
vehicles passed by during the 15 minutes. Last but not least, the view angle of the recording
camera is too small. The noise is recorded when the vehicles are not in the camera scene,
which leads to data mismatching between video data and audio data.
With such a lesson, a longer experiment was carried out. Another test was performed
jointly with DataFromSky in Blansko, the Czech Republic, over a roundabout for around 10
hours.
4.3

Case study III

Figure 7.23: Experiment setup in Blansko, CZ

Figure 7.24: Audio recording setup in Blansko (left: Zoom H2n, middle and right: Head
acoustics SQuadriga)
DataFromSky obtained permission for video shooting over the roundabout in Blansko. A
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Hikvision IP camera was installed on the roof of a 12-floor building at the roundabout. Audio
devices were set up separately on the roundabout (Fig. 7.23). Two Zoom H2n devices and
one Head Acoustics SQuadriga with six microphone channels were used. At the center of
the roundabout Mic3 and 4 were each installed at a different height, Mic3 1.2m above the
ground, and Mic4 4m above the ground. Such a setup enables further study of noise impact
in the vertical direction. The other 6 microphones all were installed 1.2m above the ground.
The locations of the 6 microphones can be seen in Fig. 7.23 with highlighted red circles. The
audio recording devices are shown in Fig. 7.24.
4.3.1

Audio data processing

Figure 7.25: Recorded SPL over two days from channel 3

Figure 7.26: Distribution of target variable in Pa RMS (left) and in dB SPL (right)
The whole test was performed over two days, from 16:45pm to 20:32pm on Monday,
30.09.2019, and from 06:34am to 11:48am on Tuesday, 01.10.2019. In total, the test lasted
around 10 hours. A total of 12 audio WAV files were obtained, corresponding to two days
and six microphones from Head Acoustics SQuadriga (the two files recorded from Zoom
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H2n were kept for reference, and were not used in this work). The raw audio WAV file was
processed with python, and the RMS sound pressure over each second was extracted. An
example from channel 3 over two days is shown in Fig. 7.25. The sound pressure has been
converted to dB SPL (sound pressure level).
It is noticeable that on the first day the SPL tends to go down as the time progresses to
night, when less traffic is expected. On the second day the deviation of SPL is smaller than
on the first day. The expected rush hour has not significantly shown up in the second day’s
recording.
The target variable used in this modelling is dB SPL rather than sound pressure in Pa,
because the SPL has a more Gaussian-like distribution as shown in Fig. 7.26. The Gaussian
distributed data is preferred by machine learning algorithms, as it will speed up the learning
process and reduce the chance of getting stuck in local optimum.
The SPL is calculated with eq. (7.26), based on the RMS sound pressure over 1 second:
SP L = log10 (

p
)dB
2 ∗ 10−5

(7.26)

Where p is the RMS sound pressure, and the denominator 20µP a is the reference sound
pressure in air, which is considered as the threshold of human hearing.

Figure 7.27: SPL over two day through channel 3, 6, 7, 8; (a), (c)subsampling of the SPL
every other 5minutes of each day; (b), (d)distribution of recorded SPL of each channel, each
day
The audio data from both days from microphones 3, 6, 7, and 8 have been selected for
further modelling, due to the spatial influence on the sound receiving as shown in Fig. 7.27.
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Day2 has larger SPL on average, with a smaller deviation during the whole recording period.
Due to the short distance between each microphone, the differences of SPL as recorded by
the 4 channels are, on average, small. Significant differences occur mostly in the peak values,
considering at the specific moment that the microphone is very close to a loud vehicle source.
Different datasets have been organized such as using data only from one day or from one
specific microphone. However, the best result was achieved by using all the data from both
days and all the 4 channels. This also confirms that the volume of the data plays a significant
role in the performance of machine learning.
4.3.2

Video data processing

The raw video data pre-processing was performed by computer vision engineers from DataFromSky (Fig. 7.28). Vehicle trajectory detection was done. According to each trajectory, the
instantaneous features of that vehicle were extracted numerically.

Figure 7.28: Video data pre-processing with vehicle detection
At a certain time point, the vehicle appearing in the camera scene is tagged with the following information: vehicle ID, vehicle type, vehicle GPS location, vehicle speed and vehicle
acceleration. Note that the vehicles were classified into six categories: small car, car, medium
vehicle, heavy vehicle, bus, motorcycle. The classification is based on the appearance of the
vehicle, mainly its size and shape. No engine information was taken into account, which is a
limitation.
With the extracted vehicle trajectory information from DataFromSky, video data and audio
data were further synchronized per second based on network time. Eventually, the individual
vehicle features could be converted into the format shown in Table. 7.6:
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Table 7.6: Raw data description of individual vehicle info

Each sample corresponds to one second. Each sample has features made of different lists
(interval data), according to the number of vehicles in the camera scene at that second. Horizontally, each list has the same length, corresponding to the same second in time. However,
vertically the length of each list is different from sample to sample, because at different time
seconds, the vehicles showing up in the camera scene can be different. Such a matrix cannot
be applied directly to machine learning.

Table 7.7: Final model input after pre-processing

Hence, the summary statistics were extracted from each list, which means every column
feature was again transformed into multiple columns, based on their corresponding summary
statistics such as mean, min, max, median, kurtosis, skewness, standard deviation, mid-point
and range [37]. Vehicle categories have been transformed into numeric data by calculating
the traffic volume and ratio of each vehicle type. As for traffic speed, according to [38],
space mean speed can be better representative for traffic than time mean speed. Therefore,
both have been calculated, time mean speed by arithmetic mean (eq. (7.27)), and space mean
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speed by harmonic mean (eq. (7.28)).
m

1 X
vi
vt =
m i=1

(7.27)

n

vs = (

1 X 1 −1
)
n i=1 vi

(7.28)

Finally, after pre-processing was complete, 44 features were generated as shown in the table
below (Table. 7.7):
With the created 44 feature variables and SPL target variable, 80% of the data was used
as training samples including cross-validation data, while 20% was used as testing data.

Figure 7.29: Distribution of training and testing data

Table 7.8: Final setting of hyperparameters of random forest

The distribution of the training data and testing data is shown in Fig. 7.29. The data was
randomly shuffled and split, therefore the training data and testing data has almost the same
distribution, with a mean of 77.5 and a standard deviation of roughly 5.
Machine learning and deep learning have been applied here, among which random forest,
XGboost and dense neural network achieved the best results, as will be demonstrated in this
article.
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Results

1400 trees were trained in this random forest modelling. Min samples split, min samples leaf,
max features, max depth were tuned with the setting as shown in Table. 7.8. Bootstrap was
set false. The selection of the hyperparameters was done through the process of random
searching by applying scikit-learn library, randomsearchCV. Each tree was built with the
whole dataset. With such a setup, an R2 score of 0.632 and RMSE of 3.008 with testing data
was achieved.

Figure 7.30: Prediction performance of random forest model and corresponding error distribution of test data
In Fig. 7.30, the model seems to be overfitting somewhat, while the training data achieved
an RMSE of 1.321, lower by 56% than what was obtained with testing data. Applying further
regularization measures could achieve an even better result. From the figure on the right, the
error distribution of the testing data is likely Gaussian distributed, with a mean of -0.012 and
a standard deviation of 3.008, which is to be expected.
Compared to random forest, as one of the most advanced and popular machine learning
algorithms, XGboost achieved an even better result.
Table 7.9: Final setting of hyperparameters of XGBoost

8000 XGBoost trees are trained totally. The tree complexity is controlled by min child weight,
max depth and L1, L2 regularization, in order to avoid overfitting. Gamma plays a role of
setting the threshold of loss reduction required for making a further splitting of the tree node.
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Colsample bytree here shows that all features are used for each tree. Subsample of 0.8 denotes that 80% of the samples are used with replacement for growing each tree. Each tree is
given a weight defined by learning rate, which is also called shrinkage factor, to slow down
the learning in the modelling; the final prediction is the sum of the predictions from each
tree. Compared to gradient boosting, in XGBoost, L1 regularization is applied to leaf scores
rather than to the features directly; this helps to reduce the depth of trees and subsequently
avoids overfitting. The whole setup of the hyperparameters can refer to Table. 7.9. As a consequence, an R2 score of 0.674 is achieved together with an RMSE of 2.834 as shown in the
figure below (Fig. 7.31).

Figure 7.31: Prediction performance of XGBoost model and corresponding error distribution
of test data
Lastly, dense neural network methodology was applied to the data. A deep neural network
with 4 layers was employed with each layer having 680 neurons. The training data was divided into batches of 512. The number of epochs was not predefined, because early stopping
was applied, which avoids longer training and overfitting. Adaptive moment estimation was
chosen as optimization method, which is a combination of RMSprob and Stochastic Gradient
Descent with momentum. It computes an exponentially weighted average of the gradients to
update the weights. The learning rate was tuned and finally set at 0.0001. Further hyperparameters can be found in Table. 7.10:
Table 7.10: Final setting of hyperparameters of ANN including number of layers and neurons

With such a setup, there are 941,121 weights in total to train through gradient descent back
propagation. With different trials and diagnoses, additional pre-processing techniques were
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applied in neural network model training. Through applying principle component analysis
(PCA), a better result was achieved.

Figure 7.32: PCA analysis on the feature variables
Fig. 7.32 shows that the first 20 eigenvectors of the feature correlation matrix can already achieve around 97% of the variance of the original dataset. Therefore, 20 principle
components were selected, transforming the original dataset to a lower dimension with the
newly created 20 features as the model input. The created features are displayed as below
(Fig. 7.33). Through PCA each of them approaches a normal distribution, which helps make
the further optimization process easier and faster.

Figure 7.33: Distribution of all feature variables after applying PCA
The dense neural network obtained an R2 score of 0.607 and an RMSE of 3.112 (Fig. 7.34).
One disadvantage of neural networks is that the modelling result is not reproducible, since
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the initialization of the neural network weights is random. But while the exact result is not
reproducible, from repeated experiments, the evaluation metrics should get similar values. A
robust way to obtain the result is through multiple repeats, i.e. 10 times running of the model
and taking the average of the obtained evaluation metric results.

Figure 7.34: Prediction performance of ANN model and corresponding error distribution of
test data
As a result, RF, XGBoost and ANN all achieved similar results, while XGBoost is slightly
better with a smaller RMSE and a higher R2 score (Fig. 7.35).

Figure 7.35: Comparison of RF, XGBoost and ANN
In addition, among these three models, it is notable that the models have relatively poor
performance when the target variable is approaching the lowest and highest extreme sides.
The smallest prediction error in all the three models appears in the mid-range of the target
variable. This phenomenon is explainable with the statistical rule of regression toward the
mean, which describes the model aims to predict the expected value, closer to the mean on
the measurements.
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Conclusions

This chapter has introduced modern machine learning and deep learning algorithms and how
they were applied in different regression tasks, especially in the field of traffic noise study.
Which model to choose is purely project related, however it was found that neural networks
and ensemble learning such as random forest and XGBoost are very powerful tools to handle
non-linear complex datasets with a great number of variables.
Three case studies were demonstrated: single vehicle pass-by noise and traffic noise from
real scenarios. Polynomial regression, decision tree and SVR achieved remarkable performance in IDIADA standard pass-by noise data modelling with R squared reaching up to
0.99. The failure experienced with the Vienna data was analysed. A further experiment in
Blansko integrated the experience from Vienna, especially how to ensure data quality. A 10hour recording was made in Blansko. The audio data and video data were synchronized to
one second. Individual vehicle features such as speed, acceleration, distance to Mic etc. were
transformed into traffic features through statistical methods by extracting the representative
statistics of each distribution. An RMSE of only about 3dB was achieved with the Blansko
data by applying random forest, XGBoost and ANN.
In the next research phase, the Blansko data will be further studied. Long short term
memory (LSTM) will be applied by considering the time sequence of the whole dataset. SPL
will be predicted with multivariate LSTM modelling without using SPL from the past as input
feature. A new approach will be applied by converting the individual vehicle features into
traffic features. Instead of extracting statistics such as mean, median, max, min, kurtosis and
skewness, a histogram of each distribution will be used to represent traffic features as model
input.
Generalization of the Blansko data model will be further investigated by integrating different corrections terms such as road surface, surroundings, weather conditions etc. The goal
is to make the model applicable for any traffic scenario. The new model is expected to predict
traffic noise in different EU regions without the need of setting up noise measurement equipment, in order to assess the noise mitigation strategies or policies of governments before they
are implemented.
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Executive Summary

Over the past decades, in order to keep up with both the legislations governing the noise limits
and the growing customer expectations, the continuous search for noise reduction has been
playing a key-role in the development process of vehicles. Since the design iterations used
to improve the Noise, Vibration and Harshness (NVH) behaviour of vehicle’s components
are costly and time-consuming, enhanced substructuring techniques are being developed to
quantify the contributions of separate parts of the vehicle (frame, powertrain, tires, etc.) to
the overall interior and pass-by noise levels. These techniques allow an efficient collaboration
across different project groups and the use of parallel computing environments, besides giving
the possibility to combine parts numerically and experimentally characterised. Intensively
used for subsystems connected by points, dynamic substructuring still constitutes an open
area of research for systems comprising continuous interfaces. This ongoing research in the
automotive industry is driven by the significant presence of large interfaces inside a vehicle,
as for instance between the floor and the upper-body structure. Within this framework, a
method which allows to characterise subsystems connected along lines is presented. The
approach is based on a discretisation of the continuous interfaces into a small set of points,
where the information of the subsystems is condensed. For this purpose, an inverse approach
is used, which allows to characterise the dynamics of the passive subsystem using data of the
assembled system. Special attention is paid to the physical consistency of the characterised
subsystem, which has to possess basic physical properties as reciprocity and passivity. A new
methodology to ensure such characteristics is then proposed. The method is validated on a
structure made of two plates connected along a common edge through a beam. Moreover,
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a description on how this method can be applied in the automotive industry is presented.
Specifically, the contribution of the car floor panel to the overall interior noise can be analysed
by isolating this part from the rest of the car structure, enabling a faster design prediction and
an efficient vibro-acoustic optimisation.
2

Introduction

The constantly increasing customer demands together with the pressing need for eco-friendly
vehicles is driving the research and development inside automotive industry over the years.
In April 2014, the European Parliament approved a new law aiming at a decrease of the noise
limit values by 4 dB(A) via a three-phase plan starting in 2016 [1]. This new regulation,
together with the new trend towards electrification and automated driving, poses new NVH
challenges to the automotive Original Equipment Manufacturers (OEM’s) and their suppliers,
which have to redefine their engineering and testing processes in order to comply with new
standards and needs. To overcome this problem, fast assembly predictions by means of substructuring techniques become crucial in the vehicle development process. These methods
are employed not only as a troubleshooting tool for noise reduction but especially for precise
target setting and achieving in the early stages of the design process.
2.1

Dynamic substructuring

Dynamic substructuring consists of dividing a complex structure into smaller and more manageable components, which are separately analysed and subsequently coupled together in
order to obtain the dynamic behaviour of the total system. The most widespread techniques
employed in dynamic substructuring are based on Component Mode Synthesis (CMS) and
Frequency Response Function (FRF) coupling methods. The starting point of a CMS analysis
is to identify sets of modal basis functions which approximate the dynamic behaviour of the
individual substructures. Then, compatibility and equilibrium conditions are enforced along
the interfaces between the components. Introduced by Hurty in 1965 [2], this method has
been developed over time with sundry variants, differing each others mainly by the nature of
the modes used to build the reduction space. For instances, while the Craig–Bampton method
[3] uses static constraint modes and fixed interface normal modes as reduction basis, the approach of MacNeal [4] and Rubin [5] uses free-interface modes and the so-called attachement
modes. An interesting review of CMS methods can be found in [6].
Contrary to CMS, FRF techniques use directly the FRFs of the uncoupled components to
reproduce the dynamic response of the total system. Hence, errors such as modal truncation,
induced during the modal identification step, are avoided. Frequency domain substructuring
was originally performed by coupling the subsystems’ dynamic stiffness matrices [7]. Since
these are hard to be in practice directly evaluated, an inversion of the subsystems’ receptance
has to be performed instead, jeopardising the computational efficiency of the method and
the accuracy of its results. This procedure has been significantly improved by Jetmundsen et
al.[8], who formulated the classical FRF-based substructuring (FBS) method. This technique,
also known as “admittance modelling”, envisage a coupling of receptance matrices by partitioning them according to the interface and internal degrees of freedom (DoFs). Hence, only
one inversion during the coupling calculations is required for every frequency line, leading to
a more robust solution. A different formulation of the FBS method have been presented later
on by de Klerk et al. [9] under the name of Lagrange multiplier FBS (LM FBS). In this case,
a partitioning of the the subsystem receptance matrices is not needed before enforcing the
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coupling, leading to a simpler and straightforward notation. Several studies have been conducted over time towards the improvement of the computational efficiency and robustness of
the FBS method. For instance, filtration techniques have been developed by Lim and Li [10]
to reduce the error amplification during the inversion calculation and by Carne and Dohrmann
[11] and Peeters et al. [12] to remove unphysical behaviours of the FRFs. A detailed review
of FRF based coupling methods can be found in [13].
2.2

Reduction of the interface problem size

Regardless of the chosen coupling method, a practical issue remains the computational efficiency of the interface problem. In many industrial cases the number of Degrees of Freedom (DOFs) on the interface is high and the traditional substructuring methods become
prohibitively inefficient. Several authors have tackled the issue of describing the interface
dynamics more efficiently. For instance, Craig and Chang [14] applied a Guyan reduction
[15] to decrease the number of interface DoFs required by the Craig-Brampton CMS method
[3]. The interface problem becomes even more critical when two substructures are connected
along a continuous interface. This situation can be found in many industrial applications,
e.g. when internal stiffening frames are connected along lines or when parts are seamwelded
together. Apart from the purely numerical settings, the situation where the structural assembly contains experimentally characterised component systems is particularly challenging. A
method used to reconstruct the interface dynamics setting out from a discrete number of measured points is the system equivalent reduction expansion process (SEREP)[16], which uses
static deformations obtained from a finite element model to create a mapping between measured and unmeasured DoFs. A different approach to the problem was successively proposed
by Donders et al. [17]. With his wave-based substructuring (WBS) approach, the interface
representation between substructures is reduced by expressing the interface DOFs in terms
of a limited set of basis functions, so called waves. Later on, Meyer at al. [18] proposed the
Condensed Transfer Function (CTF) method. In this case, a set of orthonormal functions, or
condensation functions, is defined along the coupling line and used as a basis for approximating the displacement and force fields along the junction. In the study presented in this paper,
the interface reduction problem is addressed by discretising a continuous connection into few
points.
2.3

Substructuring using inverse methods

The target of this work is to achieve an approximation of the continuously coupled system
dynamics in a broad frequency range using a relatively small amount of discrete coupling
points via an inverse approach. Previous works have been made in the context of substructure
characterisation via an inverse approach. For instance, Moorhouse et al. [19] proposed a
method for the indirect determination of the mobility of structure-borne sound sources, i.e.
structures with an internal excitation. Instead of performing measurements on the subsystems
in the free state, the source mobility is obtained from measurements on the coupled structure
and on the decoupled receiver substructure. The method has the practical advantage that no
blocked force test rig is needed. Nevertheless, the two-stage measurement procedure requires
force excitations both on the stand-alone source and on the coupled receiver substructure.
Holler and Gibbs [20] further developed this method and introduced a formulation which
requires a force excitation applied on the receiver structure only, not on the source itself.
Even though no measurements at the contact points in the coupled state is needed, multiple
mobility terms of the coupled structure and the receiver substructure have to be evaluated.
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However, the inverse problem might lead to physically inconsistent models, i.e. models that
violate first principles of linear structural dynamic systems. This aspect is treated by Sjövall
and Abrahamson in [21], where a subsystem is characterised setting out from a physically
consistent model of the coupled system in a state-space representation.
2.4

Scope and structure

This study presents a new FRF-based substructuring approach aimed to reduce the interface
problem. The novelty of the method consists on discretising a continuous interface between
two components into few coupling points, which are used to approximate the velocity and
force fields along the junction. The number of DoFs involved in the coupling problem is then
drastically reduced. As compared to the conventional procedure, the benefits provided by the
presented technique are: (i) it requires measurements only in a condensed set of points at the
interface, (ii) it makes the coupling problem between large models computationally efficient
and (iii)it gives as output an impedance model which is sure to be physically consistent.
This chapter starts with a description of the presented sub-structuring methodology. A
concise overview of the problem is presented in Section 3.1: the dynamic behaviour of a
receiver subsystem connected along a continuous interface is characterised by using few interface points. For this scope, the inverse problem described in Section 3.2 is needed. The
discrete source mobility and free velocities, both evaluated at the coupling points, are known.
The interface velocities of the continuously coupled system are also given as input. Then,
the discrete receiver impedance is evaluated at the coupling points. Particular attention is
paid that the identified receiver subsystem does not violate first principle properties of linear
structural dynamic systems. Section 3.3 focuses on the reciprocity and passivity properties,
which are subsequently enforced during the subsystem characterisation described in Section
3.4. Subsequently, the accuracy of the method is firstly demonstrated on the basis of an application case (Section 4.1): a system made of two plates connected together through a beam.
Then, Section 4.2 shows that the point-coupling substructuring method can be used for efficient design modifications in view of reaching global vibro-acoustic performance targets.
Finally, Section 6 draws the conclusions. Part of this work has been already presented in [22]
and [23].
3

Coupling of systems sharing continuous interfaces

This section presents a generic substructuring problem where the identified subsystems share
a continuous interface. Firstly, the subsystems are characterised through mobility/impedance
matrices, which are defined at the coupling points. Particular attention is paid that the identified subsystems do not violate fundamental physical properties of linear structural dynamic
systems such as passivity and reciprocity. Afterwards, the coupling is enforced through the
application of the superposition principle for passive linear system, which leads to the dynamic behaviour on a system-level.
3.1

Problem definition

Let us consider a generic dynamic system as shown in Figure 8.1. Two subsystems are here
defined: an active (source) subsystem 1 which contain an excitation fS (ω) and a passive
(receiver) subsystem 2. It is assumed that the subsystems are linear, time-invariant (LTI) and
rigidly interconnected along a line junction. This continuous interface is discretised into a
limited number of points hereinafter called coupling points, so that a set of n coupling DoFs
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are considered. The final aim is to evaluate the velocity response vR1 (ω) and vR2 (ω) at the
receiving locations due to the force excitation fS (ω). A classical FRF based substructure
1

vR1
fS

vR2

2

1

vR2

vR1

fc
vc

f1 f2
v1 v2

fS

(a) coupled system

2

(b) uncoupled system

Figure 8.1: Generic build-up system in the continuously coupled (8.1(a)) and uncoupled state
(8.1(b)).
method starts with the evaluation of the dynamic behaviour of active and passive subsystems
by means of interface transfer functions.Therefore, the coupling between both subsystems
leads to the estimation of the force field at the common interface. Finally, the response is
calculated from the interface forces and the transfer functions relating them to the receiving
response. In the following work we aim to condense the dynamic characteristics of the passive
side in a discrete number of interface DoFs, which require the employment of an inverse
approach.
3.2

Inverse subsystem characterisation

In what follow, the characterisation of a substructure relies on the concept of condensed
impedance, employed for instances by Grialou in [24]. The internal degrees of freedom
that are not directly excited or measured are “removed” or condensed on the interface. The
substructures are therefore treated in terms of black boxes [25], with their input-output characteristics described without the need for a detailed description of its inner workings.
3.2.1

Condensed impedance

For a generic uncoupled subsystem α, the condensed impedance relates the vector of interface
forces fα (ω) ∈ Cn×1 and interface velocity vα (ω) ∈ Cn×1 as:
fα (ω) = Zα (ω)vα (ω)

(8.1)

where Zα (ω) ∈ Cn×n describes the forces needed to generate a unit harmonic velocity on
one particular interface DoF while keeping all the other interface DoFs fixed. Its ij entry
reads:
Zα,ij (ω) =

fα,i (ω)
vα,j (ω)

vα,k6=j = 0,

(8.2)

where the subscripts i and j denote the elements in the full set of interface DoFs. The condensed impedance is an inherent dynamic property of the subsystem and therefore remains
unchanged in the event that the subsystem is coupled with another system. In this case interface velocities and forces are influenced by the presence of the source. We refer then to
coupled forces fc (ω) ∈ Cn×1 and coupled velocities vc (ω) ∈ Cn×1 and Eq. (8.1) can be
rewritten for the receiver subsystem as
fc = Z2 vc ,

(8.3)
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where the explicit frequency dependency is omitted to improve readability. Eq. (8.3) is valid
for any configuration of interface excitations coming from the interaction with the source
substructure: for a generic set of input velocities vc there will be a set of output forces
fc determined by the impedance matrix Z2 . Eq. (8.3) can be then repeated m times if
the source subsystem is solicited with m independent excitation configurations. For every
excitation corresponding fc and vc vectors can be be used to build the matrices F ∈ Cn×m
and V ∈ Cn×m , respectively:
h
i
h
i
(1)
(2)
(m)
= Z2 vc(1) vc(2) · · · vc(m) ⇒ F = Z2 V .
(8.4)
fc
fc
· · · fc
The superscripts 1, 2, ..., m refer to several excitation configurations, hereinafter called load
cases. If the number of independent load cases m is larger than or equal to the number of
coupling DoFs n the impedance matrix Z2 can be evaluated. An over-determined system of
equations is usually performed for its regularising effect on the transfer function estimate.
The impedance matrix of the receiver subsystem is therefore found as
Z2eq = F V † ,

(8.5)

where the superscript † indicates the Moore-Penrose inverse. The inverse problem Eq. (8.5)
allows to characterise a passive subsystem by analysing the coupled state. The superscript eq
stands for equivalent and indicates that the calculated impedance matrix, hereinafter called
equivalent impedance matrix, is not corresponding to the physical one, i.e. the one obtained
by directly exciting the interface DoFs of the standalone subsystem. This discrepancy occurs
because Z2eq condenses the dynamic behaviour of the receiver subsystem into few coupling
points lying on a continuous interface. Hence, Z2eq might be considered as the impedance matrix of a fictitious receiver subsystem that, attached to the source through few coupling points,
mimics the dynamic influence of the real receiver subsystem along a continuous interface.
3.2.2

Evaluation of coupled forces

The interface forces fc contained inside the matrix F of Eq. (8.4) cannot be assessed directly and need to be identified by other means. By invoking the superposition principle as
described by Bobrovnitskii in [26], we can consider the coupled velocity vc as the sum of
two contributions:
vc = vf ree + Y1 fc .

(8.6)

The first right hand side term vf ree is the so called free velocity, i.e. the interface velocity
of the stand-alone source substructure when it is excited by the internal operational forces.
The second term is given by the multiplication of the coupled forces with the source mobility
matrix Y1 . It represents the velocity response due to the interface forces of the coupled system
when the internal sources are switched off. At this point, Eq. (8.6) can be arranged so that
the vector of coupled forces is indirectly obtained as:
fc = Y1−1 (vc − vf ree ).

(8.7)

By adopting this approach, no force measurements at the coupling points are required to
create the columns of the matrix F in Eq. (8.4). The outlined procedure is repeated for all
frequencies so that the equivalent impedance matrix is computed in the full frequency range
of interest.
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Physically consistent model

During the resolution of an inverse problem the accuracy of the obtained results is not the
only feature that determine the quality of the resulting dynamic model. First principle properties of LTI structural systems have to be indeed guaranteed and this aspect is treated in
this study. The equivalent impedance matrix Z2eq is computed in a least-squares sense and
therefore may not fulfil some basic properties of physical passive systems. The need to create
a physically consistent model on a subsystem level has been extensively posed in the past,
since it affects the accuracy of the reconstruction of the dynamic behaviour on a system level.
Carne and Dohrmann [11] showed for example that small hidden anomalies in the FRF subsystem matrices coming from measurement noise or a mathematical processing of the FRFs
can sensibly influence the dynamic behaviour of the coupled system.
Reciprocity and passivity are two important properties that a structural dynamic LTI
system must posses in order to be physically consistent. Reciprocity implies a symmetric impedance matrix while passivity denotes that the total vibrational power supplied to a
structure must be positive or, in the ideal case of undamped structures without energy dissipation, null. As reported in literature (see e.g. Åström and Wittenmark [27], Willems [28]
or Triverio et al. [29]) the concept of passivity is closely related to the property of positive
realness of the impedance matrix. Being Z(ω) = Z(ω)T ∈ Cn×n the impedance matrix of
a generic reciprocal system, with T denoting the matrix transpose, positive realness implies
that <{Z(ω)} ≥ 0 ∀ω ∈ R. In other words, the real part is positive semidefinite. A real,
symmetric matrix A ∈ Rn×n is said to be positive semidefinite if
xT Ax ≥ 0

(8.8)

for all non-zero x ∈ Rn [30]. If we consider a multiple-input multiple-output (MIMO)
subsystem as the ones presented in Section 3.1, the input power W depends on the vectors of
velocities v ∈ Cn×1 and forces f ∈ Cn×1 acting on the interface DoFs:
W =

1
1
<{v H f } = <{v H Zv},
2
2

(8.9)

where the superscript H denotes the Hermitian, i.e. the complex conjugate transpose of the
vector. By considering a = <{v} and b = ={v} we can rewrite Eq. (8.9) as
W =

1
1
<{{a − jb}T Z{a + jb}} = (aT <{Z}a + bT <{Z}b).
2
2

(8.10)

The passivity condition W ≥ 0 is fulfilled when both addends on the right-side of Eq. (8.10)
are non-negative for all possible a and b. Considering that these two vectors can be arbitrarily chosen and that Z is symmetric, the passivity condition is reached when <{Z} is a
positive semidefinite matrix. This result implies, inter alia, that the phase angles of the input
impedances, i.e. the diagonal elements of the impedance matrix Z, are bound to the interval
[−90◦ , 90◦ ].
The problem of characterising a physically consistent subsystem through an inverse approach has been addressed in the past by several authors. Carne and Dohrmann [11] developed a so called conditioning filter to get rid of the non-passive behaviour in an FRF matrix.
Considering the mathematical property that a symmetric matrix is positive semidefinite if
and only if all its eigenvalues are non-negative, the conditioning filter modifies a synthesised
FRF matrix by neglecting the negative eigenvalues. These, however, in case of a highly inconsistent FRF matrix might be large in magnitude and hence carry important information.
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Their exclusion may consequently lead to substantial changes in the synthesised FRF matrix.
Another approach to the problem has been proposed by Sjövall and Abrahamsson in [21, 31].
Starting from input-output data in the frequency domain, a model for both the known subsystem and the assembled system is evaluated in the discrete-time state-space form. Attention
is here paid to the physical consistency of the evaluated models. Physical properties such as
reciprocity and passivity are enforced by performing an unconstrained optimization problem.
However, a proportional damping has to be assumed. Once the two known systems are identified, the inverse problem is executed in order to identify the operational interface forces and
then characterise the unknown subsystem. In the work presented here a different approach is
followed, without the need to transform the input data from the frequency to the state-space
domain. In order to enforce reciprocity and passivity conditions, a constrained optimisation
scheme has been applied. With this new procedure, no restrictions have to be imposed on the
type of system’s damping.
3.4

Model estimation

A three-step procedure is now proposed in order to estimate a physically consistent model
by means of an inverse approach. Eq. (8.4) is firstly solved in a least-squares sense with imposed constraints of symmetry and positive real part of the diagonal. A reciprocal dynamic
model which might however not be passive for some frequencies is obtained as output. Subsequently, a conditioning filter modifies the obtained solution and the passivity condition is
guaranteed in the full frequency range considered. Finally, the best fit to the input data is
obtained via a second optimization problem.
As previously stated in Section 3.2, the inverse problem of Eq. (8.4) is usually overdetermined for an improved quality of the results. A highly inconsistent equivalent impedance
matrix is however obtained if no constraints are imposed. This is due to the fact that the
behaviour of the subsystem obtained from a continuous interface is condensed into a discrete
number of points. The application of the conditioning filter mentioned in Section 3.3 as a
post-processing step would cause substantial changes to the evaluated equivalent impedance
matrix, which would not fit any more the original input velocity and force data. Therefore, a physically consistent behaviour must be enforced onto the impedance matrix not by
post-processing the results but by accurately posing specific constraints to the least-square
problem. A constrained least-squares problem must be created, which has no longer a simple
analytical solution.
3.5

The constrained least-squares problem

Let us consider the constrained least-squares problem
minimize f (x) = ||Ax − b||2 = xT AT Ax − 2bT Ax + bT b

subject to ck (x) = 0,

k = 1, ..., p

gk (x) ≤ 0,

k = 1, ..., q

(8.11)

Here A ∈ Rn×m is the coefficient matrix, b ∈ Rm the known vector the vector and x ∈ Rn
the optimization variable. The function f : Rn → R is the objective function to be minimised
and the functions ck : Rn → R together with gk : Rn → R are the equality and inequality
constraint functions, respectively. The aim is to find the optimal value for the problem (8.4)
Z2eq V = F , which needs to be transported to the standard form Ax = b. By keeping in
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mind that Z2eq is a symmetric matrix, Eq. (8.4) transforms to:
V T Z2eq = F T

(8.12)

that can be rearranged as:



Z11
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 .. 
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 Z1n 
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 [V ]m×n 
·
 Z21 




..
Z 
.
0
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 .. 
Znn
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F11
 F12 


 .. 
 . 


 F1m 
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 F22 


 . 
 .. 
Fnm

⇒ Ax = b.

(8.13)

m·n×1

The velocity matrix V T is contained n times inside the coefficient matrix A ∈ Cm·n×n·n
in a block diagonal form, with the off-diagonal blocks being zero matrices. The sought
vector x ∈ Cn·n×1 and the known vector b ∈ Cm·n×1 are obtained by stacking the columns
of the equivalent impedance matrix and the force matrix transpose on top of each other:
x = vec(Z2eq ), b = vec(F T ). The transformation to the standard form allows to solve the
problem in one step, without performing a column by column calculation. Global equality
and inequality constraints can then be defined and well established optimization algorithms
available in the literature can be used.
Appropriate constraints have to be now defined in order to make the evaluated subsystem
model exhibit the correct physical properties. Reciprocity can be easily enforced by imposing
symmetry with respect to the main diagonal. Passivity needs more attention. As previously
stated in Section 3.3, the real part of the equivalent impedance matrix <{Z2eq } must be a
positive semidefinite matrix. All its eigenvalues must be therefore non-negative. Non-linear
inequality constraints need to be used to enforce this constraint, making the optimization
problem difficult to solve. Linear inequality constraints that enforce the diagonal elements
of <{Z2eq } to be non-negative are applied instead. A quadratic program, i.e. an optimization problem having a quadratic objective function and affine constraints functions, is then
realised. While non-linear optimisation always involves some kind of compromise, such as
very long computation times or even the risk of not finding a solution at all, a quadratic program can be solved very reliably and efficiently using for instances an interior-point method
[32].
The problem (8.13)is now rewritten by separating the real and imaginary data so that
inequality constraints can be inserted on the real part of the solution only.
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Here, the subscripts r and i denote the real and imaginary part of the complex quantities. Eq.
(8.14) is a real least-squares problem with A ∈ R2m·n×2n·n , x ∈ R2n·n×1 and b ∈ R2m·n×1 .
Constraints can now be defined and the constrained least-squares problem (8.11) becomes:
minimize f (x) = ||Ax − b||2 = xT AT Ax − 2bT Ax + bT b

subject to Cx = 0,

(8.15)

Gx ≤ 0.
C ∈ R2p×2n·n and G ∈ Rn×2n·n are signed Boolean matrices properly built to enforce the
aforementioned conditions:
Zij,β = Zji,β
− Zii,r ≤ 0,

(8.16)

with i, j ∈ {1, ..., n} and β ∈ {r, i}. In total, 2p equality constraints and n inequality
constraints are defined, with p = n(n − 1). CVXPY [33], a Python-embedded modeling
language for convex optimization problems, is used to solve the problem (8.15). The open
source, interior-point solver ECOS (embedded conic solver) [34] is adopted. Interior-point
methods tackle an inequality constrained problem by solving a sequence of unconstrained, or
equality constrained, problems. The optimal solution is iteratively approached from the interior of the feasible set, without tending to favour solutions that are at the border of the feasible
region. Details regarding the interior-point method are given by Boyd and Vandenberghe in
[32].
3.6

Conditioning filter

The real and imaginary part of the impedance matrix Zr and Zi are obtained as output from
the optimization problem (8.15):
Z = Zr + iZi .

(8.17)

Under the constraints of symmetry and real semi-positiveness of the diagonal entries, Z
represents the best fit of the coupled velocities V and forces F given as input. These are
however necessary but not sufficient conditions for a matrix to have a positive semi-definite
real part. An impedance matrix which may not completely fulfil the passivity requirement
might be obtained. The non-physical behaviours is hence removed by means of a filtering
technique as the one mentioned in Section 3.3, which ensures that the passivity condition is
met. The filter acts on the real part of the impedance matrix Zr , which can be rewritten as:
Zr = φ λ φT .

(8.18)

The diagonal matrix λ ∈ Rn×n contains the eigenvalues of Zr while the columns of φ ∈
Rn×n are the corresponding eigenvectors. None of the eigenvalues shall be negative in order
to have a Zr matrix positive semi-definite. A new diagonal matrix λ̃ is therefore built by
neglecting all the negative eigenvalues:
(
λii , if λii ≥ 0
λ̃ii =
, with i ∈ {1, ..., n}.
(8.19)
0,
if λii < 0
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The filtered impedance matrix Z̃r is then given by:
Z̃r = φ λ̃ φT .

(8.20)

All the eigenvalues of Z̃r are greater or equal to zero and, hence, Z̃r is a positive semi-definite
matrix. The passivity condition for the equivalent impedance matrix is therefore satisfied.
3.7

Second optimization step

The filtering procedure leads to a physically consistent impedance matrix but introduces two
drawbacks as well. One one side the information carried by the omitted eigenvalues is lost
and hence approximations are introduced. On the other side Zr modified by the filter and it is
not any more the least-squares solution for the problem (8.4). It is however assumed that Zr
is close to be positive semi-definite after the constrained optimization. If some eigenvalues
result to be negative, their amplitude is assumed to be small as compared to the dominant
eigenvalues and, therefore, they do not carry relevant information. The second issue is solved
by performing a second optimization problem that fix the real part of the impedance matrix Z̃r and evaluate again the imaginary part Zi . By solving this problem, an equivalent
impedance matrix which represents the least-squares solution for the problem (8.4) under the
constraint of physical consistency is obtained. The matrix equation (8.14) is rearranged in
order to re-evaluate Zi having as input the matrices V , F and Z̃r :
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Here, the real part Z̃r together with the corresponding columns of the coefficient matrix A
are moved to the right-hand side. This problem with n unknowns does not have any inequality
constraint. The imaginary part of the impedance matrix is indeed not directly involved in the
passivity condition and, therefore, only the property of symmetry must be satisfied. A new
equally constrained least-squares problem is created as follow:
minimize f (x) = ||Ax − b||2 = xT AT Ax − 2bT Ax + bT b

subject to Cx = 0,

(8.22)

where A ∈ R2m·n×n·n , x ∈ Rn·n×1 and b ∈ R2m·n×1 are the coefficient matrix, the
unknown and known vectors of (8.21), respectively. C ∈ Rp×n·n is a signed Boolean matrix
which enforces the condition:
Zij,i = Zji,i .

(8.23)

By using a Lagrangian approach a direct solution for this problem can be found. The constraints in (8.22) are taken into account by augmenting the objective function with a weighted
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sum of the constraint functions. The so-called Lagrangian function L : Rn × Rp → R associated with the problem (8.22) is defined as
L(x, λ) = f (x) +

p
X

λk ck x,

(8.24)

k=1

where λk is the Lagrange multiplier associated with the kth equality constraint ck x = 0,
being ck the kth row of the matrix C in (8.22). The optimality condition is found by solving
the problem ∇x,λ L(x, λ) = 0, which forms the system equations
 T
2A A
C

    T 
x
CT
2A b
.
·
=
λ
0
0

(8.25)

This square set of n + p linear equations in the variables x, λ is also known as the Karush
Kuhn Tucker (KKT) conditions. The problem (8.25) always admits a solution (x∗ , λ∗ ), which
represents a saddle point of the Lagrangian L [32]. This solution is the imaginary part of the
impedance matrix Zi that together with the real part Z̃r leads to an impedance matrix that
represents the best fit of the input velocity and force data under the constraints of passivity
and reciprocity.
3.8

Method overview

Figure 8.2 shows a schematic overview of the proposed approach. By solving the leastRead F (ω) and V (ω)
at frequency ω̂
Evaluate Z2eq (ω̂) enforcing:
eq
eq
= Z2,ji
and <{Z2,ii
}≥0

eq
Z2,ij

<{Z2eq }

<{Z2eq } ≥ 0

={Z2eq }

yes

solution
accepted

ω̂ = ω̂ + ∆ω

no
<{Z2eq }

= φ λ̃ φT

Reevaluate ={Z2eq } enforcing:
eq
eq
={Z2,ij
} = ={Z2,ji
}
Z2eq (ω̂) = <{Z2eq } + j · ={Z2eq }

Figure 8.2: workflow of the proposed approach to inversely evaluate a impedance matrix that
fulfils the properties of reciprocity and passivity.
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squares problem (8.4) for the frequency line ω̂, real and imaginary parts of Z2eq are calculated under the constraints of symmetry and real semi-positiveness of the diagonal entries.
These constraints represent necessary but not sufficient conditions for passivity. A check for
semi-positiveness of the real part <{Z2eq } is successively done by looking at its eigenvalues.
The solution is accepted if all the eigenvalues result to be non-negative. If not, <{Z2eq } is
adjusted by filtering out the negative eigenvalues. The optimal solution under the new constraints is re-evaluated with a new least-squares solution, where the filtered <{Z2eq } is given
as input together with the force and velocity matrices F and V . An impedance matrix which
expresses the best fit of the coupled system under the constraints of reciprocity and passivity
is finally obtained and the process is again repeated for the next frequency line.
3.9

Result validation

The validation of the obtained equivalent impedance matrix cannot be carried out by comparison with the impedance matrix directly evaluated on the stand-alone component for the
reason mentioned in Section 3.2: a direct characterisation that considers velocities and forces
at the coupling points of the stand alone subsystem would lead to an impedance matrix which
does not include the effect of the continuous interface. An alternative approach to verify the
accuracy of the proposed method is to validate by reassembly. The characterised substructure
is then coupled with the source subsystem and the velocity response at the receiving location is compared with the one obtained considering the continuously coupled system. The
reassembly is performed by using the superposition principle, i.e. solving the equation system given by the combination of equations (8.6) and (8.3), where Z2 is evaluated with the
inverse proposed approach. The solution of this set of equations gives as result the forces
fc and velocities vc at the coupling points due to the interaction of the receiver with the
source subsystem, excited with the input force fS . Finally, the transfer functions yR relating
the coupled forces to the receiving responses are calculated. Their product with the coupled
forces fc gives the sought velocity response vR
vR = yR fc
4

(8.26)

Applications

In this section, the point-coupling technique is applied to two cases: a plate-beam assembly
and an industrial vehicle BIW case. For the first system, the technique described above is
fully implemented and its accuracy tested. For the second system, a procedure to include this
technique in a larger optimisation scheme for NVH assessment is presented.
4.1
4.1.1

Beam-plate model
System description

Figure 8.3 shows a system made of two horizontal plates connected along a common edge
via an hollow beam. Both plates are free to move while the beam is clamped at its ends.
All these parts have same characteristics, given in Table 8.1. The plates lie in the z = 0
plane and are, together with the beam, discretised with an FE mesh fine enough to meet the
“6 elements per bending wavelength” criterion in the considered frequency range. One layer
of quadrilateral isotropic shell elements CQU AD4 is chosen. The first plate together with
the beam constitutes the source subsystem, which as shown in Figure 8.3 is excited by an
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Figure 8.3: Beam-plate system.
Table 8.1: System’s material and geometric characteristics.
Parameter
Young’s modulus
Poisson coefficient
Density
Structural damping coefficient
Length of the interface
Thickness

Notation

Value

Unit

E
ν
ρ
η
L
h

70
0.3
2700
0.05
0.4
0.004

GPa
kg m-3
m
m

out-of-plane force at point S. The second plate represents the receiver subsystem, which is
passive. Two receiving points R1 and R2 , respectively on the source and receiver subsystem,
are considered. The interface beam is discretised by four equally spaced points, which lie on
the beam axis and are connected through rigid RBE2 elements to the neighbouring nodes, as
shown in the cross-section in the bottom right corner of Figure8.3. 12 coupling DoFs are then
considered in total, i.e. the out-of-plane translational DoF and the in-plane rotational DoFs
for each coupling point. Is it worth to mention that, since the FE model contains 41 nodes at
the interface, by considering the point discretisation the interface problem size is reduced by
a factor of about 10.
4.1.2

Results

To apply the inverse approach presented in this paper, the matrices of coupled velocities V
and forces F should be created. The source subsystem is then coupled with the receiver
and excited with a single out of plane force in 24 arbitrarily chosen positions. Their random
position together with the asymmetric shape of the system plates are such to create a linearly
independent set of load cases, so that system (8.15) will be overdetermined by a factor of
2. For each load case, coupled velocities vc are calculated and stored as columns in the
matrix V . Attention is paid that none of the load cases is located in the source position S
or in its neighbourhood. The force matrix F is indirectly evaluated as described in Section
3.2.2. Mobility matrix Y1 and free velocities vf ree (see Eq. (8.7)) are obtained through direct
calculation on the disconnected source subsystem. For each load case, free velocities vf ree
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are calculated and stored as column in the matrix Vf ree . The matrix of coupled forces F can
be now evaluated according to equation (8.7).
Once the force and velocity matrices are obtained, the receiver impedance matrix Z2eq is
inversely evaluated by following the process described in Figure 8.2. Firstly, the impedance
matrix is evaluated by solving the constrained least-squares problem (8.15). The imposed
constraints are crucial in order to enforce a physical behaviour. Figure 8.4 presents some
impedance matrix elements obtained with the straightforward least-squares approach, that is,
without imposing constraints. The matrix turns out to be non-symmetric and negative real
parts occur in the diagonal entries. It means that the receiver subsystem is not reciprocal and

(a) Input impedance

(b) Cross transfer impedances

Figure 8.4: Input impedance for the 3rd DoF, i.e. the y-rotation of coupling point 1 (8.4(a))
and cross transfer impedances relating the 2nd and 9th DoFs, i.e. the x-rotation of coupling
point 1 and y-rotation of coupling point 3 (8.4(b)), when no constraints are imposed to the
least-squares problem.
passive as it should be. On contrary, the same elements of Z2eq evaluated with the methodology presented in Section 3 are presented in Figure 8.5 and show physical consistency. The

(a) Input impedance

(b) Cross transfer impedances

Figure 8.5: Input impedance for the 3rd DoF, i.e. the y-rotation of coupling point 1 (8.4(a))
and cross transfer impedances relating the 2nd and 9th DoFs, i.e. the x-rotation of coupling
point 1 and y-rotation of coupling point 3 (8.4(b)), when appropriate constraints are imposed
to the least-squares problem.
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physical consistency of the impedances comes from the three-step procedure described before. Two types of constraints are imposed during the first optimisation step which, however,
are not sufficient to ensure positive semi-definiteness to the real part of the impedance matrix <{Z2eq }. Figure 8.6 plots the 12 eigenvalues of <{Z2eq } obtained with the constrained
least-squares problem. It can be observed how some eigenvalues become negative for spe-
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Figure 8.6: Eigenvalues of the real part of the evaluated impedance matrix <{Z2eq } versus
frequency. A different color is assigned to each of the 12 eigenvalues.
cific frequency ranges even though the lest-square problem enforce the impedance matrix to
be symmetric with the real part of the diagonal elements non-negative. This proves that the
imposed constraints are necessary, though not sufficient, to enforce positive semi-definiteness
to <{Z2eq }. However, they lead to a matrix which is close to be positive semi-definite in the
whole frequency range considered. Indeed, as it can be noticed in Figure 8.6, up to this frequency the negative eigenvalues are small compared to the largest at any particular frequency,
meaning that they carry less relevant information with respect to the latter. By neglecting
them with the conditioning filter described in Section 3.6, the elements of the impedance
matrix do not change substantially. After the application of the conditioning filter, the new
impedance matrix does not represent the least-squares solution for the optimization problem
(8.15) any more. To ensure that at the end of the process the best solution which fulfils
the physical requirements is taken, the second optimization step described in Section 3.7 is
carried out. The physically consistent equivalent impedance matrix is finally used in the coupling procedure described in Section 3.9. Firstly, the coupling forces fc are evaluated by
applying the superposition principle. The coupling forces, together with the receiver transfer functions, allow the evaluation of the out-of-plane velocity at a generic point on the first
and second plate. These are compared with a reference solution, obtained by considering the
fully coupled system. As shown in Figure 8.7, the proposed approach to indirectly evaluate a physically consistent impedance matrix leads to a good reconstruction of the dynamic
behaviour of the coupled system. The results fit well in the whole frequency range. It has
been shown in [22] that this methodology brings to a good reconstruction up to a frequency
where the beam’s wavelength doubles the distance between two consecutive coupling points
(for this system it would be flim = 5400 Hz). Above this frequency, the chosen number of
coupling points is not sufficient to properly describe the dynamic phenomena occurring at
the interface. In other words, the number of discretised forces and velocities are not enough
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(b) out-of-plane velocity at R2

Figure 8.7: Out-of-plane velocity of a point located on the source (8.7(a)) and receiver
(8.7(b)) subsystem. The reconstruction evaluated with the substructuring approach is compared with the reference, evaluated using the fully coupled system.
to build a physically consistent equivalent impedance matrix that correctly approximates the
dynamics of the receiver subsystem when coupled via a continuous interface.
4.1.3

Coupling of incompatible interfaces

In the previous section, the accuracy of the proposed methodology has been tested by analysing
the dynamic behaviour of the coupled system. The same coupled system has however been
used for the evaluation of the equivalent impedance matrix. In order to strengthen the validation of the proposed methodology and extend it to other applications, the point-coupling
technique is tested also for a case where the substructures are sharing a mismatching interface
and have different position of coupling points. For instances, a new structure where the dimensions of the receiver subsystem are scaled 2.5% up can be considered, as shown in Figure
8.8. This represents a case scenario that can be easily found in industry when a device is made
of several interchangeable parts. In order to customise a product, a component with different
variants (different shapes, sizes, etc.) is usually attached to a permanent frame. In the automotive industry an example is represented by the numerous car models that are sharing the
same floor using the so-called platform strategy. It happens then that a future car body with
slightly different size needs to be adapted to an existing platform. If we can couple the latter
with the future car body without enforcing continuity along the whole interface, preliminary
studies can be carried out. The floorpan will be subject to small modifications in order to fit
the new bigger upper body; however, if the original floorpan has been optimized in advance
for this possible case scenario, critical NVH behaviours can be avoided.
The new receiver subsystem is again evaluated via an inverse approach. A new set of coupling points is used, of which position is projected on the 2nd plate’s edge and indicated with
the blue circles in Figure 8.8. The red spots, instead, identify the position of the coupling
points previously used to characterize the source. Hence, source and receiver subsystems
have an incompatible interface and a different position of coupling points. By repeating the
coupling procedure adopted before, the out-of-plane velocity at the receiving location R1 and
R2 is calculated. Figure 8.9 compares the results given by the point-coupling technique with
a reference solution, obtained through the analysis of the fully coupled system where both
source and receiver are scaled 2.5% up, in order to have a matching interface. A good veloc-
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Figure 8.8: Beam-plate system with a larger receiver substructure. The two subsystems share
an incompatible interface and are coupled via incompatible coupling points.

(a) out-of-plane velocity at R1

(b) out-of-plane velocity at R2

Figure 8.9: Out-of-plane velocity of a point located on the source (8.9(a)) and receiver
(8.9(b)) subsystem in case of an incompatible interface: the point-coupling reconstruction
(blue line) is compared to a reference solution (red line), obtained with the fully coupled
system.
ity prediction is shown, demonstrating that this substructuring technique allows the coupling
of two subsystems even when they are characterised at interface points located in different
positions. This feature brings an added value to the method as compared with the superelements approach [35], since the latter divides a FE model in more components and condenses
their behaviour into interface nodes that must be coincident.
4.2
4.2.1

Industrial vehicle model
Introduction

The proposed methodology to couple substructuring along a line is now applied to an industrial case. Aim of this section is to show how the point-coupling method can be implemented
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in a more general scheme which aims to optimise the NVH behaviour of a vehicle. In particular, the attention is focused on the car’s floor, which is “attached” to the upper body
structuring along a continuous interface.
Among all the different components making up a vehicle, the floorpan takes on particular
importance given its remarkably influence on the NVH behaviour of the full Body in White
(BIW). Moreover, with the introduction of Hybrid Electric Vehicles (HEV) and full Electric
Vehicles (EV), the car floor has to meet new needs for safety during crash both to prevent an
electric short-circuit caused by high voltage components and to increase energy absorption
because of the increased mass of the battery. All these factors make the design and production process of a floorpan costly and time demanding. The importance and complexity of
this component are highlighted by the fact that, together with other underbody parts such
as axels and suspensions, it defines the so-called car platform, which has been used by automakers to assemble different car models of the same segment on it since the 1960s. One of
the main targets is to reduce and standardise platforms in order to gain efficiency in design
and development processes, and greater economies of scale in production and sourcing [36].
The development of this strategy over the years has led to the concept of modular platform
[37], which allows the assembly on the same platform not only of several models from the
same segment (as with classic standard platforms) but also of different models from different segments (different sizes). This new approach introduces new challenges for the NVH
engineers, who have to design new car floors taking into consideration that they influence
the noise efficiency of a relatively high number of different vehicles. This section presents a
procedure which allows the design optimization of the floorpan for a wide range of vehicle
designs. The car floor model is isolated from the rest and its influence on the overall interior
noise is predicted by coupling it with the different vehicle’s upper body structures that will
be mounted on it.
4.2.2

System description

Consider the unibody construction shown in Figure 8.10 [38]. This is one of the most common forms of a vehicle frame, where car body, floorpan and chassis are welded and glued
together to form an integral single structure [39]. The floor is connected at the sides with

Figure 8.10: Unibody construction. Retrieved from [38].
the upper body through the rocker and quarter panels, which are metal sheets bended in a
particular shape in order to form a beam-like structure with high stiffness and relatively low
weight. Since the rocker panels are much stiffer than the connected structures, they are chosen as interface between the floor and upper body. For the sake of simplicity, the whole
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car body structure can be seen as a combination and assembly of several plates and beams,
as shown in Figure 8.11. The beams of the floor structure represent the rocker and quarter
panels together with the front and rear supports. Similarly, the upper body is schematically
modelled as a series of beams which represent the pillars and connect the panels at the sides
with the roof panel. An excitation coming for instance from the powertrain or suspension
system is transmitted through the floor structure and causes a vibration of the plates on the
top structure which then, together with the floor, produce interior and pass-by noise. By re-

Figure 8.11: Simplified car–box system
stricting our analysis to the low frequency range, i.e. where the structure borne noise has
a dominant influence on the overall sound pressure level, the hypothesis that these stiff interface beams exhibit a long wavelength behaviour applies. Hence, the beams’ velocity and
force fields can be approximated by a few points (coupling points) in correspondence with
key positions as for instance the junction of the same beams with the pillars. This point discretisation makes it possible to condense the dynamics of the upper body structure to a small
amount of DoFs. Moreover, it releases the requirement of spatial continuity between the two
subsystems, enabling the coupling of the same floor with different upper body structures of
different segments, having also different FE meshes and locations of the coupling points.
4.2.3

Noise radiation analysis

Consider a floor excited with the operational loads coming for instance from the wheel suspensions or engine mounts. The upper body, on the contrary, is a passive system. Hence, it
influences the dynamic behaviour of the floor without being directly excited by any external
load. The NVH behaviour of the floor is then optimized by conducting the subsequent steps:
1. Characterisation of all the considered upper body structures. For each of them, two
quantities are evaluated:
(a) structural transfer functions, evaluated by successively exciting a single coupling
DoF with a unitary force and measuring the sound pressure at the receiving (driver
or passengers) position;
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(b) structural impedance matrix, which is obtained by using force and velocity values
at the coupling points. In order to include the boundary effects of the interface
beams, which exhibit a long-wavelength behaviour but are part of the floor subsystem, an inverse approach is adopted. It intends to identify one subsystem
based on the knowledge of the full coupled system, similarly as done in [24].
Hence, the floor containing the interface beams is attached to the upper body and
is excited with several load cases, so that a linearly-independent set of forces and
velocities at the coupling points is obtained. Using these values, the impedance
matrix is calculated in a least-square sense. During this step, particular attention is paid that the identified subsystem does not violate fundamental physical
properties of linear structural dynamic systems such as passivity and reciprocity.
A detailed description of the procedure is given in [22]. Under the hypothesis
of weak coupling, the fluid loading effect on the floor structure is considered
negligible. However, it can be included by firstly defining an interface between
floor and upper body cavity and subsequently adopting a Patch Transfer Function
(PTF) approach, similarly as done for instance in [40]. In this case, upper body’s
acoustical transfer functions and acoustical impedance matrix must be evaluated
in this step as well.
2. Characterization of the floor, i.e. evaluation of:
(a) structural mobility matrix, performed by successively exciting a single coupling
DoF with a unitary force and measuring the velocity at the remaining coupling
DoFs, being unloaded;
(b) free velocity, i.e. the velocity of the coupling DoFs when a zero force is applied
on them and the subsystem is excited with the operational loads;
3. Coupling of the floor with the upper body structures via the superposition principle and calculation of velocities and forces at the coupling DoFs, so called coupled
forces/velocities.
4. Calculation of the interior noise due to the vibration of the upper body, done by multiplying the coupled forces with the upper body’s structural transfer functions evaluated
at step 1;
5. Calculation of the interior noise due to the floor radiation, done by measuring the pressure at the receiving position when the floor is excited with both coupled forces at the
coupling points and operational loads;
6. Calculation of the total interior noise, done by summing the sound pressures evaluated
at step 4-5.
After the last step is performed, the floorpan is modified and the procedure repeated starting
from step 2, so that the influence of a new floor on the interior noise is evaluated and compared
with the prior configuration. It must be highlighted that the first step, which requires more
time and effort, is performed just once at the beginning, while the analytical operations from
step 3 until step 6 require very low computational effort.
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Conclusions

A novel substructuring approach has been presented, which allows the coupling between substructures by considering a small number of points located at the interface. A special attention
has been paid to the physical consistency of the characterised subsystems. Indeed, the use
of a small set of coupling points to approximate the dynamic behaviour of the continuous
interface leads to a violation of fundamental properties of linear structural dynamic systems.
The physically consistent characterisation consists then of three steps. Firstly, a reduced
impedance matrix of the receiver subsystem is evaluated by solving a least-square problem.
Constraints of symmetry and real semipositiveness of the diagonal entries are here introduced. Since they represent necessary but not sufficient conditions for passivity, the small
negative eigenvalues of the impedance matrix’s real part are filtered out in a second step.
This ensures positive realness of the impedance matrix and, therefore, passivity. Finally, a
second least-square problem is carried out in order to obtain a solution which, besides being
physically consistent, represents the best fit of the coupled system data taken as input.
The method, numerically validated on a beam-plate system, provides important benefits
as compared to the conventional techniques:
• it drastically reduces the number of DoFs involved in the coupling problem and is, then,
computationally efficient;
• it would require few measurements only at the coupling points in case of experimental
characterization of the receiving subsystem;
• it allows a coupling between substructures having mismatching interfaces.
Given the possibility to assemble components having incompatible FE meshes, this coupling
procedure can be employed during the early stage design process of a car platform. Hence, a
methodology which allows to optimize the NVH behaviour of a floorpan for a wide range of
different configurations has been presented. This will efficiently support car manufacturers
in cutting down the design costs and boosting the degree of diversification of the car market,
which is nowadays increasingly oriented towards electric and autonomous vehicles.
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Virtual Pass-by noise synthesis
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1

Executive Summary

This chapter deals with the development of the time-domain pass-by noise sound synthesis
from propagation models and measured transfer functions between source(s) and far-field microphones to achieve accurate sound pressure level estimations and realistic audio rendering.
2

Introduction

Pass-by noise (PBN) engineering is an essential procedure in the development process of
vehicles [1]. As a matter of fact, exterior PBN testing is an ISO standard homologation
procedure [2] performed on an ISO test track. The vehicle is tested in either accelerating
or at constant-speed conditions and the sound pressure level is recorded when it reaches a
pair of microphones along the sides of the track. However, prior to the actual homologation,
automotive companies and original equipment manufacturers (OEMs) need to ensure that the
vehicles’ target noise levels comply with the imposing regulations, since major changes in
the design are no longer possible at the end of the development.
The indoor PBN test is an alternative to the exterior PBN test [3]. The vehicle is placed
on a roller bench in a semi-anechoic chamber. The target microphones are arranged as a
linear array in the far-field. The procedure consists in obtaining the transfer functions using
a Transfer-Path Analysis (TPA) technique and then identifying and separating the airborne
noise sources from each component using the Acoustic Source Quantification (ASQ) technique. The sources are assumed airborne, radiating outwards from e.g. the powertrain, the
tailpipe, front and rear tyres. The set of noise transfer functions (NTFs) between each source
and target microphones represents changes in propagation distance, directivity and angle of
incidence. By assuming that the noise-producing components can be represented as a set of
monopole sources, the operational acoustic loads can be identified from independent component measurements by means of inverse techniques. Two types of ASQ are commonly employed, linear phase-based pressure inversion method and power-based energetic approach.
While the linear approach accounts for the phase information of the source, the energetic
approach assumes that all sources are uncorrelated.
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Currently, the indoor PBN test can be used as homologation for engine noise while the
tyre noise contribution still needs to be measured outdoors [3]. Nonetheless, the indoor PBN
test provides notable advantages. First, the indoor environment can be fully controllable and
therefore able to deliver consistent and repeatable results. Even though the number of sensor
required is considerably higher than the exterior PBN, the complexity of the measurement is
somewhat reduced because there is no need for wireless communication, light barriers, speed
radar, weather station and telemetry systems. Additionally, the ASQ technique allows for the
virtually replacement of components virtually, in the post-processing stages.
Besides the quantification of the sound pressure levels for homologation purposes, another possible analysis from the measured PBN is to listen to the microphone time-traces.
This provides a complementary tool for the subjective assessment of the vehicle’s sound output. In many cases, the noise level curves do not provide the full picture of the annoyance
and harshness of the sounds present in vehicles. The concept of auralization — synthesis of
audible sound from simulated or measured data [4] — in early stages of the vehicle development is a versatile alternative for in situ sound recordings because it allows the auralization of
different driving conditions with different components in early design stages. Since the microphones are positioned at fix points, additional processing is required to obtain the indoor
PBN time signal virtually, which is an equivalent to the time signal obtained in the exterior
PBN. The virtual PBN synthesis can provide useful insight for OEMs and city planners, particularly with the surge in popularity of electric vehicles and the acoustic vehicle alerting
system (AVAS).
The challenge therein is the correct mixing of the static far-field microphone signals in
order to recreate the moving vehicle. Even with the appropriate windowing and overlap-andadd approaches, the resulting indoor PBN audio signal does not provide satisfactory results,
as clicks and sound modulations are present in the synthesised audio signal [5]. A poor
synthesis reconstruction can drastically affect any perceptual cues from the audio and affects
the sound quality assessments.
This chapter deals with the development of techniques to obtain accurate and realistic
PBN sound synthesis. Section 3 deals with sound pressure from a moving source obtained
from the exact solution of the wave equation. Section 4 features the time-varying IIR filter
implementation. Lastly, Section 5 shows two processing that can extended and improve the
time-varying filter sound synthesis.
3

Arbitrarily moving source above frequency-dependent sound-absorbing ground

Although simplistic in nature, monopole sources are an acceptable way of representing a
source in the far-field. Acoustic moving monopole sources for propagation analysis have
been introduced in the 1970s [6] where special relativity was used to reduce the problem to a
non-moving source noting that the Doppler phenomena does not occur in the Lorentz space.
Such approach, however, does not easily allow the extension to arbitrary motion because of
complexities in the transformation of an accelerated frame.
In the case of moving sources above a sound-absorbing ground, developments have been
made to include the time-domain effect of a locally-reacting impedance on the pressure field
solution, either considering frequency-independent [7] or frequency-dependent impedance
[8]. In both cases, acoustic radiation of constant subsonic speed is considered. In parallel, developments of the non-uniform monopole moving source have been made, either with
reflection [9] and without reflection considerations [10].
The goal of this section is to extend the moving source problem by solving the exact prob-
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lem of the radiated wave for an arbitrary moving source trajectory, considering frequencydependent spherical reflection on locally-reacting ground. The exact solution of the pressure
field is computationally intense to solve since the solution of each propagation time delay has
to be obtained at each instant, which makes the method impractical for real-time applications.
In the proposed solution, an approximated propagation time delay using a Taylor expansion
is employed. The pressure field solution at the receiver can then be auralized and to demonstrate its application, an example case of a pass-by-noise PBN scenario is considered. Current approaches for PBN auralization involve computing the multiple source-receiver transfer
functions either numerically [11] or by measuring it with a far-field microphone array.

3.1

Moving source in an unbounded domain

The propagation model has three main inputs: the geometry of the problem, the cinematic
conditions and the road model [12].
The moving source position is given by rs (t) = (xs (t), ys (t), zs (t)) ∈ R3 with t ∈
R. The source position in time depends on the cinematic condition given by the velocity
v(t) and acceleration a(t). The stationary receiver position is specified by the coordinates
r = (x, y, z) ∈ R3 . The ground reflection coefficient Q(ω, θ), a function of the incidence
angle θ, is considered as an extra radiated pressure term that interacts with the surface and
gets attenuated. The ground surface is characterised by its frequency-dependent impedance
model Z(ω).
The propagation model for a moving source is obtained by the transient Green’s function
which is the causal solution of the differential equation


1 ∂2
∇ − 2 2
c ∂t
2


g(r|rs (te ), t) = −δ(r − rs (t), t),

(9.1)

where δ(r − rs (t), t) is the 4D Dirac distribution at {r = rs (t), t = 0} and the transient
Green’s function is given by

g(r|rs (t), t) =


δ t−

||r−rs (t)||
c

4π||r − rs (t)||


.

(9.2)

It follows that the potential velocity can be obtained by means of a time convolution
operation [13]
ϕ(r, t) =

s(t − τ )

,
4π||r − rs (t − τ )|| − 1c v(t − τ ) · (r − rs (t − τ ))

(9.3)

where s(t − τ ) is the source amplitude at a instant delayed by τ seconds which is given by
τ (r, t) =

||r − rs (t − τ )||
.
c

(9.4)

Taking the derivative with respect to time (following the notation {˙} for time derivative),
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we retrieve the pressure field




1 
ṡ(t − τ )R(t)
p(r, t) =

2
4π 
1


R(t)
−
v(t
−
τ
)
·
R(t)

c

+

s(t − τ )R(t)



3
1
R(t) − v(t − τ ) · R(t)
c

v(t − τ ) · R(t) a(t − τ ) · R(t)
+
+
R(t)
c





2 
[v(t − τ )]
c





(9.5)

where the shorthand notation R(t) = r − rs (t − τ ) with R = ||R|| is employed. Note that
except for a sign difference on the last term, Eq. (9.5) is the one obtained in Ref. [10].
For a constant velocity, assuming the source is moving along x-axis, the source position
is given by rs (t) = (x0 + vx t, 0, 0), with x0 initial position and constant source velocity vx .
Eq. (9.5) reduces to the classical Doppler Weyl-Van der Pol equation [14]


ṡ(t − τ )R(t)
s(t − τ )R(t)v(cos ϑ + Mx )
1
+
p(r, t) =
,
(9.6)
4π [R(t)(1 − Mx cos ϑ)]2
[R(t)(1 − Mx cos ϑ)]3
where ϑ is the angle between the velocity vector v and the source-receiver distance vector R.
For the special case of constant velocity, an analytical expression for the time propagation
delay can be obtained as
p
Mx (x − vx t) + (x − vx t)2 + (y 2 + z 2 )(1 − Mx2 )
.
(9.7)
τ=
c(1 − Mx2 )
3.2

Approximation of the propagation time delay

Solving the nonlinear quadratic Eq. (9.5) for every time instant is impractical for real-time
applications. An alternative is to find an approximate solution using an iterative scheme [15].
Consider the first order Taylor expansion of the propagation time delay
τ (r, t + dt) ≈ τ (r, t) + dtτ̇ ,

(9.8)

where its temporal derivative is given by
τ̇ (r, t) = −

v(t − τ ) · [r − rs (t − τ )]
,
c||r − rs (t − τ )||

(9.9)

simplifying the notation τ (r, ti ) = τi without loss of generality. The iterative scheme becomes
τi = τi−1 + τ̇i−1 dt,
(9.10)
where dt is the sample frequency and the propagation time delay τ̇i−1 from previous iteration
is given by
v(ti−1 − τi−1 ) · [r − rs (ti−1 − τi−1 )]
τ̇i−1 = −
.
(9.11)
c||r − rs (ti−1 − τi−1 )||
The initial propagation time delay τ0 is assumed to be the analytical expression obtained
for constant velocity in Eq. (9.7).

,

Virtual Pass-by noise synthesis
3.3

231

Solution for a bounded domain

Equation (9.5) describes the pressure field of a moving source for an unbounded domain. To
account for the reflection on the ground, we utilise the geometrical image source approach.
Therefore, the total pressure field in time is the superposition of the direct pressure field and
the reflected pressure field which is attenuated by a convolution with the spherical ground
reflection operator [16]
ptotal (r, t) = p(r, t) + q(t) ∗ p̃(r, t),

(9.12)

where q(t) = F−1 {Q(ω̃)} is the inverse Fourier transform of the spherical wave reflection
operator in frequency domain and p̃(r, t) ≡ p([r|r̃s (t − τ̃ )], t) is calculated considering the
virtual source r̃s (t − τ̃ ) at each delayed instant time τ̃ . The image source’s propagation time
delay is not the same as the original source due the difference in distance travelled by the
direct and reflected pressure waves.
The spherical wave
√reflection formulation is given by Q(ω̃) = Rp (ω̃) + [1 − Rp (ω̃)]F (ε̃)
where F (ε) = 1 + j π ε̃ exp(−ε̃2 )erfc(−j ε̃) is the boundary loss factor, ε̃ = ε(ω̃) is the
complex numerical distance and ω̃ is the Doppler-corrected circular frequency and Rp the
plane wave reflection given by [17]
Rp (θ̃; ω̃) =

Z(ω̃) sin θ̃ − χ(ω̃)
.
Z(ω̃) sin θ̃ + χ(ω̃)

(9.13)

The ground model chosen for this analysis is the Hamet model which is a three-parameter
phenomenological model commonly used to characterise road pavements [18]. The model is
described in frequency domain by its equivalent density and bulk modulus as follows
ρK 
ωµ 
1−j
,
φ
ω
ρc2
1
K̃eq (ω) =
,
φ 1 − (1 − 1/γ)/(1 − jωθ /ω)
ρ̃eq (ω) =

(9.14)
(9.15)

with
ωθ =

σ
,
ρP r

ωµ =

σφ
,
ρK

(9.16)

where ρ is the air density, P r = 0.71 is the Prandtl number for air at room temperature and
γ = 1.4 is the air heat capacity ratio. The ground parameters are the porosity φ, the shape
factor (or structure factor) K and the flow resistivity σ.
The simple transformation to time-domain can cause stability issues and of the system,
hence, certain conditions must be verified. Dragna et. al [19] investigated the admissibility of
rigidly backed layers surface impedance of the square-root family models such as the Hamet
model where they showed the physical admissibility of such model for time-domain transformation. One can obtain the characteristic ground impedance and ground wave number as
follows
q
q
Zeq = ρ̃eq K̃eq ,
k = ω ρ̃eq /K̃eq .
(9.17)
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3.4

Example for a monochromatic source

Here, a point source moving according to a standard pass-by noise test is simulated. The
receiver is located at the fixed position r = (xmid , 7.5, 1.2) m, where the x-axis coordinate
depends on the cinematic conditions of the problem. The source is moving in a straight path
with constant or accelerating speed rs (t) = [vx t + (1/2)ax t2 , 0.0, 0.5] m, where ax is the
acceleration in the x-axis. The source emits a signal with harmonic frequencies 200 Hz if not
stated otherwise. The sample rate and sample time are 8192 Hz and 3 s, respectively.
Figure 9.1 shows a spectrogram comparison of the cinematic scenarios using the proposed
approach.
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Figure 9.1: Spectrogram of (left) stationary source rs = (0, 7.5, 0.5) m, (center) moving
source rs = (vt, 7.5, 0.5) m with constant velocity vx = 14 m ·s−1 and (right) moving
source rs = (at2 , 7.5, 0.5) m accelerating with ax = 10 m ·s−2 . Considering receiver at
r = (30, 0.0, 1.2) m, harmonic signal f = 200 Hz, sample rate of 20 kHz and sample time
of 3 s.

The Doppler shift can be noticed in both cases of moving source, whereas there is no shift
in the motionless case. The sound pressure level is constant in the stationary source case. In
both moving source cases, the sound pressure level is higher at the point where the source is
closer to the receiver. This position occurs at the time 1.5 s in the constant velocity case, and
at 2 s in the accelerating case.
Although the simplified source model enables the investigation of the influence of ground
reflections to the auralization of a moving source [16], it does not fully represent a realistic
scenario of a vehicle which contains many sources and complex boundary conditions. Numerical tools such as the finite element method (FEM) and the boundary element method
(BEM) are more suitable to capture the complexity of the model. Frequency domain techniques are essentially solving the wave equation in a discretized domain. The pressure field
is a combination of the pressure emitted by the source in free-field and the integral term
associated with the boundary condition, often called the diffracted field and the HelmholtzKirchhoff integral. In a moving source problem, the simple conversion to time domain is not
straightforward because of the transient nature of the problem, in other words, the problem is
not linear time invariant (LTI). The strategy discussed in the next section shows a way to obtain moving source from a linear time-variant system using real measured transfer functions
but it can also be applied to transfer functions obtained from BEM and FEM simulations.
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Pass-by noise synthesis using IIR filters

In this section, the moving source signal is synthesized from an indoor PBN test. The test
can be divided in two sections. The first section involves measuring the broadband noise
transfer functions (NTF) from each source location to the target microphones. The second
section involves measuring each source time signal in operational conditions using the ASQ
technique [1]. The time-domain signals for each source are known as the component dry
signals, in other words, they represent the source without any added propagation effect.
Each target microphone captures the source under a specific propagation path, directivity
and angle of incidence. The set of NTFs, when synthesizing a moving source, can be represented as a time-varying filter. Because of the sparsity of the time-varying filter, the proposed
approach involves the interpolation over the full desired region, i.e. between microphone positions. The time-varying filter is convolved with the source dry signals by updating the filter
parameters accordingly with the specified dynamic scene.
The time-varying implementation can be performed with finite impulse response (FIR)
or infinite impulse response (IIR) filters by exploiting the phase properties of noise transfer
functions, since the transfer function can be represented by a cascade of minimum phase filters with pure delays. While the FIR filter representation requires a higher order to be able
to represent the NTF properly, in the case of a IIR filter, the number of coefficients, hence,
its order can be much smaller to achieve a similar fit. Because the indoor PBN measurement
involves multiple paths between sources and the far-field microphone array, the filter coefficient interpolation processing needs to be as efficient as possible, hence, the IIR filters are
chooses to compute the time-varying implementation. In this approach, however, additional
care should be taken to avoid that the filter suffers from instabilities.
The IIR filter design procedure is summarised in Figure 9.2. The procedure starts with
the decomposition of the NTFs into a minimum-phase and all-pass filter [20]. The minimum
phase magnitude is employed in the IIR filter design while the all-pass phase provides the
time delay information which can be used to implement the Doppler effect. The magnitude
of the minimum phase system is employed in the IIR filter design with two additional preprocessing steps, namely smoothing and warping. The IIR filters are implemented using the
desired dry signal. The final step consists in the addition of the Doppler effect by including
the all-pass filter excess phase into the output of the time-varying implementation. To avoid
undesirable artifacts, the time-varying implementation has to be performed on a sample by
sample level, in other words, the filter coefficients have to be updated at audio sample rates
[21]. The sample-by-sample dependence of the filter coefficients is obtained by means of interpolation between the nearest available IIR filters. In many cases, the problem has multiple
sources, hence, the procedure is repeated multiple times.
4.1

Pre-processing the measured noise transfer functions (NTF)

Two properties are exploited to reduce the computational cost of the sound synthesis while
maintaining the main audio cues [20]. The first property is the pole-zero filters, which states
that every stable filter can be decomposed into minimum phase and all-pass filters associated
in series. The second property is that all-pass filters can be approximated by pure delays.
This property is used to estimate the time delay from the sources to the target microphones.
The decomposition of the NTF is given by [20]
H(jω) = |Hmin (jω)Hap (jω)|ejφmin (jω) ejφap (jω) ,

(9.18)
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Figure 9.2: Pass-by noise synthesis diagram.
where φmin (jω) denotes the minimum phase, φap (jω) denotes the excess phase, |Hmin (jω)|
is the minimum phase magnitude and the |Hap (jω)| = 1 is the all-pass magnitude.
The phase and magnitude of a minimum phase system are uniquely related by the inverse
Hilbert transform φmin (jω) = H−1 {ln(−|Hmin (jω)|)}. Two additional operations, the
smoothing and warping are performed to improve the filter fitting at low frequencies. The
smoothing consists of a convolution of the NTF with a frequency-dependent Hann window.
The warping has the effect of resampling the NTF by replacing in the Z-domain the unit delay
z −1 by an all-pass filter
z −1 − λ
z −1 ,
,
(9.19)
1 − λz −1

where the λ is the warping coefficient which has the effect of oversampling the magnitude
spectrum at low frequency and undersampling it at high frequencies. Then, the IIR filter is
least-square fitted on the warped NTF magnitude employing the Yule-Walker algorithm [20].
Lastly, the resultant filter is de-warped in frequency domain.
4.2

Implementation of time-varying IIR filter coefficients

The IIR filter with time varying coefficients is implemented by solving the difference equation
described in Eq. (9.20), which is also known as direct-form I [22]. For a general, causal and
linear time invariant (LTI) difference equation, the output y(n) (pass-by response) at discrete
time n is computed from the present input x(n) (sources) and the past output samples as
y(n) =

M
X
i=0

bi (n)x(n − i) −

N
X
j=1

aj (n)y(n − j),

(9.20)

where M is the feedforward filter order and N is the feedback filter order. Note that the IIR
coefficients are changing at the source audio sample rate.
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The final step in the synthesis is the inclusion of the Doppler effect as a propagation time
delay, which can be inferred from the slope of the all-pass excess phase (refer to Figure 9.2).
Each source-microphone path is characterised by a propagation time delay. A single time
delay curve is obtained for the vehicle by averaging over all its source propagation time delay
curves. The averaged time delay curve is linearly interpolated at the audio sample rate level
before being applied to the time-varying implementation output.
4.3

Application to an automotive indoor PBN measurement

|H( )| [dB]

The PBN synthesis is applied to an automotive indoor PBN measurement example. An energetic ASQ approach was used to identify and separate the source contributions from each
component. In this example, six main components were identified and each one was characterised as consisting of a given number of sources. A linear array of microphones 7.5 m
away from the nominal vehicle central line is employed to record the target responses and the
propagated NTFs. The target microphones and near-field indicators near components were
measured synchronously at the audio sampling frequency during an operational test on the
chassis dyno.
A comparison of NTFs vs. IIR filters for a single source and two target microphone
positions is considered. This comparison is done to evaluate the ability of the IIR filter to
reproduce the sound pressure levels (SPL) of the NTF in a static scenario. Figure 9.3 shows
the frequency response function of the measured NTF and the estimated 16-th order IIR filter
for the two selected positions.
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Figure 9.3: Frequency response function of the measured NTF (solid black) and the estimated
16-th order IIR filter at two target microphone positions: position A (solid cyan) and position
B (solid green).
Figure 9.3 shows that the IIR filters capture the main trends of the NTFs. Improvements in
the fit can be achieved by increasing the filter order at the expense of instabilities and increase
in computational time. Figure 9.4 shows the SPL calculated reciprocally in the center of the
array from a moving source by applying a time-varying IIR filter. The SPL calculated at
two target microphone positions with both the NTF (FIR) and IIR filters are also shown for
reference.
It can be noticed that the SPL from the IIR filter at both fixed positions are in agreement
with the SPL from the NTFs. Moreover, the time-varying SPL value matches the respective
target microphone position at the instants where the car is at positions A and B.

236

H2020 Marie Curie ITN PBNv2 (GA 721615)

90

SPL [dB(A)]

80
B
70
A
60
IIR filter 1
IIR filter 2
time-varying IIR
NTF (FIR)

50
40
0

0.2

0.4

0.6

0.8

1

1.2

Time [s]

Figure 9.4: (Colour online) Equivalent SPL estimated at the center of the array from a moving
source, by applying a time-varying IIR compared to the SPL from IIR and NTF (FIR) filters
at two target microphone positions.

From an indoor PBN test, figure 9.5 shows the SPL derived with the help of the timevarying IIR filter of each component contribution, as well as the summed (total) contribution,
the measured overall level and the energetic TPA results from Simcenter Testlab as references.
The measured overall level (OAL) provides a reference value for the time-varying filter and
it is obtained by energetic superposition of the target microphone signals. Figure 9.5 demonstrates that the total TPA contribution derived from the IIR implementation, the measured
OAL and the energetic TPA result are in agreement with each other. At the component level,
the time-varying IIR matches with the energetic TPA, except for the central position of components 4 and 5. The proper match of SPL demonstrates the feasibility of using IIR filters for
PBN sound synthesis. Additionally, the time-varying IIR filter implementation yields, in a
computationally fast manner, the PBN time signals which allow for complementary listening
tests and sound quality assessment.
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Figure 9.5: (Colour online) SPL of time-varying IIR filter for each component contribution,
the total contribution, the measured overall level (OAL) and the energetic TPA from Simcenter Testlab (dotted line) at their respective component colour scheme.
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Additional processing
Sound transmission loss insulation filter

This section shows a filter design approach for the sound pressure transmitted through an insulation façade from moving sources excitation [23]. The technique presented here makes use
of filters designed from measured and analytical calculations and allows for the correlation
of the insulation material properties with the annoyance metrics perceived by a listener.
The quantitative assessment of the façade insulation performance is commonly done by
using the reduction index curve [24]. However, in many cases, the noise perception of the
listeners is not considered in the early design stages. The insulating filter can be obtained from
measurements of the reduction index in third-octave frequency bands following ISO 123543 [25] or from analytical formulations [26]. In previous work [27], a correlation between
material properties and perceived annoyance was observed for static sources.
Exterior airborne sound is transformed into structural waves incident onto a building
façade and radiated by the building structure into the building interior, until it reaches the
receiver.
In this formulation, a single solid thin façade freely suspended is investigated. The acoustic transmission τ (θ) is given by the ratio of the transmitted acoustic power to the acoustic
incident power. For a wave approaching at an angle θ with respect to the surface normal the
acoustic transmission is given by [28]
"
2 #−1

Zn cos θ
,
(9.21)
τ (θ) = 1 +
2ρ0 c0
where Zn is the façade impedance, and ρ0 and c0 are the density and sound speed in air
respectively. It is worth noting that the impedance of the façade being frequency-dependent
in general, the sound transmission is also a function of frequency. Commonly, the acoustic
transmission is written in decibel scale as
∆LT L (θ) = −10 log τ (θ),

(9.22)

this quantity is referred to as the sound transmission loss or reduction index R(θ) [24]. For
the normal incidence case, the cosine in Eq. (9.21) vanishes. For a diffuse incident field, the
acoustic transmission τd is obtained by integrating Eq. (9.21) over all angles of incidence up
to a limiting value θL as



θL

τ (θ) cos(θ) sin(θ)dθ
τd =

0



,

θL

(9.23)

cos(θ) sin(θ)dθ
0

the limiting angle θL depends on the façade size [28].
Three main façade properties govern the sound transmission: its mass, bending and stiffness. When the façade acts as a limp mass moving along its normal direction with no bending
or stiffness, the transmission loss depends only on the surface mass density of the façade. In
this case, the façade impedance follows the mass law and is given by Zm = jωρh, where j is
the imaginary unit, ω is the angular frequency, ρ is the mass density of the façade and h the
façade thickness.
For façades with a large thickness with respect to the desired wavelength, the bending and
shear propagation waves become relevant and need to be accounted in the formulation. By
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using electrical circuit analogy, these two mechanisms can be represented by two resistance in
parallel. Combining them with the mass impedance resistance in series, the total impedance
can be written as [28]
Zb Zs
,
(9.24)
Zn = Zm +
Zb + Zs
where the bending and shear impedance are giving by, respectively,
jω 3 (1 + jη)Eh3
sin4 θ,
12c40 (1 − ν 2 )
jω(1 + jη)Eh
sin2 θ,
Zs = −
2c20 (1 + ν)
Zb = −

(9.25)
(9.26)

where E is the Young’s modulus, ν the Poisson’s ratio and η the loss factor.
According to ISO 12354-3 [25], for an incident sound field, the apparent sound reduction
index is given by


nf
mf
X
X
τe,i +
R0 = −10 log
τf  ,
(9.27)
i=1

f =1

where τe,i is the sound power ratio of radiated sound power by element i due to direct transmission of incident sound on this element, τf is the sound power ratio for flanking transmission, nf is the number of façade elements and mf the number of flanking elements.
Here, the façade will be simplified as a single element with no flanking elements considered. The sound power ratio can then be expressed as
0

τ = 10−R /10 .

(9.28)

The filter is designed as an IIR implementation for both the measured data and the analytical formulation. Since the reduction index R does not contain phase information, the filter
response is specified only by the amplitude response. To guarantee causality of the filter, the
reduction index needs to be converted into a minimum-phase frequency response. Additionally, the measured reduction index requires extra pre-processing since it is given in octave
bands. The signal needs to be resampled to a uniform frequency grid by fitting cubic splines,
evaluated on the frequency grid.
The minimum-phase filter is obtained following the cepstral method [22]. The steps are:
• Interpolate the amplitude response samples from zero to half the sampling rate
• Denoting the real, sampled amplitude response by X(k), perform an inverse FFT of
the log(X) to obtain the real cepstrum of x, denoted by c(n)
• Fold the non-causal portion of c(n) onto its causal portion
• Perform a forward FFT, followed by exponentiation to obtain the minimum-phase frequency response Xm (k), where now xm (n) is causal, and kXm (k)k = X(k)
The discrete-time transfer function is designed with the invfreqz function in Matlab [29]
using the constructed minimum-phase frequency response. Finally the IIR filter is implemented using the direct-form II transposed implementation. The resulted filters designed
from the measured reduction index and analytical transmission loss are shown. Moreover,
the responses for the filtered noise source in its spectral form and sound pressure level are
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shown and compared. The source signal in this example comes from a motorcycle noise in
constant speed been driven by a slick chassis dyno in a semi-anechoic room. The source
sound comes predominantly from the engine and the exhaust.
Figure 9.6 shows the fitting of the 16-th order filter on the measured third-octave band
reduction index. The fitting can be observed to be good in all frequency range. At low
frequencies (bellow 300 Hz), the filter is slightly smoother than the measured reduction index
but this does not represent a significant variation in the filter performance.
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Figure 9.6: Measured reduction index (extracted from ISO 12354-1 [24]), interpolated curve
and the 16-th order filter for the concrete façade with h = 260 mm.
Figure 9.7 shows the filter obtained from the measured reduction index and analytical
transmission loss. In Fig.9.7(left), both the filters were constructed with a 16-th order filter,
whereas in the Fig.9.7(right), the measured filter was constructed with a 16-th order filter and
the analytical filter was constructed with a 8-th order filter. In this case, the filter order was
chosen to be lower because a higher order filter was over-estimating the magnitude of the
filter at low frequencies.
Both filters show a good match, specifically for frequencies higher than 200 Hz. For
frequencies close to the coincidence dip, the two filters deviate within a range of 2 dB. The
shift in the coincidence frequency dip can be traced back to the analytical model limitations.
However, it was noted that the response time signal does not change drastically by enforcing
a better fit between the curves or by utilising a higher order filter. Additional improvements
in the analytical formulation could improve the match between the two curves.
Figure 9.8 shows the spectrum of the pass-by noise source and the spectra of the responses
after filtering from the measured data-set for the two concrete façade thickness, 120 mm and
260 mm. It can be noticed that the filter produces a large attenuation in the high frequency
region. This effect can also be confirmed by the filter characteristic in Fig. 9.7 where the
higher transmission loss occurs in the high frequency region.
Figure 9.9 shows the sound pressure level (SPL) of the filtered pass-by noise source for
both measured and analytical filters. The SPL increases with time as the source is approaching the receiver. After the source passes the receiver, the sound pressure level does not decrease due to the source directivity located at the back of the motorcycle. The sound pressure
level reduction comparing to the exterior noise is approximately 30 dB for the concrete façade
with h = 120 mm and a reduction of around 40 dB for the h = 260 mm thickness. As expected, the attenuation for the large thickness façade is bigger (around 10 dB) than for the
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Figure 9.7: 16th order filter obtained from measured reduction index and 16-th order filter
obtained from analytical calculations of the diffuse field transmission loss for (left) h = 120
mm and (right) h = 260 mm.
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Figure 9.8: Spectra of the Pass-by noise source and the response after filtering from the
measured data-set for concrete façades with h = 120 mm and h = 260 mm.

thinner façade due to the additional mass.
Comparing the SPL from the filter using measured reduction index (grey curves) and the
filter using the analytical transmission loss (black curves) in Fig. 9.9, the analytical formulation filter shows a good agreement with the measured reduction index filter although there
is a overestimation of the SPL from analytical filtering within a range of 3 dB. Nonetheless,
from initial listening tests in the audio signal, this difference can barely be distinguishable.
5.2

Semi-circular array as an alternative to the standard line array

This section shows an alternative microphone array configuration to the standard linear array for indoor pass-by noise (PBN) measurement. In addition to sound level measurements,
the time-domain indoor PBN sound synthesis framework enables listening tests to be conducted for sound quality assessment, for instance in support of the expanding electric vehicle
market. However, the size of the room in which the interior PBN measurements are conducted constrains the aperture of the standard line array and thus restricts the time duration
of the synthesised audio trace. To address this limitation, a semi-circular microphone array
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Figure 9.9: X) Sound pressure level (SPL) (dash line) of the Pass-by noise source and (solid
lines) the response after filtering by the concrete façade with h = 120 mm and h = 260 mm,
(black line) represents the filtered signal by the analytical transmission loss and (grey line)
the SPL filtered by the measured reduction index.
configuration for indoor PBN is proposed [30].
To virtually move the microphone positions, the NTFs are modified before the filter design according to the expression
H(jω) = Gi |H(jω)|ejω(t+τi ) ,
with τi the time delay, and Gi the gain for the i-th microphone, given by
p
R2 + x2i − R
τi =
,
c
1
Gi = p
,
R2 + x2i − R

(9.29)

(9.30)
(9.31)

where R is the radius from the central point of the source to the microphones, c the speed of
sound in air and xi is the horizontal distance from the origin of the coordinate system to the
microphone location.
5.2.1

Measurement setup

This section describes the measurement setup performed in an anechoic room with dimensions 7.33 m × 7.33 m × 5.50 m. The microphone array is placed at one side of the room
at a 1 m distance from the room edges as shown in Fig. 9.10. The source employed is the
Simcenter Mid-High-frequency volume velocity source (Q-MHF) placed at a distance of 4 m
from the central microphone in the array. A total of 14 1/4” ICP microphones are used in the
measurement with microphone 1 attached to the source as reference. Microphones 2 to 14
are arranged in three distinct configurations in which the central microphone is maintained at
a fixed position, as shown in Fig. 9.11.
The three configurations are: (a) a linear array with regular spacing, (b) a semi-circular
array equivalent to the linear array positions and (c) a semi-circular array with regular spacing. The semi-circular array with regular spacing combines three configurations to cover the
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Figure 9.10: Side view of the microphone array setup in the anechoic chamber in a linear
(left side figure) and semi-circular configuration (right side figure) supported by microphone
stands. The monopolar Q-source is positioned at a 1 m height and 4 m away from the central
microphone.

maximum allowed region indicated by the red line in Fig. 9.11(c). To achieve this, the source
is rotated three times, each position covering a range of 60o degrees. Hence, the semi-circular
array cumulates 37 microphones with an angular increment of 5o . To obtain the NTFs, the
source is excited with a white noise broadband signal up to 10kHz. It can be noted that the
energy content is well distributed throughout the frequency range of interest with a slight
decrease between 100 and 300 Hz in all three configurations.

(a)

(b)

(c)

Figure 9.11: Geometry of 2st linear array setup, (a) is the linear array, (b) the semi-circular
array equivalent to the linear array and (c) is the semi-circular array with constant spacing.
Units in m.

5.2.2

Validation of the reconstruction of a standard line array measurement

The goal here is to obtain the virtually moved microphone from the semi-circular array that
is equivalent to the original linear array. In order to virtually move the microphones, delays
and attenuation are applied to the semi-circular array by taking into account the geometry
of the setup. The source in operational condition is monopolar and harmonically excited at
1 kHz. Figure 9.12 shows the sound pressure level (SPL) of the linear, semi-circular and
the projected linear array derived from the semi-circular one, referred to as the ’virtually
positioned array’.
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Figure 9.12: Sound pressure level of the linear, semi-circular and the virtually positioned
array (semi-circular microphones positions projected onto the linear array positions).

The linear array shows a curvature indicating that the distance of the microphones at the
extremities are further away than the central microphones. The circular array shows a linear
aspect because the microphone distance to the source remains constant. It can be seen from
Fig. 9.12 that the virtual positioned microphones are matching the linear array configuration
with a difference of less than 0.3 dB.
5.2.3

Extended spatial range of pass-by using a semi-circular array with large aperture

This section attempts to extend the range of the pass-by beyond the limited coverage of the
original linear array by virtually moving the microphones. To extend the range of the linear
array, the measurements of the semi-circular array used 17 equally-spaced microphones in
total. The microphones are virtually moved into a linear configuration and the filter design
and implementation is repeated.
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Figure 9.13: Sound pressure level of the linear, semi-circular configuration 2 with extended
range.
Figure 9.13 shows the sound pressure level using the virtually extended array. It can
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be noticed that the semi-circular array matches the linear array with a good accuracy. The
decrease of the sound pressure level past the linear array range is consistent with the wider
coverage in positions induced by the aperture of the semi-circular array. Finally, another
benefit of the semi-circular configuration is that the considerable increase of the virtual passby distance, from 4 m to 6 m, results in a longer signal duration for audio synthesis.
6

Conclusions

A set of analytical, experimental and numerical tools for indoor assessment and synthesis of
pass-by noise was presented.
First, a formulation for the sound synthesis of pass-by noise from a simple monopole
source and a indoor PBN test campaign was derived. The arbitrary moving source considering
frequency-dependent spherical reflection on locally reacting ground can be used to asses the
effect of different ground properties in a PBN scenario. The synthesis technique for measured
NTF relies in the design of IIR filters. The approach was shown to match the SPL from
Simcenter Testlab TPA while additionally providing the synthesised pass-by noise audio.
The sound insulation filtering using measured and model-based façades applied on a moving source excitation was proposed. Results for the filters designed with both measured reduction index and analytical transmission loss were shown. Both filtering strategies reproduce
the reduction in the sound level, as expected. The comparison between the filters was also
made. The filter from the analytical transmission loss appeared to overestimate within a range
of 3 dB with respect to the filter using measured reduction index.
Additionally, a measurement campaign was done to investigate a semi-circular array configuration with application in the indoor PBN sound synthesis framework, as an alternative to
the standard linear array. The main goal is to increase the spatial coverage and audio length
duration of the indoor PBN in the post-processing phase by increasing the number of microphones radially, hence, addressing the physical size limitation of the room. The experimental
validation consisted in a simplified source propagation problem with a harmonic monopolar source and far-field microphones placed in an anechoic chamber. In order to validate
the post-processing technique, two configurations were compared, the linear array and the
semi-circular array with equivalent microphone positions. The microphones were virtually
projected from the semi-circular array to the linear array positions. From this operation, it can
be shown that the standard SPL from a linear array processing can be successfully retrieved
with a difference of less than 0.3 dB. We can conclude that the semi-circular array can be
an alternative to the linear array for indoor pass-by noise in smaller rooms without losing
accuracy in the sound pressure level. Moreover, the proposed approach yields an increased
audio duration in the synthesis, which can benefit the audio assessment and listening tests.
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Hybrid Pass-By noise engineering
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Executive Summary

This work is framed in the context of Classical Transfer Path Analysis (TPA). This is a wellestablished technique that successfully identifies the transmission paths of noise and vibration
from different excitation sources in an assembly to the target response. Classical TPA identifies the contact forces exerted between the source and the receiver. These loads depend on
both the source and the receiver dynamic behaviours, and therefore the loads will change for
different receivers.
The automotive industry is aiming at shorter development cycles and increased vehicle
variants. In this regard, the trend to reuse the same components on all vehicle variants and
the limited availability of prototypes have encouraged the development and validation of techniques that enable the characterization of the source and the prediction of its contribution to
different receivers. Component-based TPA appears as a more advanced technique that allows for the characterization of the source independently from the receiver and the behaviour
prediction of the assembly when the source is coupled to any receiver. The methodology
can combine experimental and numerical source and receiver characterizations, becoming a
hybrid approach.
Although component-based TPA is well-known in the literature and has been extensively
validated using numerical models, its industrial implementation and adoption is not yet fully
achieved due to the numerous practical challenges that limit its applicability. The goal of the
different tasks performed during this research is precisely to provide an experimental validation of the methodology, bringing the technology to the industry, highlighting its strengths
and weaknesses, and providing solutions to the challenges that might affect its practical application.
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Introduction to Component-Based TPA

As opposed to Classical TPA [1][2], in the component-based TPA approach, the operating
source is independently characterized [3] by a set of equivalent loads, namely pseudoforces
or blocked forces [4][5]. These loads represent a source coupled through a concrete set of
DOFs on a certain operating condition. If the source is coupled to a different receiver, the
equivalent loads will be the same, therefore they are invariant. This transferability of the
equivalent loads allows them to be calculated for the source coupled to any receiver, using an
in-situ approach [6]. Component-based TPA has been experimentally validated in academic
[7][8] and several industrial applications, especially automotive, such as the steering system
[9][10][11][12], rear axle differential [13], road noise [14][15] or wiper system [16][17].
The equivalent loads can be later used to predict the behaviour of a receiver to which the
source is coupled. The prediction is performed by propagating the equivalent loads through
the frequency response functions (FRFs) of the coupled system. The coupled system FRFs
can be measured directly on the full assembly or calculated from the source and receiver
FRFs by using FBS [18].
FBS (Frequency Based Substructuring) is a dynamic substructuring method formulated
by Jetmundsen et al. [19], directly applied to FRFs, which makes it valuable in the experimental field. It allows one to obtain the full system FRFs from the uncoupled substructures
FRFs, that can be measured or numerically obtained.
One of the experimental difficulties of FBS is the requirement of the FRFs of the connection DOFs. The difficulty can arise for different reasons, such as a continuous interface (for
which a discretization would be needed to make the approach practical) or a lack of accessibility of the connection DOFs (for which indirect measurements could be performed). In
any case, for the methodology to be successfully applied the interface should be completely
characterize for both, source characterization and substructuring application [20].
In some cases, the connections between source and receiver are not rigid but there is a
mount in between, which poses additional challenges. In these cases, it can be especially
valuable to characterize the mount independently as a dynamic stiffness, instead of including
it within one of the substructures. This allows for sensitivity and what if analyses of the full
system behaviour.
2.1

Source Characterization

One of the main strengths of component-based TPA is the source characterization. Contact forces are not a suitable solution as they depend not only on the source but also on the
receiver [21]. Unlike classical TPA, component-based TPA characterizes the source independently from the receiver, and therefore it allows for its transferability. For this purpose, it
is necessary to obtain a set of quantities that, by themselves, fully describe the source for a
given operational condition and a concrete set of coupling DOFs.
The main assumption is that the internal mechanism of the source, for a certain operational condition, will generate a set of internal forces, Fi , that are invariant and do not
depend on the receiver structure (Fig. 10.1). If that holds true, these internal forces would be
theoretically suitable as an independent characterization of the source.
However, in most cases, these internal forces are very difficult or infeasible to measure
accurately, and for this purpose the concept of pseudo-forces is introduced [4]. Those are
a set of forces (as many as connection DOFs) that when applied at predefined DOFs in the
source, will generate the same behaviour at the connections as the internal forces acting alone.
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Figure 10.1: Source (in operation) and receiver model.
Blocked forces are a particular case of pseudo-forces, in which they are applied directly at
the connection DOFs (eq. (10.1)).
ac = YciSR Fi = YccSR Fbl

(10.1)

where Fbl is the set of blocked forces, ac is the set of accelerations of the connection DOFs,
YccSR is the accelerance of the coupled system between the connection DOFs, and YciSR is
the accelerance of the coupled system between the input forces location and the connection.
That means that the blocked forces would be the forces that the operating source would
exert to a blocking restriction (Fig. 10.2), deriving eq. (10.2) from eq. (10.1).

Figure 10.2: Blocked connection due to opposite blocked forces acting with the source in
operation.

ac = YciSR Fi − YccSR Fbl = 0

(10.2)

As the blocking constrain is independent from the receiver that is connected to the source,
the blocked forces are also independent from the receiver, and therefore are an invariant
characterization of the source. An interesting remark is that the blocking restriction will not
only block responses at the connection but also at any location at the receiver side (as the
receiver is purely passive). This means that, according to eq. (10.3), blocked forces applied
to the coupled system will generate the same behaviour at the whole receiver, as the internal
forces (Fig. 10.3).
YriSR Fi − YrcSR Fbl = 0 → ar = YriSR Fi = YrcSR Fbl

(10.3)

where ar is a set of indicator responses at the receiver side, YrcSR is the accelerance of the
coupled system between the connection and the receiver, and YriSR is the accelerance of the
coupled system between the internal forces DOFs and the receiver.
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Figure 10.3: Blocked forces acting alone (source off).

Measuring blocked forces embedding the source connection in a very stiff structure is
theoretically possible but difficult to achieve in practice. An alternative way of obtaining
blocked forces is using the in-situ method [22][23][24]. This method allows for the estimation of blocked forces from a set of operational responses (indicators) at the receiver (not
necessarily at the connections) by using eq. (10.4).
Fbl = YrcSR

−1

ar

(10.4)

An alternative way to characterize independently the source is the free velocity method.
The free velocity represents the interface connections motion of the source component during
operating conditions and suspended in free-free. In practice, this source characterization
cannot be generally applied to all the source components. It can be experimentally achieved
with relatively small source components such as an electrical steering motor or with heavy
sources that can be mounted resiliently such as a combustion engine resting on its engine
mounts.
Blocked forces can also be derived from free velocities knowing the free mobility matrix
of the uncoupled source component, YccS , as shown in eq. (10.5)
Fbl = YccS

−1

ac,f ree

(10.5)

where ac,f ree represents the free velocities of the source.
2.2

Frequency Based Substructuring

As previously mentioned, the FRFs of the coupled system can be calculated from the FRFs
of the uncoupled substructures by applying FBS. Its main advantage is avoiding the need of
physically connecting source and receiver to measure directly.
The model in Fig. 10.4 represents an assembly composed of an uncoupled system (eq. (10.6))
plus a set of contact forces, g, that enforce compatibility (eq. (10.7)) and satisfy equilibrium
(eq. (10.8)).

Figure 10.4: Assembly model.
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(10.6)

(10.7)
(10.8)

where the subscripts refer to the DOFs (s: any source DOFs, r: any receiver DOFs, c: connection) and the superscripts refer to the component (S: source, R: receiver, SR: coupled
source and receiver). B is a boolean matrix that maps the coupling DOFs and λ are Lagrange
multipliers representing contact forces. This follows the formulation proposed in [25].
Manipulating eq. (10.6), eq. (10.7) and eq. (10.8), eq. (10.9) is obtained.
−1

Y SR = Y − Y B T (BY B T )

BY

(10.9)

equation known as the dual assembly formulation or LM-FBS [26].
When the connection between source and receiver is not rigid, but relative displacements
are allowed by means of a resilient mount, a similar derivation can be carried out, substituting
the equilibrium and compatibility conditions by the relationship of eq. (10.10).
S
T
g = −B T K(aR
rc − asc ) = −B KBa

(10.10)

where K is the dynamic stiffness of the mount (for a representing displacement) or the
dynamic mass (for a representing accelerations).
The new coupled accelerance matrix for this case is shown in eq. (10.11).
−1

Y SR = Y − Y B T (K −1 + BY B T )
2.3

BY

(10.11)

Mount Characterization

There are different possibilities to perform the characterization of a mount: experimental and
numerical approaches. This work will focus on experimental methods.
The behaviour of the connection DOFs of an isolated mount element can be described by
eq. (10.12).
#
  " M
Zsc sc ZsMc rc
Fsc
=
a = ZM a
(10.12)
Frc
ZrMc sc ZrMc rc
where Z M refers to the impedance of the isolated mount.
Using FBS, the mount FRFs can be obtained from the coupled system (source-mountreceiver) and subsystems FRFs with eq. (10.13) for the connection DOFs.
"
#
"
#−1
R
R −1
YsSM
YsSM
YsSc sc
0
c sc
c rc
M
Z =
−
(10.13)
R
R
YrSM
YrSM
0
YrSc rc
c sc
c rc
Using this method, the mount can be characterized as a general linear structure. However,
it would require measuring the uncoupled source and receiver as well, and thus it would not
be applicable in-situ.
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Among the experimental approaches, in-situ mount characterization [27][28][29] is gaining popularity. The approach has several advantages. First, the mount can be characterized
in place without dismounting it from the assembly. Second, it does not require a more costly
hydraulic testing machine for the dynamic stiffness estimation. And third, the estimation can
be performed over a larger frequency range, as the excitation is generated by an instrumented
hammer or a shaker.
The in-situ mount characterization approach will be derived for the system depicted in
Fig. 10.5. In this system, the mount is assumed massless and modelled as a frequency dependent stiffness-damping component. It can also be composed of several mount components
without loss of generalization.

Figure 10.5: Source-mount-receiver system.
The main implication of the massless hypothesis is that the action and reaction principle
is satisfied between the passive and active structures, through the mount (eq. (10.14)).
Fsc = −Frc → ZsMc sc = −ZrMc sc = −ZsMc rc = ZrMc rc

(10.14)

This would allow the estimation of the dynamic stiffness of the mount by directly extracting the out of diagonal terms, ZrMc sc and ZsMc rc from the coupled system impedance
(eq. (10.15)), terms that should be equal, as reciprocity holds.
"
R
YsSM
c sc

R
YsSM
c rc

R
YrSM
c sc

R
YrSM
c rc

#−1
=

"
ZsMc sc + ZsSc sc

ZsMc rc

ZrMc sc

ZrMc rc + ZrRc rc

#
(10.15)

In summary, the force needed to block one connection while enforcing a displacement in
the other only depends on the mount characteristics. And assuming the mount to be massless,
these characteristics are enough to fully represent the mount behaviour.

2.4

Geometrical Reduction

There is still one obstacle to the practical application of the FBS, the in-situ mount characterization, and the source characterization; this is related to the indirect measurement of
DOFs.
Some of the DOFs might not be available for direct measurements, such as rotational
DOFs and DOFs that are not physically accessible due to the physical connection. To indirectly obtain those DOFs one extra assumption can be made, i.e. a rigid behaviour of the
region around the connections.
This assumption allows for the application of a geometrical reduction to the DOFs within
the rigid region, using a mathematical description of the rigid body behaviour for an acceler-
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ation DOF a (eq. (10.16)) and a force DOF f (eq. (10.17)).
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ez
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 ry ez − rz ey 




qRy 
rz ex − rx ez 
qRz
rx ey − ry ex


(10.16)

where q are the linear and rotational DOFs at an arbitrarily chosen centre of reduction, r
represents the geometrical location of the acceleration DOF respect to the centre of reduction
for each direction, and e are the projections of the acceleration DOF direction to each unitary
vector.
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mM x   ry ez − rz ey  f

 

mM y  rz ex − rx ez 
mM z
rx ey − ry ex
where m are the equivalent forces and moments of load f at an arbitrarily chosen centre of
reduction, r represents the geometrical location of f respect to the centre of reduction for
each direction, and e are the projections of the f direction to each unitary vector.
Similar approaches have already been used in literature [30][31][32] and more recently
popularized with the name of Virtual Point Transformation [33].
2.5

Rotational and Translational Coupling in Mount Characterization

The methodology for the in-situ mount characterization previously described relies on the
action and reaction principle described in eq. (10.14).
However, for a general mount with connections at arbitrary locations, the action and
reaction principle will not always be fulfilled, even if the massless hypothesis still holds.
This effect, well identified in literature [29], is usually originated due to a coupling between the linear and rotational DOFs, as depicted in Fig. 10.6.
The moment generated by the linear DOF due to the offset L does not have an equal and
opposed reaction moment, which violates the assumption of eq. (10.14). For higher values of
L, the effect becomes important and cannot be neglected.
In order to characterize such a mount, in-situ methodology would be no longer applicable and the general FBS methodology, in eq. (10.13), would need to be applied. This
approach has 2 main drawbacks. First, the need to additionally characterize the uncoupled
source and receiver connections, with the additional inversion and subtraction from the coupled impedances. Second, the mount could not be added into FBS by using eq. (10.10), as it
relies on the action and reaction transmitted through the mount. The mount would in principle
require to be treated as an additional structure, using the general FBS formulation, eq. (10.9),
for both connections, with the added computational complexity and numerical instabilities.
A different approach is proposed in this research work to overcome the issue. The approach consists in using the same geometrical location for both connections, for example,
in the middle of the two connections. In this regard, the DOFs of both connections would
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Figure 10.6: Generated forces and moments at the connections of the mount due to an enforced displacement u.
be geometrically reduced to the exact same location, avoiding any offset L, and thus enforcing the action and reaction principle. This is depicted in Fig. 10.7. Please note that small
displacements are assumed (u << L).

Figure 10.7: Generated forces and moments when the connections are reduced to a common
physical point.

2.6

Transferability and Target Prediction

Since blocked forces constitute an independent source characterization, they can be transferred between different assemblies for behaviour prediction by propagating them through
the coupled system FRFs (eq. (10.18)).
ar = YrcSR Fbl

(10.18)

The coupled system FRFs of (eq. (10.18) can be measured or synthesized by using FBS
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(eq. (10.11)), which would lead to eq. (10.19).
ar = YrcR YccR + YccS + K −1

−1

YccS Fbl

(10.19)

In case that the source is characterized by free velocities, an analogous propagation can
be performed (eq. (10.20)).
−1
ar = YrcR YccR + YccS + K −1
ac,f ree
(10.20)
3

Predicting Vibration Levels on an Experimental Test Case using Component-Based
TPA

A systematic analysis was performed through which the accuracy and applicability of componentbased TPA were analysed and assessed on an academic setup. This research aimed to validate
every step of this full process, from the source characterization on a test-bench to the structural vibration prediction in a simplified vehicle receiver.
3.1

Test Setup

For the experimental validations, three components were combined and tested in two setups.
One component was used as a vehicle resemblance structure, made mainly by steel bars and
a cavity. A second component was considered as a test bench to characterize the source. A
star shaped aluminium plate constituted the source. The sensors and bolts were considered
part of the components in order to avoid mass loading effects. For all the components the
FRFs were measured in coupled and uncoupled conditions using an impact hammer.
The first setup, consisting in the source on the test bench (Fig. 10.8), left, was used to
characterize the source by a set of blocked forces. The second setup, consisting in the source
assembled with the vehicle structure (Fig. 10.8), right, was used to validate the results of
the component-based TPA process. As input force, a closed loop controlled mini shaker
(resembling the source mechanism) exciting frequencies between 20 and 1500 Hz, was used.

Figure 10.8: Experimental setups. Test bench (left) and vehicle setup (right).
The FRFs used to calculate the blocked forces were obtained by applying geometrical
reduction from the impact points close to the connection to the centre of each connection. In
addition, in both setups and the uncoupled source, the impact points for FRFs measurement
at the connection were in the same locations, so the geometrical reduction to calculate the
blocked forces was the same for both setups. This means that the blocked forces transfer was
equivalent to a pseudoforces transfer, as this geometrical reduction didn’t have an influence
on the prediction.
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The source was connected to each receiver with 3 bolted connections, which were modelled as punctual connections. Since the connections were rigid and restricted all the displacements, 6 DOFs per connection were considered in the coupling. To calculate the reduced
forces and accelerations for both, source and receiver structures, 3 triaxial accelerometers and
6 impact points were used per connection (Fig. 10.9). Additionally, 9 extra indicators were
instrumented in the uncoupled test bench for a total of 36 indicators, to achieve an overdetermination of 2 in the blocked forces calculation. 3 targets instrumented in the vehicle structure were used for validation purposes. The steps to validate the process are schematically
depicted in Fig. 10.10.

Figure 10.9: Vehicle setup impacts (red dots and lines) and accelerometers location. Uncoupled (let) and coupled (right).

Figure 10.10: Schematic description of the component-based TPA process steps. Test bench
(left) and vehicle structure (right).
To properly validate the results, improve stability and optimize the method, different sets
of DOFs (presented in table 10.1) were used to calculate the blocked forces, and the obtained
results are compared.
The exclusion of Rz was considered because of its lower contribution compared with
other DOFs. Exclusion of moments was considered as well to check the negligibility of
certain DOFs and the degree of translational DOFs sufficiency when characterizing a lowly
damped and rigidly coupled structure.
The inclusion of source indicators pursued the improvement of the condition number and
the overdetermination of the system. To reduce the error, the accelerometers of the source
were in a region close to the connection that was assumed to behave rigidly together with the
receiver side of the connection. Even though strictly speaking this is theoretically wrong, the
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Table 10.1: Sets of DOFs used for the inversion
Label
All indicators
Without Rz
Without Rx Ry Rz
Only Passive Connections
Active and passive
Only active

Description
The 36 DOFs indicators in the receiver, not GR
Excluding the DOFs of moments in Z direction for
each connection
Excluding the DOFs of all the moments for each connection
Indicators only at the connections of the receiver (18
GR DOFs)
Indicators in the source close to the connections and
indicators in the receiver (theoretically wrong)
Indicators in the source only, close to the connections
(theoretically wrong)

error made by its inclusion could be lower compared to the potential numerical errors of an
ill-conditioned system.
3.2

In-situ Validation

The blocked forces were calculated and then used to predict the response in the same structure, in targets that were not used for the inversion (eq. (10.4)).
Fig. 10.11 shows a very good match between the measured and predicted target spectra
over the entire frequency range. This validation can give an idea of the quality of the blocked
forces calculation for the structure but is not really helpful to assess the performance when
transferred to a different one. Being the indicators and targets in the same structure, the dominant mechanisms of vibration transmission are very similar, and the matching of the predicted
acceleration shows too optimistic results. Moreover it doesn’t provide any validation for the
FBS since the inversion is made using measured coupled FRFs.

Figure 10.11: In-situ validation at target T3.
However, already in this validation some differences between the different sets of DOFs
explained before can be observed. The results of the Frequency Response Assurance Cri-
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terion (FRAC), applied in the whole frequency range to the measured and predicted spectra
for every different set of DOFs, are shown in table 10.2. For instance, the best matches are
achieved when using indicators located only at the receiver, either at the connections or not,
while the performance worsens when excluding moments and when using active side indicators. The worst results are obtained when all the moments are excluded and if only active
side indicators are used.
Table 10.2: FRAC for each set of indicators in the in-situ validation
Label
All indicators
Without Rz
Without Rx Ry Rz
Only Passive Connections
Active and passive
Only active

3.3

FRAC value
0.9801
0.9770
0.7942
0.9784
0.9753
0.8311

Transferability Validation

The second step in the validation is the transferability. The blocked forces were calculated
in the test bench structure, and then used to predict responses in the vehicle structure, using
again measured coupled FRFs.
From Fig. 10.12 it can be noticed that the accuracy of the prediction is higher up to 500
Hz, and it decreases in general from 500 Hz toward the high frequencies.

Figure 10.12: Transferability validation in target T3.
Again, similarly to the in the in-situ validation, the best results are achieved for the cases
using indicators available on the receiver.
As well as for the in-situ validation, excluding moments (Fig. 10.13) or including source
indicators performs generally worse and at least with no improvement compared to the use
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of indicators only in the receiver, observation supported by the FRAC, when evaluated in
regions without numerical problems. This is shown in table 10.3.
Table 10.3: FRAC for each set of indicators in the transferability validation
Label
All indicators
Without Rx Ry Rz
Only Passive Connections
Only active

FRAC value
0.8475
0.0275
0.8626
0.7370

Figure 10.13: Transferability validation excluding moments in target T3.

3.4

Transferability with FBS Validation

Finally, the transferability of blocked forces using FBS is evaluated as well. The blocked
forces were calculated in the test bench structure, and then used to predict responses in the
vehicle structure, using coupled FRFs calculated using FBS.
In this way, the validation takes into account the effects of the transferability and the FBS
coupling. Geometrical reduction is applied to the connections of source and receiver in order
to make the coupling, so the rigidity hypothesis will play a determining role in the validation
at higher frequencies.
In order to assess the quality of the geometrical reduction the sensor consistency metric is
used. This sensor consistency evaluates the similarity between the theoretical rigid behaviour
and the real measured behaviour of the acceleration DOFs, for a given force input, using a
MAC between both acceleration vectors:
ρ2 = MAC(Ra q, a) = MAC(ã, a) =

(ãH a)(aH ã)
(ãH ã)(aH a)

(10.21)

where ρ2 is the consistency value, ranging from 0 to 1.
According to that, a decrease of accuracy would be expected as the frequency increases,
which would be added to the inaccuracy effects of the transferability. The product of the
consistency for every force DOF is plot in Fig. 10.14 for each connection.

262

H2020 Marie Curie ITN PBNv2 (GA 721615)

Figure 10.14: Product of sensor consistency for the source (up) and for the vehicle structure
(down).
A comparison between the measured target acceleration and the predicted values using
transferability with FBS is shown in Fig. 10.15.

Figure 10.15: Transferability with FBS validation in target T3.
As expected, the highest predictive value is again obtained up to 500 Hz. However, the
predicted vibration spectrum seems to be slightly noisier when compared to the prediction
obtained by transferability of blocked forces using measured coupled FRFs, as shown in
Fig. 10.12.
In this case the differences between the different sets of indicators might be less noticeable due to the accumulated errors in load characterization, geometrical reduction and FBS
calculation, and for this reason are not presented.
3.5

Conclusions

For this setup, the vibration prediction using transferability of blocked forces performs slightly
better before the FBS application. However, it is found that in the whole frequency range the
additional error of the FBS application is considerably lower than the error already made
by the calculation of blocked forces and their transferability using measured coupled FRFs.
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Furthermore, using FBS for blocked forces transferability has the following advantages: i) it
allows one to couple a source with a receiver not manufactured yet, by means of simulated
data of the receiver; ii) it allows for the calculation of the coupled FRFs of the assembly and
the exerted contact forces between source and receiver without being physically coupled.
For this case, theory and experience support consistently the idea of using as many indicators as possible being at the receiver only. In addition, due to its low excitation and contribution, Rz could be neglected from the connection DOFs without detriment to the result,
but without a clear improvement either. However, neglecting moments should only happen
in case that the setup and operational condition strongly and reasonably advice to, and not in
a general way. As shown in this experimental case of rigid connections, neglecting moments
clearly worsen the prediction results. The results from this study can be found in [34].
4

Structure-Borne Prediction on a Tire-Suspension Assembly Using Component-Based
TPA

The goal of this study was the experimental validation of the component-based TPA methodology on a tire-road noise case in static condition. Other invariant quantity based techniques
have already been applied to this problem [35]. In this study, the source component (the tire)
was characterized by a set of blocked forces and transfer functions identified on a dedicated
tire test-rig. For the full vehicle prediction these obtained loads were combined with the
FRFs of the fully assembled system, constructed by using experimental substructuring methods. The spindle force estimations were then used for interior road vibro-acoustic prediction.

4.1

Test Setup

The test structure consisted of a MacPherson strut suspension attached to a seismic mass and
a tire-wheel connected, as shown in Fig. 10.16.

Figure 10.16: Tire-suspension experimental setup.
The tire was excited using a shaker reproducing a road profile in the vertical direction.
The tire was measured in static condition: the rolling effect was not included in the objective
of this test campaign.
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4.2

Experimental Procedure for Spindle Load Identification (Contact Forces)

The identification of the spindle contact forces required decoupled FRFs measurements from
spindle to responses in the receiver (excitation depicted in Fig. 10.17), and a set of operational
receiver responses measured in operating condition, while the tire-suspension was exposed
to the road profile excitation.

Figure 10.17: Excitation for uncoupled FRFs measurements.
FRFs measurements were performed using a calibrated Simcenter Qsource integral shaker
exciting the frequency range from 30Hz to 300Hz.
The procedure for spindle contact force identification is schematically presented in Fig. 10.18.

Figure 10.18: Schematic representation of the procedure for spindle contact forces and moments identification.

4.3

Experimental Procedure for Invariant Spindle Load Identification (Blocked Forces)

The identification of the blocked forces at the spindle required coupled FRF measured from
spindle to responses in the receiver (excitation depicted in Fig. 10.19), combined with the operational receiver responses measured during operating condition using the same road profile
excitation. The blocked forces were identified in-situ using matrix inversion on the tiresuspension test rig.
Coupled FRFs measurements were performed using a calibrated Simcenter Qsource integral shaker exciting the frequency range from 30Hz to 300Hz.
The procedure for spindle blocked force and moments identification is schematically presented in Fig. 10.20.

Hybrid Pass-By noise engineering

265

Figure 10.19: Excitation for coupled FRFs measurements.

Figure 10.20: Schematic representation of the procedure for spindle blocked forces and moments identification.
4.4

Procedure for Experimental Substructuring of the Tire-Suspension Setup

Experimental substructuring requires the components to be fully decoupled. Fig. 10.21 shows
the schematic substructuring procedure. During the FRFs measurements, the tire-wheel and
the suspension were preloaded with a load as close as possible to the one used during the
operational tests. In this regard, the same interface stiffness and damping as in coupled tiresuspension assembly were ensured.

Figure 10.21: Substructuring between the tire wheel and the MacPherson suspension test rig.
Experimental substructuring allows one to derive the spindle contact forces and moments
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from the identified spindle blocked forces and moments. The experimental procedure to measure the decoupled FRFs of the tire-wheel assembly (source) and the MacPherson suspension
(receiver) is depicted in Fig. 10.22.

Figure 10.22: Experimental procedure to measure decoupled FRFs of the tire-wheel assembly
(on the left) and of the suspension (on the right).

4.5

Processing and results

The data acquired was further processed after the measurements. Two approaches were used:
classical TPA and component based TPA. 5 DOFs were assumed at the interface, excluding
the rotation around the Y axis.
For classical TPA, the contact forces (Fc ) were calculated by inverting the receiver FRF
matrix with appropriate truncation (YrcR ), and multiplying it by the accelerations at the indicators (ar ), in frequency domain, using:
Fc = YrcR

−1

ar

(10.22)

The contribution of the contact forces to the target acceleration (aT ) at the receiver side
was calculated with:
aT = YTRc Fc

(10.23)

A comparison between measured and predicted contribution at the target using contact
forces is shown in Fig. 10.23.
For component based TPA, the blocked forces were calculated in-situ, by inverting the
coupled FRF matrix with appropriate truncation, and multiplying it by the accelerations at
the indicators, in frequency domain, using eq. (10.4).
The contribution of the blocked forces to the target acceleration was calculated with:
aT = YTSR
c Fbl

(10.24)

A comparison between measured and predicted contribution at the target using blocked
forces is shown in Fig. 10.24.
Finally, estimated blocked forces were also propagated to the target using Frequency
Based Substructuring. The contribution was calculated with:
aT = YTRc (YccR + YccS )−1 YccS Fbl

(10.25)

A comparison between measured and predicted contribution at the target using blocked
forces through FBS FRFs is shown in Fig. 10.25.
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Figure 10.23: Comparison between measured target (black) and predicted total contribution
from Classical TPA (blue dotted).

Figure 10.24: Comparison between measured target (black) and predicted total contribution
using blocked forces (blue dotted).

Figure 10.25: Comparison between measured target (black) and predicted total contribution
using blocked forces propagated through FBS synthesized FRFs (blue dotted).
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4.6

Conclusions

Comparison between the measured and FBS calculated coupled FRFs shows a very good
agreement demonstrating the validity of the FBS for this setup. In this sense, the comparison
between the contact forces from classical TPA and the ones obtained from blocked forces
also constitute a relevant validation of FBS. More details and results from this study can be
found in these publications: [36][37][38].
5

Mount Characterization for Component-Based TPA on a Wiper System

This industrial application aims to validate the component-based TPA methodology applied
on a wiper system. The source will be characterized by means of blocked forces and the
transferability will be assessed between two different receivers: a mock-up structure and the
actual vehicle. FBS will also be validated experimentally. As the wiper is connected through
resilient mounts, those will also be experimentally characterized and included into the FBS.
5.1

Test Setup

For the experimental validations three structures were used: (i) a vehicle wiper system (without blades), (ii) a vehicle body and (iii) a mock-up of the vehicle body.
The wiper system was the only source considered. It has three connections with resilient
mounts. Two types of mounts are used, one bigger with a typical cylindrical shape, and a
smaller one with a ring shape (Fig. 10.26). The connections 1 and 2 use the big mount while
the connection 3 uses the smaller mount (Fig. 10.27).

Figure 10.26: Mounts used in the wiper connections. Big (left) and small (right).
The operational data was acquired with the wiper operating at 35 cycles per minute. A set
of accelerometers was placed around the connections of each receiver to be used as indicators.
An extra accelerometer was mounted further from the connections to be used as a target for
validation purposes.
FRF measurements were performed for the coupled setups (wiper + mock-up and wiper
+ vehicle) and for the uncoupled structures (wiper, mock-up and vehicle) using a calibrated
Simcenter Qsource integral shaker and an instrumented hammer.
5.2

Mount Characterization

The mounts were characterized in three ways: using the in-situ approach, applying the FBS
decoupling of eq. (10.13) and using a hydraulic machine.
For the in-situ and FBS decoupling approaches an additional set of fixtures was used. The
fixtures were designed to rigidly transmit loads and displacements and properly account for
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Figure 10.27: Connections highlighted in the mock-up receiver (up) and the wiper used as
source (down).
rotational DOFs. The FRFs measurement setup is depicted in Fig. 10.28. The FRFs through
the mount were very low above around 600 Hz, showing a good decoupling behaviour for
that region.

Figure 10.28: Mount characterization setup for the big mount (left) and the small mount
(right).
A comparison between the dynamic stiffnesses measured using the hydraulic testing and
estimated through the FBS decoupling approach is shown in Fig. 10.29 and Fig. 10.30. The
cross terms were neglected based on the symmetry of the mounts.
The black solid and dashed lines are two different hydraulic measurements of mounts of
the same type. Noting this variability between the same mount type, it can be observed that
the measured and estimated cross stiffnesses (C2/C1, C1/C2) are well aligned from 100 Hz
and up to the maximum frequency measured in the hydraulic testing, 600 Hz. Reciprocity
is also well achieved, which supports the good quality of the measurements. For the axial
case, the mismatch between C1/C1 and C2/C2 should not appear in a symmetrical mount, so
it might indicate some issue during the measurements/processing. An important observation
for the radial case is the mismatch between driving point and cross stiffnesses around 450
Hz, which probably reflects that the massless hypothesis does not hold above 300-400 Hz.
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Figure 10.29: Dynamic stiffness of the big mount obtained from the hydraulic testing (black)
and from FBS decoupling. Axial-axial term (up) and radial-radial term (down).

Figure 10.30: Dynamic stiffness of the small mount obtained from the hydraulic testing
(black) and from FBS decoupling. Axial-axial term (up) and the long radial-long radial term
(down).
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The quality of the characterization of the small mount was not as good as expected, probably mainly due to a less rigid behaviour of the other fixtures. However, the massless hypothesis appears to hold well up to 600 Hz, as well as the trend compared to the measured
stiffnesses. Regarding the more challenging characterization of this mount, together with the
fact that its boundary conditions might have been affected by non-linearities, it has been left
out of the FBS.
5.3

Frequency Based Substructuring

FBS was applied between the uncoupled wiper and each of the receivers (mock-up and vehicle) using two resilient connections. The dynamic stiffness used in eq. (10.11) was the one
from the in-situ characterization, averaging the two reciprocal terms for the axial stiffness,
and four terms for the radial stiffness (considering reciprocity and the radial symmetry of
the mount). Although the rotational DOFs of the mount were also characterized, they were
excluded in the FBS to increase mathematical stability, assuming lower influence of moments
in the coupling.
A comparison between measured and FBS synthesized FRFs is shown in Fig. 10.31 and
Fig. 10.32 for the mock-up and vehicle systems, respectively. The FRF between one of the
connections at the source side and the acceleration of the target at the receiver side is depicted
in these figures.

Figure 10.31: Mockup FRF comparison between measured (red) and FBS synthesized
(green).
It can be observed that measured and synthesized FRFs are aligned and follow similar
trends in general, with some deviations in magnitude and phase, especially towards higher
frequencies. The fact that the massless assumption of the mount is no longer held at higher
frequencies can be a partial explanation for the mentioned deviations. At lower frequencies,
other mismatches with the form of spurious peaks [39] and wider deviations might have
been caused by measurement errors, the neglect of moments or the exclusion of one of the
connections.
5.4

Blocked Forces Transferability

The last validation performed in this study was the in-situ calculation of the blocked forces
of the wiper connected to the mock-up, the transferability of the blocked forces to the vehicle
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Figure 10.32: Vehicle FRF comparison between measured (red) and FBS synthesized (green).
structure and the cross-validation by comparing the measured and predicted accelerations of
the target.
Two approaches were followed. In the first approach the blocked forces were obtained
in-situ using eq. (10.4) with measured coupled FRFs (Fig. 10.33). In the second approach
(eq. (10.26)) the blocked forces were obtained in-situ using FBS synthesized FRFs (Fig. 10.34).
As was done for the FBS application, the connection with the small mount was also excluded
for the blocked forces calculation.
For both approaches, the prediction is performed by multiplying the blocked forces by
the coupled FRFs of the vehicle, which are obtained using FBS (eq. (10.27)).
Fbl = [YrcR1 YccR1 + YccS + K −1
{z
|

−1

Mock-up FBS FRF

R2
aSR2
YccR2 + YccS + K −1
target = Yrc
|
{z
Vehicle FBS FRF

YccS ]−1 aSR1
r
}

−1

YccS Fbl
}

(10.26)

(10.27)

where R2 refers to the vehicle receiver and R1 to the mock-up receiver.

Figure 10.33: Vehicle target prediction using blocked forces calculated in-situ from mock-up
measured coupled FRFs. Measured (red) and predicted (green).
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Figure 10.34: Vehicle target prediction using blocked forces calculated in-situ from mockup
FBS synthesized FRFs. Measured (red) and predicted (green).

It can be observed that using the second approach (eq. (10.26)) the quality of the prediction is better for the whole frequency range. A possible reason for that is the lower influence
of the source FRFs, which are more difficult to measure, in the target prediction, especially
in case of mounts with higher flexibility. This approach is the same as described in the
French standard XP R 19-701 and the ISO/CD 21955 [40], currently committee draft, using
the indirect method for contact forces estimation. Other studies had previously followed the
methodology described in these standards for this application [16][17].
5.5

Conclusions

This study has investigated the use of different techniques for mount characterization, especially focusing on in-situ mount characterization, which has shown satisfying results when
compared to the hydraulic testing characterization.
Moreover, FBS has been applied to the two setups using the characterized stiffness from
the previous step. Some comparisons between measured and FBS synthesized FRFs have
shown the degree and range of validity of the FBS methodology for this application case.
Finally, source characterization has been cross-validated using a comparison between a
measured target and its prediction. Two different approaches have been analysed, pointing
out some of the differences between them.
6

A Frequency-Based Substructuring Application on a Transmission Bracket

In this work, the Frequency-Based Substructuring (FBS) method is applied to derive the
assembled system FRFs starting from the uncoupled components FRFs measured in free-free
condition. In this sense, the application of FBS yields useful insights concerning component
performance assessment, KPIs and targets setting.
6.1

Test Setup

For the experimental validations a commercial vehicle was considered. The vehicle is powered by an ICE, which is isolated from the vehicle body by three sets of rubber mount isolators: the engine mount, the anti-roll mount, and the transmission mount. In this work, the
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transmission mount connection has been considered for the analysis, while the other two connections are kept in place. The system is composed of the vehicle body plus the transmission,
the transmission bracket, the mount between brackets and the body bracket. The full system
is depicted in Fig. 10.35.

Figure 10.35: Transmission connection setup (up) and schematic depiction (down).

In this full setup 2 interfaces were analysed. One interface was defined between the
vehicle body and the body bracket, physically connected by 3 bolted connections. Each of
these 3 connections was modelled as a 6 DOFs rigid coupling: front (BODY FR CON REF),
middle (BODY MID CON REF) and rear (BODY RE CON REF). The other interface was
defined between the transmission and the transmission bracket, physically connected by 4
bolted connections. Considering the high rigidity of the interface and in order to improve the
stability of the FBS, the 4 physical connections were reduced to 1 modelled 6 DOFs rigid
coupling (TR CON REF).
FBS was applied to the 2 interfaces in 2 separate cases, analysing 1 interface per case. In
one case, the substructures considered were the vehicle body and the uncoupled body bracket.
In the other case, the substructures were the transmission and the uncoupled transmission
bracket. The substructures considered were characterized in free-free conditions and are
depicted in Fig. 10.36 (uncoupled brackets) and Fig. 10.37 (vehicle body and transmission
without brackets).
The FBS validation was assessed by a comparison between FBS synthesized and measured coupled FRFs. The coupling for each of the 2 cases is indicated in Fig. 10.38.
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Figure 10.36: Uncoupled transmission bracket (left) and uncoupled body bracket (right).

Figure 10.37: Vehicle body with transmission (without the brackets).

Figure 10.38: Transmission + transmission bracket (up) and body bracket + body (down).
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For the FRF measurements, excitation locations and accelerometers were placed around
each connection for FBS application, and further from the connections as validation targets.
These targets were placed at the body, transmission and body bracket components.
To also obtain rotational DOFs FRFs, geometrical reduction was applied to forces and
accelerations. For that purpose, several accelerometers and impacts were placed around each
connection. This approach is depicted in Fig. 10.39.

Figure 10.39: Impacts and accelerometers for geometrical reduction at the front connection
of body bracket (left) and body vehicle (right).
FRFs measurements were performed for the coupled and uncoupled systems using a calibrated Simcenter Qsource miniature shaker (Q-MSH) exciting the frequency range from 50
Hz to 2000 Hz.
6.2

Results

In the first case, FBS was applied to couple the vehicle body with the body bracket (Fig. 10.38,
down). The coupling was performed using 3 rigid connections, i.e. 6 DOFs per connection,
therefore a total of 18 connecting DOFs.
To validate the rigidity hypothesis of those connections, the previously defined consistency was applied to each connection. In Fig. 10.40 the averaged consistency of the sensors
around the middle connection of the free-free body bracket is shown.
In Fig. 10.41, a comparison between a measured coupled FRF and the FBS synthesized
FRF is shown. The depicted FRF is the driving point accelerance on the Z direction of the
rear connection (BODY RE CON REF in Fig. 10.35).
In the second case, FBS was applied to couple the transmission with the transmission
bracket (Fig. 10.38, up). The coupling was performed using 1 rigid connection, i.e. 6 DOFs
in total. Also, in this case the rigidity hypothesis was validated using the consistency, which
is depicted in Fig. 10.42 for the transmission bracket connection in free-free.
In Fig. 10.43 and Fig. 10.44, a comparison between a measured coupled FRF and the
FBS synthesized FRF is shown. In Fig. 10.43, the depicted FRF is the accelerance between
an excitation at the Z direction of the transmission connection and the response of the target
in the transmission.
In Fig. 10.44, the depicted FRF is the accelerance between an excitation at the Z direction
of the transmission connection and the response of the Z direction of the mount connection
of the transmission bracket.
It can be observed that measured and synthesized FRFs follow similar trends in general.
Some of them show larger deviations in magnitude and phase affecting the trend, together
with deviations in form of spurious peaks [39]. These might have been caused by measurement errors, the simplification of the connection model (including the rigidity assumption),
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Figure 10.40: Average sensor consistency of the middle connection of the body bracket.

Figure 10.41: Comparison between measured and FBS synthesized coupled FRF (uncoupled
vehicle body + body bracket). Rear connection response.
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Figure 10.42: Average sensor consistency of the transmission bracket connection.

Figure 10.43: Comparison between measured and FBS synthesized coupled FRF (uncoupled
transmission + transmission bracket). Transmission target response.
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Figure 10.44: Comparison between measured and FBS synthesized coupled FRF (uncoupled
transmission + transmission bracket). Transmission mount connection response.

and error amplification due to numerical instabilities. These sources of errors will be further
investigated in future research, analysing and quantifying their effect on the FBS in order to
define suitable approaches to tackle them.
6.3

Conclusions

FBS has been applied to the body bracket and transmission bracket of a vehicle transmission
connection. This constitutes an attempt to validate FBS at higher frequencies, up to 2000 Hz
in this case. The comparisons between measured and FBS synthesized FRFs have shown the
degree and range of validity of the FBS methodology for this application case. As a step of
the component based TPA methodology, it can be used to tackle gear related problems and
transmission issues.
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Executive Summary

Noise in automotive is generated due to various factors, e.g. from engines, transmission,
tyres, exhaust etc. All these noises collectively contribute to the pass-by noise (PBN) of
the vehicle and account for a psychoacoustic perception of the proximity of an approaching
vehicle to a pedestrian.
Considering the contribution towards the PBN from engine and tyres, for lower car speeds,
the noise generated by the engine dominates that of tyre and is vice versa at higher speeds. In
the recent trends, as the regulations for the permissible PBN generated from an automotive is
getting stringent, the car goes less perceptible to a pedestrian who remains clueless about the
presence of a passing by low speed car. This problem is amplified in case of next generation
Electric Vehicles (EVs) in which the PBN is next to nothing due to absence of an engine.
To provide a solution to this issue current work aims at identifying factors that influence the
noise generated from tyres in order to enhance the psychoacoustic perception of a car at lower
speeds. Major accomplishment is to deduce a relation between the generated tyre noise and
its perception from a pedestrian’s perspective. This leads to an enhancement in pedestrian
safety due to the detectability of a vehicle passing by at relatively lower speeds.
In the work herein, a new methodology is developed, that involves design of experiments
and optimisation techniques, that incorporate a tyre finite element model, vary its material
properties and study its influence on tyre modes and mode shapes. The prime advantage
of this methodology is the insight on the contribution of each rubber layer and its material
properties to the tyre modal behaviour. As an outcome of this work various tyre rubbers and
components are identified that affect tyre noise generation mechanisms. With these results,
as a future work, various tyre noise profiles are generated by varying the material properties
of these components and thus, the tyre psychoacoustic perception will be studied.
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Introduction/Basic concepts

A machine functions on the core principle of utilisation of energy and dissipation of the same
in either same or different forms. An automotive or a car, in that sense, is no exception. A car
is powered by various means, e.g. from gasoline, diesel, electric or other forms and dissipates
energy in the form of motion, noise, heat etc. Noise from a car is subjected to perception from
one’s frame of reference, i.e. a car can be noisy for a person out of the car (or a pedestrian)
but can be pleasant for a passenger inside the car at the same time and vice versa. Automotive
noise perceived by pedestrians, that has its source from engine, tyre-road interaction, exhaust
etc, is collectively called exterior noise or Pass-by Noise (PBN). Figures 11.1 and 11.2 show
various noise generated from a car and categorizes them accordingly.
Automotive noise

Interior noise

Exterior noise

Duct noises

Engine noise

Tyre noise

Transmission noise

Wind noise

Tyre-road
interaction noise

...

Exhaust noise
..

Figure 11.1: Vehicle noise types.

Figure 11.2: Vehicle noise sources. Image taken from [1].
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Upon focusing on a PBN test carried out according to Regulation 51 (UN/ECE R51), it was
found that noise from engine (including exhaust), transmission and tyres contributed to a total
noise level of 85 dBA of which noise from the tyre-road interaction and engine contributes to
41% and 42% of overall noise, respectively [2]. This reflects a general trend in the majority
of passenger cars.
Furthermore, it was observed that these percentages are not constant and change with the
speed of car. At lower speeds, it was found that engine noise dominated tyre-road interaction
noise and vice versa at higher speeds [2]. Upon extending the investigation further it was
found that on increasing the mass of tyres (by adding more rubber in the carcass of tyre), the
noise generated decreased by circa 5 dB [3]. Apart from these investigations, Sandberg et.
al [2] identified various tread patterns that yielded quite summer and winter tyres. However,
he could also foresee that the overall tyre noise was affected not only by the tread pattern
but also by the tyre vibration response and the road surface characteristics. Based on these
existing findings, it can be seen that understanding the mechanism of noise generation from
tyre-road interaction and its impact over PBN is a challenging task and is a domain that still
needs to be vastly explored. In this work we will focus our effort to model and characterise
the tyre vibration response.
2.1

Current trends

With the set up of new and stringent EU regulations, UN/ECE R51, for the permissible PBN
from a car [4] automotive manufacturers are focusing on the noise reduction of their products.
From a currently permitted (EU) PBN levels of a car, there is a proposal to reduce at least 3
dB PBN by the year 2022 [4]. The permissible values of the current and future PBN limits is
shown in Table 11.1.
With the incorporation of these regulations newer cars would emerge out quieter not only
at higher speeds but also at low speeds. This, however, is a problem in in cities with areas
with speed limits around 30 km/h to 40km/h. Due to its low noise a car emerges stealthy
for a pedestrian that can be vulnerable to accidents. Furthermore, with the new generation
electric vehicles (EVs), which have no engines, the noise level from a passing by car can be
overlooked as tyre noise at low speeds remains undetectable. This questions and motivates a
researcher - can there be a car that is quieter at higher speeds but detectable (and not annoying)
at lower speeds?
In the current chapter of the book, focus is only laid on understanding the contribution of
various components or rubbers of tyre to tyre dynamics and noise generation. The reader must
be aware that tyre noise perception, i.e. its detection and annoyance will be a continuation of
work described.
2.2

Pneumatic tyre - a complex structure

Tyre design is very important for passenger comfort since the load of car body acts directly
on it. Its complex structure ensures that it endures dynamic loads acting over it when it rolls
over various surfaces and simultaneously offers smooth ride to passengers. A tyre structure
is meticulously designed choosing the right materials. A general construction of a radial tyre
is shown in Figure 11.3.
The treads form the outermost component of the tyre. Purpose of treads is to function as a
contact between road and tyre at all instants of time. They siphon away any materials, e.g.
water, thus providing constant traction to the vehicle. Beads form an important part of the
tyre, which ensures that the tyre fits firmly on the rim and also act as a sealant in tubeless
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Table 11.1: Current and forecasted permissible PBN limits for various categories of vehicles
[4] according to UN/ECE R51. PMR refers to power-to-mass ratio (kW/kg) of the vehicle,
Pn refers to engine rated power and M refers to mass of the vehicle.
Vehicle
category

M1

M2

M3
N1
N2
N3

Condition
PMR ≤ 120
120 < PMR ≤ 160
PMR > 160
PMR > 200, ≤ 4 seats
R-point height < 450 mm
M ≤ 2500 kg
2500 kg < M ≤ 3500 kg
M > 3500 kg ; Pn ≤ 135 kW
M > 3500 kg ; Pn > 135 kW
Pn ≤ 150 kW
150 kW < Pn ≤ 250 kW
Pn > 250 kW
M ≤ 2500 kg
M > 2500 kg
Pn ≤ 135 kW
Pn > 135 kW
Pn ≤ 150 kW
150 kW < Pn ≤ 250 kW
Pn > 250 kW

Limit (dB(A))
Phase 1 Phase 2 Phase 3
2016
2020
2024
72
70
68
73
71
69
75
73
71
75
72
74
75
75
76
78
80
72
74
77
78
79
81
82

74
70
72
73
74
74
77
78
71
73
75
76
77
79
81

72
69
71
72
72
73
76
77
69
71
74
75
76
77
79

tyres. Layer below treads is collectively called carcass. A tyre carcass consists of the several
reinforcements namely - nylon overlays, steel belts and body plies. Nylon overlays, also
called ply caps, help in retaining the shape of the tyre radially against the centrifugal forces
during high speed rolling. Steel belts protects the tyre carcass against possible damage due to
the wear and tear of tyre. Body plies wrap the inner layers of the tyre from bead to bead thus
offering an overall strength to tyre skeleton. Tyres can be classified mainly into two types
based on the ply orientations:
• Radial ply tyres or simply radial tyres: In this type of tyres, plies orient radially from
bead to bead and

• Non-radial ply tyres: In this type of tyres, plies either extend diagonally from bead to
bead or are inter twinned at various angles.
Figure 11.4 shows radial and non radial tyre configurations. For more information about the
ply orientation, their advantages and disadvantages, the reader is referred to [5]. In the current
work radial tyre configuration is explicitly considered. Liner, made from Butyl compounds,
forms the lowest layer of tyre, which holds the compressed air inside the tyre torus.
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Figure 11.3: Parts of a pneumatic tyre. Taken from [5] as an example.

(a)

(b)

Figure 11.4: Tyre types based on ply orientation. (a) Radial ply tyre and (b) Non-radial ply
tyre. Taken from [6].
2.3

Standard designation of a tyre

The standard designation of a tyre is based on various parameters, e.g. tyre section width W,
tyre section height H, ply orientation etc. An illustration of these terms is shown in Figure
11.5. Also, a tyre can be identified by aspect ratio defined as the ratio between tyre section
height to its width.
H
Aspect ratio =
.
(11.1)
W
In the current research the tyre used has a designation of 205/55R16 in which:
• 205 : section width of the tyre in mm;
• 55 : aspect ratio H/W in %;
• R : denotes that the specimen used is a radial tyre and
• 16: rim diameter.
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Figure 11.5: An illustration for the standard tyre designation.

2.4

Tyre materials and properties

Tyre is a cladding of various high performance materials serving numerous purposes. These
material resist the wear and tear of a tyre that is subjected to mechanical/ friction and thermal
variations. In the current work, the tyre regions (refer Figure 11.3) can be distinguished into
four categories based on the materials used namely • Steel bead and reinforcements;
• Plies described by Marlow model;
• All Rubbers (except apex and chafer) described using the Yeoh model and
• Apex and chafer modelled using Mooney-Rivlin model.
The mentioned material types, except that of bead and reinforcements, are variants of hyperelasticity.
2.5

Hyperelastic material models

From the basics of continuum mechanics, the deformation gradient F and its Jacobian J is
defined as
∂ui
Fij = δij +
,
(11.2)
∂xj
J = det(F),

(11.3)

where δij is the Kronecker delta and ui is the deformation element subjected to a displacement field ui (xk ). The left Cauchy-Green deformation tensor B is defined as
B = F.FT ,

(11.4)
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comprising the set of invariants defined for incompressible materials as [7, 8]
Bkk
¯
I1 = 2/3 ,
J


1 ¯ 2 Bik Bki
¯
I2 =
,
I1 −
2
J 4/3
¯
I3 = detB,
where
J=

√

(11.5)

detB.

(11.6)

The principle stretches for the tensor B can be defined as
λ1 =

√

e1 , λ2 =

√

e2 and λ3 =

√

e3 ,

(11.7)

where e1 , e2 and e3 denote the three eigenvalues of B. Now the tensor B can be expressed as
B = λ21 b(1) ⊗ b(1) + λ22 b(2) ⊗ b(2) + λ31 b(3) ⊗ b(3) ,

(11.8)

where b(1) , b(2) and b(3) denote the unit eigen vectors of B and symbol ⊗ denotes their tensor
multiplication. The various types of stresses in the body are given by
dPjn
,
dA→0 dA

(11.9)

τ = Jσ, τij = Jσij ,

(11.10)

−1
S = JF−1 .σ, Sij = JFik
σkj ,
P
P
−1
−1
= JF−1 .σ.F−T ,
ij = JFik σkl Fjl ,

(11.11)

ni σij = lim

(11.12)

where equations 11.9, 11.10, 11.11 and 11.12 represent the Cauchy true, Kirchhoff, First
Piola-Kirchhoff and Second Piola-Kirchhoff stress tensors, respectively. The measurement
of strain in hyperelastic materials is by the calculation of Strain energy density functions,
given by
W = W (F) = W (λ1 , λ2 , λ3 ) = W (I1 , I2 , I3 ).
(11.13)
Body stresses are calculated by
σ=

∂W
1 ∂W T
2
.B.
= .
.F .
j
∂B
j F

(11.14)

The constitutive representation of equation 11.13 is given by
W =

N
P
i+j=1

Cij (I1 − 3)j +

N
P
1 (J − 1)2i ,
el
D
i
i=1

(11.15)

where Cij , Di represent the temperature dependent material parameters, respectively and
Jel represents the elastic volumetric strain. Equation 11.15 is the principal definition for the
rubber material models used in this work.
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Marlow model

In Marlow hyperelastic material model the strain energy potential is independent of the
second invariant. This is comparatively a simpler model for which the strain energy density
can be determined as [8]

λT −1

W =

σ(ε)dε,

(11.16)

0

where σ(ε) is the nominal uniaxial stress and λT respresents the uniaxial stretch. In this
work, Marlow model is used to define the plies of the tyre.
2.5.2

Mooney-Rivlin model

Equation 11.15 is the most simplified form and manifests in various forms depending on the
number of coefficients N . Mooney-Rivlin is a hyperelastic model in which the strain density
potential is a function of first and second strain invariants. Although this case has various
forms [9], the most general form is derived when N bears a value of 1 and is represented as
[9]
1
(11.17)
W = C10 (I1 − 3) + C01 (I2 − 3) + (Jel − 1)2 .
D
Mooney-Rivlin material model is used to model the tyre chafer and apex regions (refer Figure
11.3).
2.5.3

Yeoh model

Yeoh model is a variant of equation 11.15 in which the strain density function is dependent
only on the first invariant of the strain and is defined as [10]
W =

N
P
i=1

Ci0 (I1 − 3),

(11.18)

and the value of N is ideally infinite [10]. However, the higher the value of N , the higher
is the computational time, since a large number of coefficients are added for the equation.
Suggested value of N is 3 for which there is acceptable accuracy in computing large strain
problems as compared to equivalent models [11]. Yeoh model is used to modelling all the
other rubber components of tyre that are not modelled using either Mooney-Rivlin or Marlow
models.
2.6

Existing tyre numerical modelling techniques

Over the period of time, tyre numerical models have seen constant changes. During the
cradle stages of tyre numerical analysis 2D models were used to model the tyres. Thanks
to the advancements in numerical modelling capabilities, these 2D models were upgraded
and today complex 3D tyre models with detailed tread profiles can be modelled. Figure 11.6
shows various models available in the tyre numerical world.
2.6.1

2D tyre models

2D tyre models again have evolved over the time according to the needs and requirements.
Different varieties of 2D tyre models can be seen in Figure 11.7.
Point contact and roller contact model as shown in Figure 11.7 considers only one point of
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Numerical tyre models

RMOD-K model

2D models

Swift model

Tyre FE models

Figure 11.6: Available tyre numerical models.

Figure 11.7: Various 2D tyre numerical models. [12]
contact between road and tyre interface. Although, it is very easy to calculate the interaction forces by these models however, they will experience severe accelerations during cleat
excitation and hence cannot predict the noise in the higher frequency domains [13]. Fixed
footprint model measures the irregularity over a surface by averaging the elevation measured
at all points considered along the foot print length. However, the irregularity is measured
as area beneath a flat surface rather than the tyre radius, i.e. this model cannot be used in
the case of dynamic rolling of a tyre. In the models discussed till now, the mass of the tyre
is concentrated at the centre and the tyre is free to override the contact from the road surface [14]. Radial and flexible ring model use multiple spring systems pivoted at the centre
of the wheel to measure the irregularities of surface. Radial ring model consists of carcass
and ply stiffness modelled as spring stiffness [15]. Flexible ring model considers additional
elastic beam on its circumference that bears the carcass and ply stiffness [16]. These models,
however, cannot incorporate tread profiles and/or other intricate details.
2.6.2

RMOD-K model

RMOD-K model for a tyre is based on multibody dynamics in which the tyre is modelled
using a system of codes [17], that define the tangential contact definition and slip situation.
Based on the physics of problem, available RMOD-K models can be classified into three
types [17]:
• Steady state model, in which tyre is not discretized but only tyre-road contact area;
• Models with contact area discretization that is used to calculate static load and contact
area shape without considering any rotation of tyre and
• Models with circumferential area discretization which can be used to calculate transient
forces and contact areas.
A representation of above discussed models is shown in Figure 11.8. These models, however, do not include any information regarding tread depth, tread width etc. and hence cannot
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describe the exact phenomena of tyre-road interaction. In order to overcome this draw back
an RMOD-K model with belt was designed as shown in Figure 11.9. This however has other
disadvantage, i.e. the belt has to be modelled without considering the other components of
tyre.

Figure 11.8: Various RMOD-K tyre models - (a) steady state model, (b) contact area
discretization model and (c) transient model. Image taken from [17].

Figure 11.9: RMOD-K belt model. Image taken from [18].
Although the described models need low computational effort, yet they cannot predict noise
due to tyre-road interaction at higher frequencies [17]. Hence, these model display a limitation for their implementation in the current research.
2.6.3

Swift tyre model

Swift tyre model is an amalgamation of various concepts for the calculation of tyre forces and
dynamics, namely:
• magic tyre formula: that calculates the tyre forces and moments based on the slip
conditions;
• different contact slip equations: namely - longitudinal slip, side slip, turn slip and
camber. For more information about these equations, the reader is referred to [19];
• rigid ring: the tyre is modelled as two different rigid bodies coupled by springs and
dampers. A free body description of model is shown in Figure 11.10 and
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• mechanism to overcome the road irregularities. For more information about the design
and construction of this mechanism the reader is referred to [20].

Figure 11.10: Swift tyre functional model. Image taken from [21].
The swift tyre model needs more data to consolidate in order to define two rings of tyre.
Apart from this, the reliability of noise measurement is only up to 100 Hz [21]. Due to these
reasons, swift tyre model is not considered in current work.
2.6.4

Tyre finite element (FE) models

With the advancement in numerical methods FE modelling technique has proved to be an
alternative to predict the performance of real world problems since every problem is modelled in the form of partial differential equations (PDEs) [22]. Before discussing about tyre
FE models it is necessary to know about various procedures used for modelling an FE tyre.
FEM discretizes a body (Ωs ) into smaller fragments generating nodes and elements (refer Figure 11.11), generates mathematical formulations and provides a systematic methodology by which solutions can be determined by a computer program. Any second order
non-homogeneous physical system in equilibrium under d’Alembert’s principle can be represented using an ordinary differential equation (ODE) as
Mü(t) + Cu̇(t) + Ku(t) = p(t),

(11.19)

where M, C and K are the mass, damping and stiffness matrices, respectively, p(t) is the
instantaneous force acting on bodies and u constitutes the displacements of element nodes.
This is the basic modus operandi of an FEM. In equation 11.19 it can be observed that the
equation is a function of time and the displacement u has to be calculated by time integration
methods which shall be discussed now. For more detailed explanation, the reader is referred
to [22].
Implicit method
In this method, the displacements of elements are calculated for time t+4t (t represents the
time step and 4t represents the time increment) by approximating the derivatives as
u̇(t + 4t) = u̇(t) +

4t
4t
ü(t) +
ü(t + 4t),
2
2

(11.20)
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Figure 11.11: A sample surface discretized by FEs.
4t2
4t2
ü(t) +
ü(t + 4t).
(11.21)
3
6
Upon inserting equations 11.20 and 11.21 in equation 11.19 and simplification, the equation
of equilibrium can be expressed as




3
6
6
6
M+
C+K u(t+4t) = p(t+4t)+M
u(t)+
u̇(t)+2ü(t) . (11.22)
4t2
4t
4t2
4t
u̇(t + 4t) = u̇(t) 4 t +

Solution for the above equation is obtained by iterative procedure. However, the calculation
effort increases with the increased number of steps and hence, the implicit methodology is
preferable for the calculation of static problems. The sole advantage of the implicit algorithm
is its numerical stability [22]. Many commercial software packages, e.g. Nastran, Optistruct,
Abaqus etc. support implicit algorithm.
Explicit method
In explicit method, the solver multiplies the state vector with mass matrices to iterate over
from t to t+4t thus, eliminating the calculation of solution at every step. This property makes
the explicit method faster compared to implicit method. With respect to numerical stability,
the system of equation is stable if and only if the critical time step (4tcrit ) is smaller than
the transit time of material waves through the smallest element of FE model; this condition is
described by the Courant criteria [22],
4t < 4tcrit ≈

Lcrit 
,
c

(11.23)

where Lcrit is the minimum element length of discretized model and c is the maximum wave
speed in the material, defined by
s
c=

E
,
ρ

(11.24)

where E is the Young’s modulus of material and ρ is the material density. Some of the
commercially available solvers that support explicit algorithm are Pam-Crash, LS-Dyna,
Abaqus/explicit etc.
In the past, many researchers have utilised FEM to model the road-tyre interaction. With the
currently available methodology, tyre-road FE modelling can be briefly categorised into three
main types as shown in Figure 11.12. A general procedure for modelling tyres include:
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• mounting
• inflation
• loading
• testing
Mounting involves the assembling of rim and tyre in the model. This means that the rotation
of rim and tyre are synchronised. After mounting process, the cavity inside the tyre torus is
inflated by applying appropriate pressure. Tyre loading involves the application of necessary
rolling speeds and boundary conditions. Finally, further tests, e.g. rolling or impact tests are
performed on the tyre. However, this procedure alters itself for different kinds of modelling
techniques which shall be discussed now.
Tyre FE
model types

3D model

Axi model

Hybrid model

Figure 11.12: Available types of tyre FE modelling techniques.
Various available tyre FE modelling techniques are shown in Figure 11.12. 3D modelling
of tyres involves discretization of a solid tyre model using FE elements. In the past, few
researchers, e.g. [23, 24, 25] have used 3D FE models of tyre for analysing the tyre performance. In these works, general idea is to model a tyre is using both implicit and explicit
methods. Since mounting, inflation and loading does not involve advanced FE calculation,
these process can be performed using implicit algorithm. Testing step is modelled using an
explicit method since the rolling of tyre on a surface involves contact analysis and this demands increased convergence time.
Axi model is an alternative methodology to model the first three steps, i.e. mounting, inflation and loading. During these steps, only the cross-section of tyre and rim are modelled
and finally for the final analysis, this axi-symmetric model is revolved to generate a full tyre
model using symmetric-model-generation code in FE modelling softwares. A sample work
flow of the procedure is shown in Figure 11.13.

Figure 11.13: Modelling a complete FE tyre from axi-model. Image taken from [26].
Extensive evidences can be found in the history of tyre modelling in which the axi-symmetric
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models are used by the researchers, e.g. reader is refered to [26, 27, 28, 29]. Although this
obviates the preference of axi models by the researchers, however the problem with this
methodology is that the axi models cannot model the tread profile of tyre. This methodology
is perfectly suited for symmetric tread profiles which highlights its disadvantage.
In 2013, Korunovic et. al [30] modelled a tyre carcass and repeated a cyclic pattern of tread
using axi modelling independently. The two geometries were then coupled to form an actual
model of tyre and the model was a mixed Eulerian-Lagrangian1 approach. The methodology
is represented in Figure 11.14. This methodology can be catogorised as a hybrid approach,
as it does not compromise with the complexities of tyre yet simplifying the process of tyre
modelling.

Figure 11.14: Modelling a hybrid tyre using axi model. Image taken from [30].

3

Calibration of tyre rubber hyperelasticities for noise analysis

Tyre structures are similar to composite materials that constitute numerous layers, each providing specific properties to the tyre mechanic and dynamic behaviour. In principle, an understanding of the partial contributions of tyre individual layers requires knowledge of their
mechanical properties. In case of non- availability of such critical information, it is difficult
to perform tyre FE analyses. Evolution of current tyres has seen constant developments in
terms of its design and materials, esp. rubbers. Although pneumatic tyres appear simple to
look at, their construction is a complex process. A sample rubber cross-section of a passenger
car pneumatic tyre is shown in Figure 11.3. From this figure we can see that a tyre comprises
not only of rubber but also other materials, e.g. nylon (for plies) and steel (for belts). Each
rubber contributes to the overall behaviour of tyre, e.g. ease of construction, tyre stiffness,
traction, noise etc.
Although rubber manufacturers can provide the accurate material properties of constituent
rubbers, i.e. the rubber hyperelasticities and viscoelasticities, however these are mere theoretical values and restricted to their behaviour when isolated and tested prior to any curing
process. During the tyre manufacturing process, these individual rubbers are sandwiched and
1 In Lagrangian method, the mesh rotates with the tyre surface. However, in Eulerian approach, FE mesh remains
stationery while the material inside the mesh rotates. This is achieved by varying the mass flow rate inside the mesh
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subjected to various temperatures and curing processes which will modify their behaviour.
To estimate the correct behaviour of the tyre, this complication has to be overcome, which
is exactly the aim of the work presented here. The material charaterisation of each individual rubbers for tyre modal behaviour is performed using the FE modelling and design of
experiment (DoE) techniques.
3.1

Tyre FE model simplification and characterisation

As mentioned in the previous chapter, although axi-symmetric tyre FE modelling technique
is a good approach for modelling an FE tyre, yet the main drawback of this technique is that
the cross-section is incapable of modelling the tread geometry as the tread profile is not uniform along the normal vector of revolution. To overcome this drawback the hybrid technique
(refer Figure 11.14) is used in which, for the current work, the tread FE model is developed
by scanning the real tyre tread profile. This part is then tied to the 3D tyre model that is
generated by revolving the axi-model of tyre cross-section.
Referring to equation 11.15, the Mooney-Rivlin material model can be deduced by substituting j = 1 as
1
(Jel − 1)2 .
(11.25)
W = Ci0 (I1 − 3) + C0i (I1 − 3) +
Di
In order to ease the DoE process for rubber hyperelasticity estimation all tyre rubbers are
defined using Mooney-Rivlin model. This is because the necessary terms (as seen in equation
11.25) for the calculation of the strain energy density (and thus the material behaviour) are
C10 , C01 and D1 . These terms can be expressed in terms of material Young’s modulus as
[31]
C10 = 0.1333 E,
(11.26)
C01 = 0.0333 E,

(11.27)

and

1
(C10 + C01 ),
(11.28)
50
in all of which the Young’s modulus is determined by estimating the test curve fit coefficients
as [31]
E = Ac1 + A2 c2 + A3 c3 .
(11.29)
D1 =

In equation 11.29 c1 , c2 and c3 are the constants of curve fitting, A and E represent the rubber
shoreA hardness and the Young’s modulus, respectively. Thus, by this procedure, the variations in tyre static behaviour is studied based on the changes in rubber shoreAs in the DoE
process. Furthermore, using the above mentioned material characterisation definitions the
tyre cross-section is simplified from eleven rubbers to six. This simplification is based on the
information obtained from the tyre manufacturer (associated with the project) from the dynamic mechanical analysis of the dominant rubbers of tyre. According to this, those rubbers
that have highest and lowest degree of material influence (hyperelasticity and viscoelasticity)
in the localised regions are given highest priority. Other rubbers whose material behaviour
lie inbetween these limits are merged with the adjacent layers. In case of any conflict, rubber
regions with comparatively smaller thickness and those rubbers that assist only during the
tyre manufacturing are given lowest priority and are merged with their adjacent regions. Difference between the simplified IDIADA axi-model vs. initial axi-model is shown in Figure
11.15. With a change in constituent rubber volume, the mass of tyre FE model also changes.
This change of mass is compensated by proportionally altering the density of tyre individual
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rubbers. Thus, the mass of tyre FE model stands same as that of real tyre with a value of 18
kg.

(a)

(b)

Figure 11.15: 2D axisymmetric tyre FE models. (a) Used by previous researchers for tyre
modelling and analyses, and (b) simplified IDIADA tyre axi-model developed based on the
prime functional rubbers of tyre as realised from a DMA analysis. (information shared by the
tyre manufacturer) Image blurred due to confidentiality. Tread geometry remains unchanged
and hence not shown.
After simplifying the tyre FE model the overall static tyre behaviour, due to changes in the
shoreAs of individual rubber regions, needs to be analysed with the aid of DoE. For this, each
region of tyre has to be named. The naming convention of simplified Idiada tyre geometry
is as shown in Figure 11.16. This model is utilised to study the contribution of individual
rubber/region shoreAs on the overall tyre static and dynamic behaviour.

Figure 11.16: Naming convention of the simplified tyre geometry for the sampling of tyre
rubbers for the DoE study.
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Static behaviour study

Static tyre behaviour is described by radial, longitudinal and lateral stiffness that are measured on a kinematic and compliance (K&C) machine as shown in Figure 11.17. As seen
from this figure, the anvil applies a load on tyre in radial, lateral and longitudinal directions
(in separate tests) and correspondingly tracks the displacement. Tyre inflation pressure is set
to 2.4 MPa (24 bar). The tyre static behaviour from the test is used as a reference to calibrate
the tyre FE model.

Figure 11.17: K&C test setup to measure the tyre stiffness at IDIADA. Axes 3, 2 and 1
represent radial, lateral and longitudinal directions of anvil movements, respectively with
respect to tyre.
DoE using Latin hypercube sampling (LHS) technique is used to generate tyre FE models
with random rubber hardness values. In each of these simulations, the stiffness of the FE
model is correlated against the behaviour/stiffness measured on the K&C machine. For the
DoE, the values of rubber hardness between lower and upper limits (of each rubber) are inputs
for sampling and are shown in Table 11.2. These initial values are estimated by measuring
the hardness using a shoreA hardness gauge. (However, this does not lead to accurate values
since many rubber regions are now simplified into one region that locally dominates the tyre
response, refer Figure 11.15). A total of 45 samples (the minimum number of runs required
for 8 variables considered [32]) are generated using LHS technique for this DoE. The hyperelasticity of plies is defined in the FE model in the form of tabular data values from test
measurements and is sampled in the DoE by scaling these reference values by a factor. The
model comprising of appropriate rubber hardness and ply stiffness is then obtained by optimisation. [33]
The prime advantage of this methodology is that the rubber materials are characterised based
on overall tyre behaviour as against the conventional theoretical implementation of rubber
materials in simulations.
The individual contribution of each rubber can be understood from the correlation coefficient
table as shown in Table 11.3. From this table it can be seen that the carcass rubber majorly
influences all the stiffness of the tyre: because the carcass rubber runs from bead to bead thus
constituting the main component per volume of tyre. Major contribution towards longitudinal
stiffness comes from (other than carcass rubber) the cap ply since the first principal direction
of this ply (refer Figure 11.3) is along the direction of longitudinal load. The same reason
applies for the influence of carcass ply over the lateral stiffness.
Figure 11.18(a) provides a comparison for the tyre radial stiffness between K&C test and FE
simulation with the optimised values of rubber hardness. From this figure it can be seen that
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Table 11.2: Upper and lower limit for sampling the shoreAs of rubber regions. Optimised
values normalised due to confidentiality.
Parameter
ShoreA sidewall
ShoreA tread
ShoreA apex
ShoreA carcass
ShoreA shoulderwedge
ShoreA rimcushion
Factor cap ply
Factor carcass ply

Rubber/ply
name
Sidewall
Tread
Apex
Carcass
Shoulderwedge
Rimcushion
Cap ply
Carcass ply

Lower
limit
35
35
35
35
35
35
0.2
0.2

Upper
limit
75
90
95
75
75
80
2.0
2.0

Optimised
value
57.33
60.0
71.64
60.0
48.88
63.33
1.09
1.63

Table 11.3: Correlation coefficients between tyre constituent rubbers and tyre stiffness as
obtained from a DoE tool. Correlation coefficients describe the relative strength between the
input and output variables. The sign indicates the direction of this relationship.

Output

parameters

Input parameters

Radial
stiffness
Lateral
stiffness
Longitudinal
stiffness

Sidewall

Apex

Tread

Carcass

Shoulderwedge

Rimcushion

Cap ply
factor

Carcass ply
factor

0.38

0.2

-0.04

0.66

0.36

-0.15

0.11

0.46

0.27

0.11

-0.13

0.52

0.21

-0.07

0.26

0.77

0.38

0.14

0.07

0.59

0.32

-0.09

0.58

0.24

there is a good agreement between the test and FE simulation. Similarly, Figure 11.18(b) and
Figure 11.18(c) show good agreement between test and FE simulation results. The underestimation of lateral stiffness as seen in Figure 11.18(b) can be rectified by a finer mesh model;
this, however, comes at the cost of computational time. Nevertheless, the slope of optimised
and the test stiffness curves in this figure is identical and hence acceptable. In Figure 11.18(c)
there exists a small deviation in simulation results post 1.5 kN load. This error is due to the
inherent incapability of coarse FE mesh models to evaluate non-linear behaviour.
Table 11.4 provides information on the error in stiffness values as predicted by FE models.
The error is calculated as
Error = abs(Atest − Asim )/Atest ,

(11.30)

where Atest and Asim are the areas under the stiffness curves of test and simulation (both
optimised and unoptimized) in Figure 11.18. The error values are tabulated in Table 11.4.
These values lie in the acceptable limits and can be further reduced by using a fine mesh
model for the DoE and optimisation process. However, this leads to a compromise over
computational time. From the results, it can be concluded that the hyperelastic properties of
rubbers, as determined from the DoE, are credible and can be used in the FE model of tyre.
3.3

Tyre modal testing and FE analysis

A good material definition is very important in FE analyses for predicting the dynamic behaviour of tyre. The hyperelasticity of rubbers is a key property that regulates the frequencies
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(b)

(c)
Figure 11.18: Comparison between an unoptimised and optimised model against the tyre
response from K&C test for (a) radial stiffness, (b) lateral stiffness and (c) longitudinal stiffness. Axes ranges are hidden due to confidentiality. All rubbers bear a shoreA (test) value of
50 shA in the unoptimised model.

of tyre Eigen modes and its definition in the FE model is sufficient if the prime objective is to
understand the degree of influence of its (hyperelasticity of each rubber) over the tyre modal
behaviour. Refer Figure 11.21(b) for more information. Although viscoelasticity or modal
damping can be introduced in the FE model, it merely alters/damps the amplitudes of the
peaks. Since the focus is to study the influence of material properties over Eigen frequencies
of the modes, this work considers the effect of rubber hyperelasticity only.
In order to study the modal behaviour of tyre, a free-free setup is developed as shown in Figure 11.19(a). As seen from this figure, the tyre is suspended using an elastic band to generate
a near free-free condition during the test. Referring to this figure, impact points are deployed
with mono-axial accelerometers to measure point inertances. Transfer inertances are measured using tri-axial accelerometers along the circumference of the tyre. A close up view of a
set of tri-axial accelerometers at one of the measurement points on the tyre is shown in Figure
11.19(b).
The tyre considered has 350 tread points: this means that each tread is offset by approx. 1◦
from each other. Hence each tread can be numbered directly based on its angle from a reference on the tyre. An illustration of the tread numbering and, impact and point inertance
points are shown in Figure 11.20. Three points on the tyre are identified for impact tests
using a hammer with a metal tip. The impact is made only on these points in the direc-
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Table 11.4: Error (in %) in the tyre stiffness as predicted by the FE model.
Output parameter
Radial stiffness
Lateral stiffness
Longitudinal stiffness

Before optimisation
12.4
36.81
35.98

After optimisation
0.94
6.5
5.2

(a)

(b)

Figure 11.19: Modal analysis test. (a) A free-free tyre test setup for modal analysis and (b)
A sample measurement point on the tyre with tri-axial accelerometers.

tion normal to their surfaces and the point inertances at these points are measured using five
monoaxial accelerometers. These points are named as 16, 19 and 20 as shown in the same
figure. Tri-axial accelerometers are used to measure the accelerations or transfer inertances
of every alternative tread blocks by shifting the accelerometer positions after every impact
measurements.
These measurements are made upto 270◦ of the tyre. A sample measurement of point inertance is shown in Figure 11.21(a).
In the same figure, coherence can also be seen. Coherence in an impact test is an indicator
of measurement reliability on a scale from 0 to 1: 0 being unreliable and 1, reliable. By observing the coherence curve (11.21(a)) it can be concluded that the tyre modes from impact
test can be well reliable up to a frequency of 400 Hz, beyond which the results are unreliable. However, beyond 300 Hz, there exists another challenge - high modal density (case in
which the Eigen frequencies of several modes are very closely spaced) which increases the
complexity of the tyre modal behaviour prediction.
Hence, the DoE study must be restricted to only those modes of the tyre that lie upto maximum 300 Hz. A comparison of the identifiable Eigen modes of tyre (considered only upto
200 Hz) between test and simulation is shown in Figure 11.21(b). As previously mentioned
the FE simulation only considers the hyperelasticity of rubbers as an attempt not to dampen
any mode of the tyre. Mode shapes are shown in Appendix 4.1. The correlation of transfer
inertances between test and simulation is shown in Appendix 4.3.
3.3.1

Individual rubber contributions to the Eigen modes of tyre

In the previous section, an experimental modal analysis of the tyre was discussed, which offered an understanding that the tyre is a highly damped system since the limit up to which the
modes can be distinguished is 300 Hz. However, for the study on the contribution of individ-
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Figure 11.20: An illustration of tread numbering and identification of impact and measurement points on the tyre. The impact direction is normal to each individual impact point.

(a)

(b)

Figure 11.21: Point inertances (a) due to hammer impact on points 16, 19 and 20 on the
tyre with coherence of the measurement and (b) point inertance comparison between FE
simulation (without any damping) and test for an impact on point 16. Peaks with asterisk are
non-identifiable in tyre modal test and can be eliminated by defining damping in the system
(refer section 3.3.2). Hence they are not considered for the current DoE study.

ual rubber hyperelasticity on the overall tyre modal behaviour, the frequency limit considered
is 200 Hz. The method used in this process is the design of experiments (DoE), in which the
shoreAs of the six rubbers of tyre are considered for inputs and the frequency of Eigen modes
are outputs. The input values are sampled as percentage changes in the rubbers shoreAs and
the corresponding change in the Eigen frequencies are determined. The input parameters are
shown in Figure 11.16 and their corresponding lower and upper limits for the modal DoE is
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shown in Table 11.5.
Table 11.5: Rubber shoreA sampling limits for modal behaviour study. Initial values shown
are normalised.
Parameter
ShoreA sidewall
ShoreA tread
ShoreA apex
ShoreA carcass
ShoreA shoulderwedge
ShoreA rimcushion

Rubber
name
Sidewall
Tread
Apex
Carcass
Shoulderwedge
Rimcushion

Initial
value
57.33
60.0
71.64
60.0
48.88
63.33

Lower
limit (%)
-25
-25
-25
-50
-50
-25

Upper
limit (%)
50
25
25
25
25
25

The values for these limits are obtained from several pre-run DoEs in which the mode shapes
are made to fit in considered frequency range, i.e. 200 Hz. A total of 28 samples (the minimum number of runs required for 6 variables considered [32]) are generated using Latin
Hypercube sampling (LHS) technique for the purpose of DoE. The results from DoE study
are shown in Table 11.6.
This table gives the correlation coefficients between the inputs (or rubber hardness) vs. the
modal output parameters (or the Eigen frequency of the modes). From this table, it can be
seen that the shoreA of sidewall and carcass rubbers mainly dominate the tyre modal behaviour. Sidewall rubber shoreA influences the lower modes of tyre and its influence reduces
for higher modes, however, the influence of carcass rubber shoreA is vice-versa. While the
influence of rimcushion and apex rubber shoreAs stand trivial in comparison with sidewall
and carcass rubber shoreAs, the tread and shoulderwedge rubber shoreAs offer zero or nearzero contribution to the tyre modal behaviour.

Output

parameters

Table 11.6: Results from DoE. Correlation coefficients between the tyre individual rubber
hardness and the Eigen frequency of tyre modes.

Mode 1
Mode 2
Mode 3
mode 4
mode 5

Sidewall
0.9
0.5
0.6
0.6
0.6

Apex
0.3
0.3
0.3
0.3
0.3

Tread
0.0
0.0
0.0
0.0
0.0

Input parameters
Carcass Shoulderwedge
0.6
0.0
0.8
-0.1
0.8
-0.1
0.8
-0.1
0.9
-0.1

Rimcushion
0.24
-0.1
0.15
0.0
-0.2

Apart from understanding the correlation between input and output variables it is important
to understand the degree of their significance over the tyre behaviour. A set of pareto plots for
the considered five Eigen modes is shown in Appendix 4.2 Figure 11.34. From these plots it
can be seen that the sidewall and carcass rubber shoreAs are the major factors that control the
overall tyre modal behaviour. The sidewall rubber shoreA has a dominant influence over the
first Eigen mode of the tyre as displayed from Figure 11.34(a). On the other hand, the carcass
rubber shoreA dominates the rest of the modes of tyre. This can be realised from Figure
11.34(b)-(e). These pareto plot complement the findings and discussions on the correlation
coefficients (in Table 11.6) thus assuring that the modal DoE study is valid and credible.
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Hence, from these studies, it can be concluded that the hardness of tyre carcass rubber is a
critical parameter that affect the static as well dynamic behaviour of tyre. Although the hardness of sidewall has mediocre influence over the tyre static behaviour, yet it has a very strong
participation in the dynamic behaviour of tyre.
3.3.2

Test and simulation correlation with damping definition

The study of tyre FE modal behaviour was discussed without an introduction of any kind of
damping, either material or mode based, in the simulation model until now. In order to correlate the tyre simulation results with that of tests, damping in the FE model is necessary and
this is introduced in the form of modal damping values. These values are determined from the
tyre impact tests using p-LSCFD method in LMS software [34] and are as tabulated in Table
11.7. In case the viscoelastic properties of rubbers are known then these can be an alternative
to modal damping. This, however, is not the case in this study since the viscoelastic property
of these rubber regions needs to be recalibrated since the tyre FE model has been simplified
by merging several rubbers.
Table 11.7: Modal damping values as obtained from tests.
Eigen freq. (Hz)
66.51
100.87
118.25
142.68
168.73
195.61

Damping value (%)
2.53
3.24
4.18
3.80
3.50
3.11

Figure 11.22 offers a comparison of point inertance measured from tests and simulations for
an hammer impact on point 16 of tyre. From this figure, it can be observed that there is a good
correlation between the simulation and test results. This implies that the methodology of the
estimation of shoreA and thus the hyperelasticity of each individual rubbers based on the tyre
overall performance as well as the introduction of modal damping into the tyre FE analysis
is prolific. The peak at about 100 Hz (in Figure 11.22(a)) in the test remains unidentifiable
from the figure (due to small amplitude) but still exists in model and is shown in Appendix
4.1.
From Table 11.6 it is possible to determine the correlation coefficients between the rubber
shoreAs and the Eigen frequencies of the tyre. However, it is important to verify these results
from the DoE in order to ascertain its reliability. The shoreAs of carcass, sidewall, tread and
rimcushion rubbers are ideal for this verification. This is because for shoreAs of carcass and
sidewall the results from the DoE show higher influence over the Eigen frequencies of modes,
and the shoreAs of tread and rimcushion, the negligible.
As a procedure for this verification, various tyre FE models each individually comprising of
66.6% and 133.3% of the optimised values of shoreAs of these rubbers are modelled and
simulated for a hammer impact over tread point no. 16 only. Same study can be conducted
for other impact points too, if necessary. The unusual percentage variation is due to the next
available lower and higher values of rubber shoreAs from their optimised value. The results
from these simulations are shown in Figure 11.23.
From Figures 11.23(a) and 11.23(b) it can be clearly observed that the change in the shoreAs
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(a)

(b)

(c)
Figure 11.22: Point inertance comparison between test and simulation - (a) for point 16 (b)
for point 19 and (c) for point 20. Refer Figure 11.20 for points location.

of carcass and sidewall rubbers, respectively influence the Eigen frequencies of tyre modes
by a larger extent than that of the change in the shoreAs of tread and rimcushion rubbers
(Figures 11.23(c) and 11.23(d)). This is exactly the behaviour predicted by modal DoE. To
conclude, the rubber hyperelasticities predicted by the DoE technique is well describing the
modal behaviour of tyre.
3.4

Noise generation and propagation study

Noise generation and propagation is a study subsequent to tyre modal analysis. In previous
sections, a free-free tyre setup is impacted using a hammer and the displacements of external
points on the tyre are measured using accelerometers. In this section, the setup and results of
the noise FE simulations of same tyre are discussed.
In the noise generation study, same tyre is impacted (with a hammer) on the same points
as described in Figure 11.20 and the propagation of noise generated or the noise transfer
function (NTF) is measured with the aid of microphones as shown in Figure 11.24(a). Two
microphones M1 and M2 are used for tests and their placements are as shown in Figure
11.24(b). In parallel lines to tyre noise tests, tyre FE noise simulation model is also setup.
The procedure of FE noise propagation is based on sequentially coupled submodelling
analysis technique (available in commercial FE analysis software packages). A schematic
description of this technique is shown in Figure 11.25. In this figure, the global model involves the mechanisms that generate noise. In this study this corresponds to FE model of tyre
which is impacted over the same tread as in the test. The output from the global model is the
corresponding nodal displacements of tyre. This output from global model is then utilised as
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Figure 11.23: Influence of shoreAs over the tyre point inertance (for impact on point 16)
of the free-free tyre. (a) Carcass shoreA influence, (b) sidewall shoreA influence, (c) tread
shoreA influence and (d) rimcushion shoreA influence. The unusual percentage variation
is due to the next available lowest and highest values of the shoreAs of rubbers from the
optimised value.

a boundary condition in the submodel analysis in which the acoustic or noise propagation is
simulated. A snap of global model, submodel and acoustic wave propagation as developed
in an FE modelling software is shown in Figure 11.26. Microphones in this FE model are
modelled as sensor points (not shown in the figure) to pick up the acoustic pressure variations
due to perturbations in the acoustic medium caused by the nodal displacements of global
model. The position of these sensor points are same as that of the experiments shown in
Figure 11.24(b).
The global model consists of structural/continuum elements. The submodel consists of
acoustic elements as well as infinite elements. The infinite elements are modelled as shells
on the external surface of acoustic medium (refer Figure 11.26). The purpose of infinite
elements is to make sure that the acoustic source does not turn into a sink. They eliminate
any acoustic wave reflections back into the acoustic medium so that the model represents a
test that is performed in hemi-anechoic conditions.
3.5

Results and discussions

To assess the reliability of FE model, the NTF from test and acoustic pressures (NTF) picked
up by the corresponding sensor node in the simulation must be compared with each other.
The noise measurement test involves two microphones M1 and M2 for NTF measurements
(refer Figure 11.24(a)) of which only M2 is considered for the comparisons. Figure 11.27
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(b)

(a)

Figure 11.24: Free-free tyre setup for noise generation and propagation - (a) experimental
setup at the hemi-anechoic chamber in Idiada and (b) microphone positions for the measurements. M1-S = 0.5 m, M2-S = 0.15 m and M2-T = 0.06 m.

Global
model

Output
results

Stuctural simulation - tyre modal
analysis

Submodel

Acoustic simulation - noise
propagation analysis
Final
results

Acoustic pressure at
sensor nodes / mic points

Figure 11.25: Sequentially coupled submodelling technique for tyre FE noise simulations.

shows the correlation between the simulation and test results. From this figure, it can be
seen that there is a good match between the NTF levels of tests and simulations. However,
in Figure 11.27(a) there exists an offset in NTF peaks. There are two possibilities for this
offset - a numerical error in the calculation of acoustic pressure (which is usual in the case
of noise measurements associated with huge models) or a need for precise excitation (angle
of impact), similar to the direction of force applied in FE simulation, which is ideally not
possible in a hammer impact test. This error can also be noticed in the point intertance (refer
Figure 11.22(a)) in which the simulation shows an extra peak for the mode at ∼100 Hz.
In addition to the study on the influence of shoreAs over the tyre point inertances (as in
Figure 11.23), it is also important and interesting to study the same over the tyre NTFs. Same
models, that were studied for the point inertances, are considered in NTF simulations and the
effect of carcass, sidewall, tread and rimcushion shoreAs over the NTF are shown in Figure
11.28.
All the observations and discussions that are evident for the dependance of Eigen frequencies
over rubber shoreAs (refer Figure 11.28 and its corresponding discussion) still hold relevance
for the dependance of NTF over rubber shoreAs. From Figures 11.28(a) and 11.28(b) it can
be clearly observed that the change in shoreAs of carcass and sidewall rubbers, respectively
influences the NTF by a larger extent than that of a change in the shoreAs of tread and
rimcushion rubbers(Figures 11.28(c) and 11.28(d)). This means that the DoE technique used
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Figure 11.26: FE model of the sequentially coupled analysis.

for the calibration of rubber hyperelasticity not only helps in the development of an FE model
to studying its Eigen mode dynamics but also assist in fine tuning the NTF (and thus noise)
when the model is incorporated with appropriate damping values.
3.6

Conclusions

An innovative and simplified tyre axi-model was developed that takes into account the behaviour of tyre individual components due to manufacturing variability. The tyre axi-model
was simplified based on the degree of the local dominance of each rubber of tyre: based on
the information shared by the tyre manufacturer. Tyre static behaviour, i.e. the radial, lateral
and longitudinal stiffness were measured on a K&C machine and a replicative FE simulation
model was developed. LHS technique was used to generate tyre model samples with varying
rubber hardness. A DoE study was performed in which all the generated tyre model samples were simulated and the corresponding static behaviour in each of these were compared
against the test. A tyre model with optimised individual rubber hardness among these samples, that matches the test results, was determined. Using this optimised tyre rubber model,
DoE was again implemented to understand the contribution of constituent rubbers to the tyre
overall dynamic behaviour. This approach offers a systematic segregation of the contribution
of individual rubber regions over the frequencies of tyre Eigen modes. The tyre inherent
Eigen modes were primarily controlled by rubber hyperelasticities and the damping was defined in the form of modal damping values that were determined from modal tests.
From the tyre static behaviour study, it was found that the hardness of carcass rubber dominates the overall tyre stiffness for two reasons - (a) carcass rubber runs between bead to bead
of the tyre thus forming a skeleton of the tyre and (b) it is the main component per volume
of the tyre. Carcass plies influence the tyre radial and lateral stiffness; the cap plies, the
tyre lateral stiffness, due to their stiffening effects in the corresponding loading directions.
Shoulderwedge and sidewall rubber hardness offer mediocre effect over the tyre static behaviour whereas tread, apex and rimcushion rubber hardness impart trivial influence.
Tyre dynamic behaviour study showed that the key contributors for the tyre Eigen modes are
the carcass and sidewall rubbers hardness. From the DoE results, theoretically it was found
that the carcass rubber shoreA dominates the Eigen frequency of tyre modes at higher fre-
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(a)

(b)

(c)
Figure 11.27: Noise transfer function comparison between test and simulation - (a) for point
16 (b) for point 19 and (c) for point 20. Refer Figure 11.20 for points location. NTF from
microphone M2 considered for this study. (refer Figure 11.24 for the microphone positions)
quencies whereas the sidewall shoreA, the lower ones. The contribution of apex and rimcushion rubber shoreAs was negligible and the tread and shoulderwedge rubber shoreAs made no
contribution to the tyre modal behaviour.
It is important to note that tyre modal density increases considerably beyond 300 Hz. Although the rubber hyperelasticity is sufficient enough to identify the Eigen frequencies of the
tyre modes up to this limit, the damping definition of rubbers is essential to model the tyre
dynamic behaviour beyond it. On the one hand, modal damping values from the modal test
provide the damping information in a straightforward step, on the other hand, these values
are hard to identify from the tests beyond 250 Hz - 300 Hz; again, due to the problem of high
modal density. Hence, it is advisable to estimate and introduce the viscoelastic definitions
of rubbers in case the aim is to model the same tyre for higher frequency analyses. The viscoelastic property estimation can be performed by calculating the Prony parameters and this
process is the direction that will be followed for this work in future. Once the robust tyre
noise FE models are prepared various noise spectra can be generated for high frequencies by
varying rubber hardness. These noise patterns will be subjected to perception tests to study
the tyre sound perception and annoyance in future.
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(a)

(b)

(c)

(d)
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Figure 11.28: Variation in the free-free tyre NTF due to variations in (a) Carcass shoreA, (b)
sidewall shoreA, (c) tread shoreA and (d) rimcushion shoreA.
4
4.1

Appendix
Mode shapes

In this section, mode shapes of the tyre from testing and simulation are shown. The simulation
model is setup using optimised rubber shoreA values as determined in section 3.

Figure 11.29: Mode shape for Eigen mode 1 (66 Hz) − (left) from simulation and (right) from test.
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Figure 11.30: Mode shape for Eigen mode 2 (100 Hz) − (left) from simulation and (right) from test.

Figure 11.31: Mode shape for Eigen mode 3 (118 Hz) − (left) from simulation and (right) from test.

Figure 11.32: Mode shape for Eigen mode 4 (146 Hz) − (left) from simulation and (right) from test.

Figure 11.33: Mode shape for Eigen mode 5 (171 Hz) − (left) from simulation and (right) from test.
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Pareto plots

(a)

(b)

(c)

(d)

(e)

Figure 11.34: Pareto plots for the first five modes of tyre as obtained from the DoE. Red
indicates the inverse effect of input variable over the system output.
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4.3

Transfer inertances

The sample points considered for transfer inertance comparison between test and simulation
is shown in Figure 11.35. The tyre is impacted on point 1 - N16 and transfer inertances for
points 2 - 6 are compared. The location of these points along the tyre width is also shown in
section A-A and section B-B in the same figure.

Figure 11.35: Tyre points considered for transfer inertance comparison. Sections A-A and
B-B showing the location of transfer intertance measurement points on the tyre.

Tyre noise simulations for psychoacoustics

(a)

(b)

(c)

(d)
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(e)

Figure 11.36: Transfer inertance plots for (a) point 2 - N71, (b) point 3 - N123, (c) point 4 N164, (d) point 5 - N225 and (e) point 6 - N261, for an impact on point 1 - N16 on the tyre.
For points information refer Figure 11.35.

316

H2020 Marie Curie ITN PBNv2 (GA 721615)

REFERENCES
[1] How to understand car noises.
noises/1707/. Dated: July 26, 2016.

https://dakstoyota.com/how-to-understand-car-

[2] Sandberg U. and Ejsmont J.A. Tyre/road Noise Reference Book. Informex, 2002.
[3] Iwao K. and Yamazaki I. A study on the mechanism of tire/road noise. JSAE Review,
17(2):139 – 144, 1996.
[4] Jasna G. Danijela M. and Jovanka L. Regulations on road vehicle noise – trends and
future activities. Project: Research of the safety of the vehicle as a part of cybernetic
system “Driver-Vehicle-Environment”, 2017.
[5] Mark J.E. and Erman B. Science and Technology of Rubber (Third Edition). Academic
Press, 2005.
[6] R.N. Jazar. Vehicle Dynamics: Theory and Application. SpringerLink : Bücher.
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1

Executive Summary

Modal parameter estimation is a well-researched field of system identification for vibrating
structures with number of successful approaches proposed over the past decades. Practically,
it is often used as a model validation tool and recent efforts have been focussed on creating
methods that require the least user-intervention. To this effect, the DERRP (Direct Estimation of Residues from Rational-fraction Polynomials) algorithm is proposed to compute all
modal parameters in a single-step. This differs from currently used algorithms in that the
latter require the user to select valid poles from a large set of computed poles and associated incomplete set of parameters. Once the selection is made, the remaining parameters are
computed in another stage. DERRP however eliminates the need for the second stage by
making all the parameters available after the first step. The calculation involves the novel
use of a recursive algorithm and allows for several modifications in the pole-selection process via the stabilisation chart. This strategy is hereby explained in this chapter and applied
to a numerical system designed to mimic experimental data. The estimated parameters are
compared against the theoretical values and those from a widely used method. The results
indicate that the parameters estimated are highly accurate, and the advantages of the proposal
are highlighted.
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Introduction

Modal parameter estimation (MPE) refers to a system identification procedure for vibrating mechanical structures wherein an a-priori model is used to determine parameters from
Frequency Response Functions (FRFs) or Impulse Response Functions (IRFs). It is a wellresearched field with various approaches proposed over the itpast five decades, and s maturity
may be gauged by the availability of a common framework unifying the various algorithms
- UMPA (Unified Matrix Polynomial Approach) [1] and the widespread use of algorithms
like the poly-reference least squares frequency domain approach (also called PolyMAX c
[2]) and Least Squares Complex Exponential (LSCE) for industrial use cases. One of current
focuses of research is the automation of the MPE process [3], [4], [5], especially for large
and noisy data sets from industrial applications [6], and herein lies the motivation for the
presented work.
2.1

Modal theory

The modal parameters that characterise the dynamics of a Multiple-Input Multiple-Output
(MIMO), Linear Time Invariant (LTI) system are as follows:
• Poles or complex natural frequencies (λ = σ + jΩ): The imaginary part corresponds
to the observable damped natural frequency. The damping ratio (ζ) is computed using
the real part of the pole as indicated in Equation 12.1.
ζ=√

σ
+ Ω2

(12.1)

σ2

• Modal (or mode shape) vectors ({ψ}) represent the principal shapes that the structure
assumes when vibrating at its natural frequency.
• Participation vectors ({L}) represent the contribution of various force input degreesof-freedom (DoFs) to each of the mode shapes.
• Modal scaling factors (Q) represents the constant that scales a normalised mode
shape.
These aforementioned modal parameters are considered as global properties of a system and the algorithms used to compute these from experimentally obtained data must enforce this constraint. The general process of MPE is discussed below and the recently introduced DERRP algorithm (Direct Estimation of Residuals from Rational-fraction Polynomials) [7][8][9] is discussed in the following section. However, for a detailed background on
the basics and theory, the reader is directed to the references [10], [11], and [12].
The FRF matrix ([H(ω)] ∈ CNo ×Ni ) relating displacements to forces may be represented
in the partial fraction description of the MIMO FRF matrix in the frequency (or Fourier)
domain in terms of the residues ([Ar ] ∈ CNo ×Ni ), poles (λr ) and residuals, both lower
([LR] ∈ CNo ×Ni ) and upper([U R] ∈ CNo ×Ni ), as shown in Equation 12.2.
h
i
H(ω)

No × Ni

=

Nr 
X
[Ar ]N

o

r=1

× Ni

jω − λr

+

[Ar ]∗No × Ni
jω − λ∗r


+

[LR]No × Ni
+ [U R]No × Ni(12.2)
(jω)2
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Here, No is the number of outputs, Ni is the number of inputs and Nr is the number of
conjugate mode pairs (λr , λ∗r = σ ± jΩ).
The residue at the rth non-repeated modal frequency i.e. [Ar ] is of unity rank, can be
decomposed into the modal scaling factor (Qr ∈ C1×1 ), the modal vector (ψr ∈ CNo ×1 ) and
the modal participation vector (Lr ∈ CNi ×1 ) as shown in Equation 12.3. For the proportionally damped case, the residue is purely imaginary.
 

Ar No × Ni = Qr ψr
2.2

No × 1


Lr

T
1 × Ni

(12.3)

The traditional two-step approach

In current state-of-the-art approaches, a rational fraction polynomial (RFP) is often used to
represent the FRF matrix to initiate the MPE process. The left-matrix RFP description shown
in Equation 12.4, is used to construct an overdetermined set of equations at each frequency
line (s = jω), which is then solved in a least squares sense for the shown matrix polynomial
coefficients of the “denominator”([αi ]) and the “numerator” ([βi ]).

h

H(s)

i
No ×Ni

=

X
m h
i=0

i

[αi ]s

i−1
No ×No

X
m h
i=0

i

[βi ]s

i

(12.4)

No ×Ni

The “numerator” (or [βi ]) matrix coefficients are then either ignored after or eliminated
by substitution before the least squares solution. In any case, only the “denominator” (or
[αi ]) matrix coefficients are used to develop a polynomial eigen-value solution [13] (also see
companion matrix [12]). This process is carried out for increasing model order m, resulting
in complex poles (as eigen-values) and modal vectors (as truncated eigen-vectors) for each
model order iteration, using which a consistency (or stabilisation) chart may be plotted. The
user is then required to select valid poles from the large set of computed poles (and associated
modal vectors), based on statistical parameters, as described in Section 3.2. This is an important step in the first stage of MPE and requires user experience, especially when the data
set may be noisy. Only after the poles are selected and finalised, may the user proceed to the
second stage where the partial fraction model is applied (Equation 12.2) to each frequency
line to compute the participation vectors, modal scaling, and the upper and lower residuals in
a least squares sense.
2.3

Identification of the problem statement

The issue at hand is identified as the incomplete modal model available to the user at the
end of the first least-squares estimation of the coefficients of the matrix coefficient rational
fraction polynomial. The idea is that to essentially estimate all the parameters in the first
step itself, before the construction of the stabilisation chart. The innate advantage of having
the complete set of modal parameters is the greater confidence of the user while selecting
valid pole estimates. This originates not only from the ability to compare more parameters to
determine consistency in the estimation of structural poles, but also from concrete metrics that
can be employed to validate the model-based reconstruction of the data against the original
experimental set.
Another idea addressed is that the modal vector information is available for either the
input or the output degrees of freedom, whichever may be a larger set. This, for example,
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leads to the fact that an animation may only be carried out in a single measurement dimension
(input or output). However, since the residue is of rank one, another stage in the construction
of the stabilisation chart may be introduced by using all the measured DoFs (input and output)
to create a statistical comparison. This is of interest especially in cases where a complete set
of driving point measurements is not available.
With the increasing usage of experimental modal analysis (EMA) by non-experts as a
“commodity tool” [6], removal of dependency of parameters on the user’s experience is considered to be a significant step forward towards automation of this process.
3

The DERRP model

Equation 12.2 indicates the modal decomposition of the admittance FRF matrix (displacement over force). Under the proposed DERRP methodology, this partial fraction model is
expanded and represented as a RFP, using a left-matrix description (LFD) (Equation 12.5).
As indicated previously, current state-of-the-art algorithms also use a RFP model (Equation
12.4), however the main difference is that under DERRP, the expansion of the partial fraction
model is explicitly described by Equation 12.5. The “numerator” matrix polynomial order is
limited to one lesser than that of the “denominator” matrix polynomial.

h

H(s)

i
No ×Ni

=

X
m h

[αi ]si

 m−1
Xh

i−1
No ×No

i=0

[βi ]si

i=0

i
No ×Ni

[LR]No × Ni
+ [U R]No × Ni
+
s2

(12.5)

Through left multiplication, this equation may be simplified to Equation 12.6 to include
the residual terms in a modified rational fraction left-matrix description.
X
m h

[αi ][H(s)]si

i

i=0

−

 X
m h

[β̂i ][I]si

i

 
= 0

(12.6)

i=−2

An overdetermined least-squares problem using Equation 12.6 can then be set-up to compute the matrix-coefficients [αi ] and [β̂i ] for increasing model iteration m. Under the DERRP
methodology, the “numerator” is then explicitly expressed as a ratio of the adjoint matrixcoefficient polynomial and the characteristic polynomial (Equation 12.7) using Vu’s extension of Faddeev’s algorithms [14].

X
m h
i−1
i
[αi ]s
i=0

No ×No

=

P(No −1)m h + i i
[αi ]s
i=0
No ×No
PNo m
i
i=0 di s


(12.7)

Vu’s extension to Faddeev’s algorithms may used to compute the matrix coefficients of the
adjoint polynomial and the monic characteristic equation. For a detailed derivation, the reader
is directed to Reference [14]. This process is also defined in the introductory paper to DERRP
for the modal identification procedure [7].
The complexity of the algorithm in terms of the matrix size No and model order m is
computed as (2m2 + 2m + 1)(6No5 − 9No4 + 7No3 + 18No2 + 8No ). This is seen to scale
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badly with number of outputs but if the number of outputs is limited to the smaller dimension
of the FRF matrix (typically not greater than 4-5), the additional time taken to compute the
limits is seen to be within reasonable limits.
Thus, the MIMO model can be represented in its common-denominator form as shown
in Equation 12.8. The roots of the denominator polynomial on the RHS include a sub-set
of actual poles and (possibly) extra poles computed due to over-specification of the model
order. This over-specification is necessary since the actual poles are computed for increasing
model iterations, but the extra (or computational) poles do not remain fixed with respect to
frequencies and/or associated parameters, and may be sorted out using mechanisms explained
later.
Nr 
X
[Ar ]N
r=1

o

× Ni

s − λr


[Ar ]∗No × Ni
[LR]No × Ni
+ [U R]No × Ni =
+
+
s − λ∗r
s2



i
P(No −1)m h + i i
Pm h
i
[α
]s
[
β̂
]s
i
i
i=0
i=−2
No × No
No × Ni
PNo m
i
i=0 di s

(12.8)

By a simple comparison of the LHS (theoretical model) and RHS (available model) in
Equation 12.8, the parameters for the rth mode may be defined as follows.
• Poles or complex natural frequencies (λr = σr + jΩr ) are the roots of the monic
characteristic equation (denominator of the RHS in Equation 12.8). The poles result in
the natural frequency and the damping ratio for the specific pole as shown in Equation
12.1.
• Modal Residue([Ar ]) associated with the pole λr is computed using Equation 12.9.
The advantage of computing the explicit inverse is that the limit may be computed by
using L’Hospitals rule for ratio of indeterminate forms, and results in a scaled version
of the residue.
h i
Ar

No × Ni

= lim

s→λr

h


i
H(s) ∗ (s − λr )

(12.9)

Equation 12.10 shows the derived final expression for the residue, which is of unity
rank due to the absence of truly repeated roots in actual dynamic systems.

h i
Ar

No × Ni

=


i
P(No −1)m h + i i Pm h
i
[αi ]s
i=0
i=−2 [β̂i ]s
|s=λr
PNo m
i−1
i=1 idi s

(12.10)

• Lower and Upper Residuals are explicitly calculable as the residue at s → 0 and at
s → ∞ respectively.
Thus, all parameters that define the admittance transfer function (Equation 12.2) in a finite
frequency range of interest are obtained before the traditional stabilisation chart is plotted.
Hence, a modification is possible whereby the in addition to an iteration-wise comparison
of the modal vector, the scaled participation vector (in other words, the modal residue), the
longest vectors and the iteration residuals can be included in this comparison [8].
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3.1

Incorporating the Z-transform

In case a Z-domain transform approach (Equation 12.11) is used (typically for better conditioning of the least squares estimatation problem), appropriate changes must be made in
Equation 12.8 to compute the modal parameters correctly. The modification is shown in
Equation 12.12.
z = e(s∆t)

(12.11)

Where, ∆t is obtained using the Nyquist’s sampling theorem applied to the maximum frequency of interest.

Nr 
X
[Ar ]N

o

× Ni

s − λr

r=1

+


[Ar ]∗No × Ni
[LR]No × Ni
+ [U R]No × Ni =
+
∗
s − λr
s2



i
P(No −1)m h + i i
Pm h
i
[αi ]z
i=0
i=−2 [β̂i ]z
No × No
No × Ni
PNo m
i
d
z
i
i=0

(12.12)

The roots of the characteristic equation are computed in the Z-domain (as z = zr ) and
the corresponding pole in the Laplace domain (s = λr ) may be computed from the relation
in Equation 12.11.
Computing the residues requires a slightly more engaging transformation. Due to application of the differential operator on the numerator and denominator polynomials individually
under the L-Hospitals rule, the chain-rule for differentiation must now be applied. After noting that dz = ∆tes∆t ds = z∆t ds, Equation 12.10 is effectively modified to Equation 12.13
shown below.

h

3.2

Ar

i
No × Ni

=


i
P(No −1)m h + i i Pm h
i
[α
]z
[
β̂
]z
i
i
i=0
i=−2
PNo m
z∆t i=1 idi z i−1

(12.13)
s=λr ,z=zr

Construction of the modified stabilisation chart under the DERRP methodology

The process highlighted in the previous sub-section is carried out for each model iteration
(m) , which is initially defined by the user. As the model order increases, so do the number
of computed poles and associated modal parameters. This increase reflects the overfitting of
available FRF data and manifests itself in the increase in the number of computational poles,
while the structural poles are computed for each model order. At each model iteration, a
total of mNo poles are computed, with all the associated modal parameters (ζ, Ω, {L}, {ψ}
and Q). The computational poles are required to be sorted out for the user to choose valid
poles only from an effective set of structural poles. Among other methods, using the stabilisation chart is a popular method to accomplish this via iteration-wise comparisons of several
properties of the poles, described graphically in Figure 12.1. However, before an insight
to the construction of the stabilisation chart, the novel mechanisms employed to create the
modifications must be noted.
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Figure 12.1: Schematic representation of the process for the assignment of the stabilisation
chart symbols.

3.2.1

Inclusion of Residue information

A singular value decomposition (SVD) may be carried out to explicitly calculate the mode
shape, participation vector and modal scaling for each pole as shown in Equation 12.14. Since
the rank of the residue is unity, the left and right singular vectors ({Ur } and {Vr }) associated
with the highest singular value (Sr ) signify the modal and participation vectors respectively,
while the highest singular value signifies the scaling factor, yielding the form in Equation
12.3.

 
  
 
 H
svd Ar No × Ni = Ur No × No Sr No × Ni Vr Ni × Ni

(12.14)
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{Ur }, Sr , {Vr }


Sr =max(diag(Sr ))


= {ψr }, Qr , {Lr }

(12.15)

The vectors from different iterations are compared using a percentage of similarity metric,
computed by using Modal Assurance Criterion (MAC) [15](Equation 12.16). The scaling
factors are compared by using a simple percentage difference formulation.

M ACv1 ,v2 =

|{v1 }H {v2 }|2
∗ 100
{v1 }H {v1 }{v2 }H {v2 }

(12.16)

Where, {v1 } and {v2 } are vectors of the same lengths and the {·}H operator indicates a
Hermitian of a vector and | · | indicates the magnitude value.
For the residue to be within the tolerance, both - the two vectors, and the scaling factor
should have a percentage simlarity value greater than the specified tolerance.
3.2.2

Inclusion of Residual information

The lower and upper residuals are computed explicitly and are separately compared iteration
wise as highlighted previously. This comparison is done by reshaping the entire residual
matrix as a vector and using the synthesis correlation coefficient definition [12] to represent
the percentage similarity. It should be noted that if multiple bands are merged, the residuals
naturally need to be recomputed.
P
∗ 2
| (R1i R2i
)|
P
P
dif f = P
∗ )}{
∗ } ∗ 100
{ (R1i R1i
( (R1i R2i
3.2.3

(12.17)

Prediction of the longest vector

For each pole, given the mode shape ({ψ}), the participation vector ({L}) and the DoFs represented in associated vectors of the same length ({Vo } and {Vi } respectively), three vectors
are constructed with the common ({Vc{ψ} } and {Vc{L} }) and the complete set of the DoFs
({Vl }). The concept of computing the longest vector based on the common DoFs is highlighted in Figure 12.2. The mean phase (θM P ) and mean phase correlation (MPC) of both
the modal and participation vectors is computed (Equation 12.21) to determine which vector
should be rotated. A unity MPC value implies that the vector is a real mode [16]. For a vector
{ψ}, the MPC is calculated as follows.
[Im(ψ) Re(ψ)]T [Im(ψ) Re(ψ)]{v} = λ̄{v}
vre ]T

(12.19)

 v 
re
−vim

(12.20)

{v}λ̄min = [vim
θM P = tan−1

(12.18)
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(12.21)

Figure 12.2: A schematic representation of the process for constructing the longest vector
{X̂}. Top: The broken lines represent the mean phases of the modal (blue) and the participation vectors (yellow). The common DoFs are represented by solid green circles, while the
solid purple circles represent the DoFs absent in the modal vector, to be computed via the
transformation represented by the green arrows. Bottom: Once the absent DoFs (L2 and L3 )
are rotated and scaled, the longest vector is formed as {X̂}. Note that the mean phase correlation may be computed again to determine the degree of normalcy of the longest vector. The
purple section indicates the FRF elements “virtually” added after creating the longest vector.
The vector from {ψ} and ({L} with the higher MPC is chosen to be rotated by an angle
that is the difference of their mean phases (θM P {ψ} and θM P {L} ). The next step is to compute
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the scaling amplitude (k) for the rotated vector. This is accomplished by using the common
DoF vectors to form a least squares estimate of the scaling factor (Equation 12.22).
|{Vc{ψ} }| ∗ k = |{Vc{L} }|

(12.22)

Once the scaling and rotation factor values are computed, the transformation is carried
out. It is to be noted that the common DoFs from the vector being transformed are discarded.
This operation allows for the complete definition of the longest deflection vector ({Vl }) at
the concerned natural frequency. The length of the vector is the number of unique DoFs in
output and input space, given by the union of all the DoFs. This longest vector may then be
used as an additional sorting parameter via MAC comparison, as described in the previous
subsection.
An additional advantage that this computation brings to the process is the evaluation of the
missing FRF elements. While the residual components may not be calculated for the missing
combinations of the input and output DoFs, the mode shapes in a global sense (square FRF
matrix may be computed). This allows for the visualisation of a “virtual” mode shape, such
that all measured (input or output) DoFs may be animated.
Hence, for each stage in the process of determination of the stabilisation symbols, a tolerance is user-specified and is allowed to be changed. These tolerances are the “condition number” tolerance, pole “conjugate” tolerance, pole imaginary-part (or “frequency”) tolerance,
pole real-part (or “pole”) tolerance, (modal) “vector” tolerance and the newly introduced
scaled participation vector (or “residue”) tolerance and “longest vector” tolerance. The parameters associated with the poles are used for appropriate comparisons in each stage, as
described below.
• Condition number check: Firstly, the condition number of the current (ith ) model iteration’s underlying least squares problem (Equation 12.6) (assigned to all its computed
poles) is checked to be lesser than the tolerance condition number. This comparison
ensures the quality of [αi ] and [β̂i ] obtained from the least squares solution is better
than the user-provided threshold. In case of a true comparison, the check moves to the
next stage described below as the “Realistic” stage. In the case of a false comparison,
the pole is assigned a “None” consistency tag and the process ends for the pole under
check.
• Realistic pole check: In this stage, the real part is checked to be positive or nonpositive. A negative real-part indicates a stable pole and the process proceeds to the
next comparison stage. In case of the real part of the pole being positive (indicating
an unstable pole), the pole is assigned a “Condition” consistency tag. Otherwise, the
process advances to the next stage.
• Conjugate pole check: A conjugate of the pole is searched within the set of calculated
poles for the same iteration using a percentage difference criterion. If the percentage
difference is lesser than the specified tolerance, the process proceeds to the next stage.
In case the percentage difference is equal to or greater than the tolerance percentage,
the pole is assigned “Realistic” consistency.
• Frequency check: From this stage onwards, the pole (with its associated parameters)
is compared to all the conjugate poles in the previous (i − 1th ) iteration. A percentage
difference between the imaginary parts is determined. If there exist no poles from
the previous iteration for which the percentage difference of the imaginary part of the

Vehicle component vibrational load characterization and mitigation

329

current pole is lesser than the tolerance percentage-difference defined, the current pole
is assigned the “Conjugate” consistency. Otherwise, the set of poles from the previous
iteration for which the imaginary part percentage difference against the current pole
is greater than the percentage tolerance defined, are simply discarded/eliminated from
the current comparison process.
• Pole (or damping) check: The subset of poles from the previous iteration, obtained
after the aforementioned frequency check, are used for calculating the percentage difference between the their real parts and the real part of the current pole. If there is no
pole for which the percentage difference thus calculated is lesser than the tolerancepercentage, a “Frequency” consistency is assigned to the current pole. Otherwise, the
set of poles from the previous iteration for which the real-part percentage-difference
against the real-part of the current pole is greater than the real-part percentage tolerance defined, are again discarded from the current comparison cycle.
• Modal Vector check: The subset of poles from the previous iteration thus obtained, are
used for calculating the percentage of similarity between the associated modal vectors
and the modal vector of the current pole.
If there is no pole for which the percentage MAC thus calculated is higher than the
vector similarity percentage (alternately a vector difference percentage may also be
used), a “Pole” consistency is assigned to the current pole. Otherwise, the set of poles
from the previous iteration for which the percentage MAC of the participation vectors
against the participation vector of the current pole is greater than the percentage vectortolerance defined, are eliminated from the current comparison cycle. This is the last
stage of comparisons for assignment of consistencies in the current state-of-the-art
processes, where if a favourable MAC value is found, the pole is assigned the “Vector”
consistency tag.
• Residue (or scaled participation vector) check: In the modification proposed to the
stabilisation chart due to the inherent advantage of the DERRP [8], the scaled mode
shapes can be compared as well. The subset of poles from the previous iteration obtained post the Vector check, are used for calculating the percentage of similarity (using
MAC) between the associated participation vectors and the participation vector of the
current pole. Additionally, the scaling factors are also compared using a percentage
similarity check. If there is no pole for which the percentage similarity thus calculated
is higher than the residue-tolerance percentage, a “Vector” consistency tag is assigned
to the current pole. Otherwise, a “Residue” consistency tag is assigned to the current
pole.
• Longest vector check: In addition to the modification in the stabilisation chart [8],
this present work introduces another level of sorting where the longest vector is used
for a MAC-based comparison. Instead of assigning the “Residue” consistency tag in
the previous step, the subset of poles from the previous iteration is reduced further as
before and the MAC value between the longest vectors of the subset of poles in the
previous iteration and the longest vector of the current pole is computed. In case of an
unfavourable MAC value with respect to the tolerance, a “Residue” consistency tag is
assigned, otherwise a “Longest vector” consistency tag is assigned to the pole under
check, and the process moves on to the next pole for consistency label assignment.
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The utility of the DERRP model is highlighted since all the modal parameters are available to be used to plot the stabilisation chart. The modified stabilisation chart enables a user
to make a comparison not only until the already improved “Residue” (blue diamond), but
also the “longest vector” (black square) consistency stage. These additional sorting options
provide an increased level of confidence in the validity of the plotted poles.
3.3

Practical considerations for DERRP

Since the most challenging data-sets are highly rectangular (No << Ni or Ni << No ),
there are some practical considerations that need to be made for implementation of DERRP,
as is done for other parameter estimation algorithms. While there exist approaches, within
the two-stage framework, that include the residue information in the stabilisation chart, the
[βi ] coefficients have not been used [3]. In such approaches, the residues are computed in the
second step considering the other computational poles as residuals.
• The right and left MFDs are interchangeably obtained through a matrix conjugatetranspose operation. This allows for transformation of the model as a right MFD as
well.
• Normalisation of the highest order denominator coefficient is also carried out to limit
the global least squares solutions for the coefficient matrices. It also allows for the
placement of the computational poles predominantly in the left half of the Nyquist
plane (positive damping, and hence easily sorted out of consideration).
• The number of poles estimated is mNo , when the is [αi ] coefficient size is No and the
“denominator” polynomial model order is m. The reciprocity principle can be used to
minimise the [αi ] coefficient size, allowing for speedier computation of the coefficients
of the adjoint polynomial and the characteristic equation shown in Equation 12.7.
• Limiting the number of poles computed in accordance to the shortest dimension of the
input and the output space also aids in speeding up the construction of the stabilisation
chart, since fewer iteration-wise comparisons need to be made.
• By nature of its construction, the Vandermonde-type matrix (Equation 12.6) used to
estimate the coefficients is ill-conditioned. The DERRP algorithm uses the Z-transform
for better conditioning. It is worth noting that this approach is also theoretically valid
if orthogonal polynomials are used as the basis for the frequency axis transformation.
• While Equation 12.5 uses explicit residual terms for an admittance FRF, a generalised
residual polynomial model can also be used [7][17]. Naturally, more comparisons for
the iteration-wise residual terms must be carried out, but the advantage is that a mixed
set of FRF in terms of units may be used.
• An issue with DERRP as implemented in its current form, is that computing higher
order models can get computationally expensive. A future endeavour to speed up the
computation is utilising a real-normal equation sructure for the estimation of rational
fraction polynomial coefficients.
Hence, the DERRP algorithm adds to the current state-of-the-art algorithms by focusing
attention on the usage of the “numerator” coefficients, rather than just the historical developments on how to better utilise the “denominator” coefficients. The motivation is to generate
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a global representation of the residues and residuals along with the information about the
complex poles to obtain unbiased estimates of the modal reduction basis. It is important to
note however, that there is no substitute for poorly acquired data. There is extensive literature
on data acquisition for EMA, and all of it applies to the DERRP methodology as well. The
quality and reliability of modal parameters is heavily dependent on the data any algorithm
uses, namely the FRF (or the IRF) matrix. A visual comparison of the process is shown in
Figure 12.3.

Figure 12.3: The DERRP algorithm (right) compared to the flowchart of MPE algorithms
unified under UMPA.

4

Application to a theoretical model

The DERRP methodology was applied to a numerical test case to indicate the accuracy of
the parameters and novelties of the process. A theoretical 9 DoF system (Figure 12.4) was
constructed by populating mass, stiffness and (proportional) damping matrices. It was truncated and 1% noise was added to the FRFs to mimic impact testing data (No < Ni ). The
parameters used to construct the system are given in Table 12.1[8].
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Figure 12.4: A schematic representation of the 9 degree of freedom model. The displacements and forces are all in the same direction and the complete mass, stiffness and damping
matrices are populated to mimic a real-structural measurements.
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-1278
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-1357
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-2043
13372

Table 12.1: Values used for construction of the theoretical 9-DoF model.
The degrees of freedom (DoFs) included in the MPE process were 1, 2, 5, 6, 7, 8 and 9 in
the outputs, and 1, 2, 3 and 4 in the inputs. Figure 12.2 figuratively indicates the set of inputs
and outputs included and the structure of the longest vector finally constructed. DERRP was
used for modal parameter estimation of this system within the frequency limits of 10 Hz and
60 Hz, and 60 Hz and 95 Hz. Model order iterations were carried out on the “denominator
matrices” from 2 through 20. The modified stabilisation chart as proposed earlier, was plotted
as shown in Figure 12.5 using tolerances indicated in Table 12.2.
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Figure 12.5: The modified stabilisation chart with the CMIF plotted in the background. The
blue left-triangle and the purple right-triangle represent the consistencies of the lower and
upper residuals respectively through the sizes of the symbols, scaled according to Equation
12.17.
Consistency Criteria
Frequency Check
Pole (Damping) Check
Modal Vector Check
Residue (Participation Vector) check
Longest Vector Check

Tolerance
1%
5%
2%
2%
2%

Table 12.2: Tolerances utilised for the plotting of the stabilisation chart.

Mode
1
2
3
4
5
6
7
8
9

Theoretical: Computed using full system matrices
Freq (Hz)
ζ%
0.000
∞
19.104
0.0604
23.431
0.0740
26.930
0.0849
52.764
0.1659
68.740
0.2161
76.013
0.2389
88.130
0.2770
287.618
0.9036

DERRP: Numerator
coefficients
computed and utilised
Freq (Hz)
ζ%
19.1051
0.0607
23.4318
0.0720
26.9310
0.0852
52.7563
0.1696
68.7233
0.2100
75.9896
0.2389
88.1124
0.2694
-

PolyMax: Numerator coefficients not
computed
Freq (Hz)
ζ%
19.1041
0.05979
23.4314
0.07408
26.9297
0.08701
52.7631
0.16575
68.7234
0.26573
76.0122
0.23225
88.1351
0.28600
-

Table 12.3: Modal parameters for the theoretical 9 mass lumped parameter model in the
frequency range bands 10 Hz - 60 Hz and 60 Hz - 100 Hz
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Figure 12.6: Reconstructed FRF for input location 1 and output location 1.

Figure 12.7: MAC based comparison of the mode shapes obtained from DERRP based MPE
and the modified stabilisation chart. Group 1 contains longest vectors from the MPE process
with FRFs for output locations 3 and 4 excluded. Hence, the mode shapes are of length (7×1)
while the longest vectors, constructed from the process introduced in this paper are of length
(9 × 1). Group 2 contains the mode shapes from the process where all 9 DoFs in the output
dimension are included i.e. the longest and the mode shape vectors are of length (9 × 1).
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Figure 12.8: The longest vectors and the actual mode shape are compared along with the
mean phase correlations (and mean phase deviations) after normalisation to the real axis. The
black diamonds represent the values estimated using the process described in this paper. It is
seen that the values at “virtual locations” (DoFs 3 and 4) are accurately computed.
The reconstructed FRF with the selected poles and residues is shown in Figure 12.6
against the original FRFs. A complete modal model may be computed from the given FRF
matrix.
As is seen from the stabilisation chart, an added sorting mechanism for a more statistical
evaluation of the shape vectors is now included. Also, the prediction of an “unmeasured”
FRF is a promising outcome. Additionally, the MAC between two cases is shown in Figure
12.7. The aforementioned data setup is the first case while for the second case, all nine output
DoFs are utilised so the modal vector thus obtained includes all 9 DoFs. A MPC plot for each
mode is added as well (Figure 12.8), after normalising with the first vector value, indicating
that the longest vector calculated using the process highlighted in this paper is effective.
It is to be noted that as a useful by-product, prediction of FRFs at new “virtual sensor”
locations, including the driving point FRFs, is made possible through this process. It is clear
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that due to inability to compute residuals for these locations, the FRF match is not accurate
throughout the frequency range. However, by computing enough modes around the frequency
range of interest, this effect may possibly be minimized. The bigger advantage is that now a
statistically valid estimate to animate all the measured DoFs, be it in input or output space,
is obtained. This is useful in cases where placing a sensor is not an easy task, but impacting
with a hammer, for example, works well. In such a case, a driving point FRF may not be
obtained and all the DoFs may still be animated using this process. Additionally, it allows for
an enrichment of the modal basis in a manner that has previously not been utilised.
5

Conclusions and continued work

This chapter introduced in detail the concept of the DERRP (Direct Estimation of Residues
from Rational-fraction Polynomials) methodology for the estimation of modal parameters
from FRF data, in a single step. A modified version of the stabilisation chart is hereby
introduced to instil further confidence in the user when selecting valid poles. This new stage
under the novel DERRP formulation, takes into account the set union of the measured DoFs
in input and output space, to create the so-called longest vector. The advantage this brings
to the estimation process is that by taking into account both the input and the output DoFs,
the modal deflections of all the measured DOFs may be estimated. This is applied to the
stabilisation chart as an additional filter and holds the importance that the animation vectors,
used to visually represent mode shapes, include a union set of the input and output DoFs for an
augmented mode shape representation. Another direct consequence is that this process allows
the user to possibly construct the FRF matrix from the modal model for the combination of
input and output DoFs that are not measured. While the influence of residuals is not taken
into account, the effect may be circumvented by predicting the modal model for a larger
frequency range, and is a topic for further research. This technique is applied to a theoretical
truncated-9-dof data set and the results indicate the successful applicability of the proposed
process.
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Coarse tyre-road interaction
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1

Executive Summary

The problem of reconstructing the dynamic spatial distribution of transient contact loads exciting a non-linear structure using vibration response measurements is studied in this research.
These response measurements are combined with a model that is representative in the frequency range of interest for inverse characterization of the loads. The implementation of two
approaches is presented, focusing on the specific time and spatial properties of the input force
and the structure. A deterministic inverse technique using impulse responses, together with
L-curve Tikhonov regularization, is compared to the stochastic technique of the Augmented
Kalman Filter (AKF). A priori knowledge on the spatial distribution of the loads is exploited
to enhance the input estimation quality. The presented methodologies are implemented and
compared for the application case of identification of dynamic tire-road contact force spatial
distribution for a passenger car tire rolling with constant velocity on a rough road. For this application case, the knowledge of the spatial distribution of tire/road dynamic contact forces is
of particular interest, as it is an important parameter for tire NVH. An indirect estimate of the
dynamic tire/road contact forces is necessary because these forces are very difficult to measure directly. Knowledge of this contact force spatial distribution enables design engineers
to further improve tire structure-borne interior noise, which becomes increasingly important
due to industry trends such as electrification of the vehicle fleet or more lightweight design.
2

Introduction/Basic concepts

In automotive industry nowadays, there exists an increasing demand for tires with low noise
emission due to market and regulatory trends. The first trend is related to a shifting customer
demand towards more silent and energy-efficient cars. As a consequence, vehicles are produced with more lightweight materials, since this results in lower vehicle weight and lower
carbon footprint. Unfortunately, these lightweight materials typically influence the noise behavior negatively. The second aspect involves regulatory noise emission limits that are being
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lowered systematically.
Besides noise, tire design typically involves more than 50 performance criteria, such as
handling, energy efficiency or wear. Many of these performances are coupled and some of
them are even showing opposite trends. Tire design has to be such that preferred behaviour
for this set of criteria is met. As this is a very complex task, it is important to know how
different design parameters will affect these performance criteria, as well as how different
tire designs can be ranked based on these criteria.
One of the important aspects for tire noise is the structure-borne interior cabin noise.
This type of noise is typically dominant over the airborne noise in the 0 − 400Hz range when
driving on a rough road [1], [2]. This type of noise finds its origin in the dynamic force distribution in the contact between the tire and road surface. These forces give rise to wheel hub
reaction forces that are transmitted through the vehicle body to the cabin, generating interior
noise. However, the dynamic distribution of these forces is difficult to obtain in practice.
One could try to measure it with a dedicated sensor on a built tire prototype, which has been
done for rolling on a smooth road [3]. For driving on a rough road, sensors might get damaged. Another approach would be to simulate the tire/road forces using a digital twin of the
tire [4],[5]. This comes with the drawbacks of modeling simplifications and computational
cost which is typically very high when accurate results with sufficient frequency and spatial
resolution are needed for the proposed frequency range.
Therefore, the approach followed in this research is to estimate the forces indirectly. Responses that are easy to measure in practice, such as accelerations, velocities, hub forces,
etc are combined with a representative model of the structure. This model should not require extensive pre-processing or tuning. The input forces are then computed in an inverse
way. An overview of different approaches for inverse input load characterization is given
by Sanchez et al. [6]. Two approaches have been selected: a direct technique, the Impulse
Response Matrix Least-squares deconvolution [7], [8], and a stochastic technique, the Augmented Kalman Filter [9], [10]. Both formulate the dynamics of the structure in the time
domain. The first technique computes the response measurements at all time steps within a
certain time window at once using a convolution-based input/output model. Subsequently,
inputs are computed in such a way that the error norm between the measured and computed
measurements at all times is minimized. The second technique formulates the input/output
relation of the forces to the measurements with a state/space description. The model updates
are performed for each time step incrementally. As it is a stochastic technique, it is possible
to quantify the degree of uncertainty one has over the model or the measurements. Predictions for the measurements at the next time step are computed using the model, and these are
compared to the actual measurements at that next time step. The inputs are updated in such a
way that the uncertainty on the states and inputs is minimized. By doing so, information that
is less certain will contribute to a lesser extent to the update of the state and inputs.
The estimation of the tire/road dynamic contact force distribution poses several difficulties. In order to achieve a high spatial resolution of the contact forces a high number of
closely spaced responses need to be estimated in the footprint area which is only a small area
of the full structure. Therefore, the difference in response to several closely spaced loads on
the structure can be small, especially far away from the excitation zone (being the contact
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patch). Moreover, the modal density of a tire in the frequency range of interest can be high,
resulting in a model with many degrees of freedom to be used. The estimation accuracy of
the two approaches are compared for the identification of external loads on a simple digital
twin of a tire. The details of both methods are given in section 3. The used tire model is
presented in section 4, and the numerical experiment comparing the two approaches is given
in section 5.
3

Inverse load reconstruction techniques

Two time-domain inverse load reconstruction techniques have been chosen to give an estimate of the dynamic spatial distribution of the tire/road contact forces. Formulating the
reconstruction problem in the frequency domain has shown to cause numerical difficulties
resulting in noise amplification and inversion problems, see the work of Vercammen[1]. The
approach in that case is to transform the dynamic equations and the recorded responses to the
frequency domain and solve for each frequency line. This transformation to the frequency
domain assumes that the system is in steady-state. A priori assumptions on the properties
of the force distribution were applied for improving the conditioning of the inverse problem.
The rationale for formulation in the time domain is that, for rough road rolling, the contact
forces do not reach a steady-state regime after some time but remain time-varying. In addition, it is exactly this transient response of the traveling wave after the excitation of the tire
with a road indent impact that is of interest for identification of the exact location of the excitation. This exact location is needed for spatial reconstruction of the dynamic loads. In this
transient phase, the response is not yet fully modal, as the excitation energy travels around the
tire as a structural wave. The distance over which this behaviour can be tracked accurately,
depends on the damping properties of the tire. At locations where the response is determined
by the eigenmodes that are dominant in the frequency range of interest for this application,
it is not possible to distinguish at what location the excitation has occurred, as most of the
modeshapes in this frequency range of interest are global modeshapes over the tire with very
limited spatial variation within the contact patch.
The first technique is a Least-Squares computation of the full time signal using an Impulse Response Matrix (IRM), whereas the second is a time-stepping approach, namely the
Augmented Kalman Filter (AKF).
3.1

Impulse response matrix deconvolution

For a linear system, initially at rest, the response in a Degree Of Freedom (DOF), y(t), can
be expressed as the convolution integral of the product of input forces u(t) and the response
at that DOF to Dirac impulse excitations applied at each input location separately H(t):


y(t) =
0

t

H(t − τ )u(τ )dτ

(13.1)

The idea expressed here is that, since the model is linear, the response to a load time
profile can be broken down into the sum of the responses to impulsive excitations at each
time τ scaled with the actual load amplitude u(τ ).
Next, this equation describing the continuous relation between a force at an input location
ui , i = 1 . . . p and a measurement at a response location yj , j = 1 . . . k is repeated for
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all excitation-response combinations. For responses sampled at discrete points in time, a
discretized version of the continuous convolution integral is needed:
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(13.2)

The adopted method in this work assumes that responses to the unknown excitation and
to the impulse forces are sampled at the same rate. If this is not the case, a slightly different
formulation of the IRM matrix is needed [11].
Key for this method is to obtain the time-domain Impulse Response Functions (IRF) for
each input/measurement combination. In theory, a Dirac impulse is required as reference excitation, being an infinitesimally short pulse in time, which is not realizable in practice. So,
an approximation for this can be obtained either through simulation, analytically or experimentally. In this work, IRFs are computed based on a numerical simulation. Therefore, a
model is needed that is capable of accurately computing the response to such an approximate
Dirac impulse force applied at t = 0. This can be modeled by application of a unit impulsive force that is constant during the first timestep. However, this is not an infinitely short
impulse. In experiments, especially when using hammer excitation measurements, applying
such an infinitely short impulse is technically even less feasible. So, the applied loads are finite duration loads uF D . The time-discretized convolution formulation is altered by using the
impulse responses to those finite-duration excitations. Consequently, the reconstructed loads
are not the impulsive load terms, but so-called quasi-impulse loads uQI . Afterwards, transformation of the reconstructed quasi-impulsive inputs to Dirac impulse inputs is performed
in a post-processing step. This is valid, provided it is possible to express the purely impulsive loads as a convolution of the finite-duration excitations and the unknown reconstructed
quasi-impulsive load terms:



t

u(t) =
0

uF D (t − τ )uQI dτ

(13.3)

Details can be found in the work of Jankowski [7]. Using quasi-impulse excitations acts
as a low-pass filter on the results, suppressing high-frequent noise.
3.1.1

The Impulse Response Matrix-Least Squares algorithm (IRM-LS)

In order to obtain dynamic results with frequency resolution up to 400 − 450Hz, a large
number of time steps are necessary. This makes the system to be inverted a lot larger and
reduces its conditioning. So, a reasoning similar to the one of Kazemi Amiri [12] is used here
for construction of an Augmented impulse response matrix. It is thereby assumed that the
unknown loads can be linearly interpolated between sampled time steps, and that the IRFs can
be sampled at higher rate. If the latter is not possible, one could also use (linear) interpolation
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p(t − τ )
H1

pk−1

Hk−1

H0

p1
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dt
dt/m

τ

τ

kdt

kdt

Figure 13.1: Augmented impulse response with 4 sub-steps (left) and augmented input load
(right)

between IRF time samples. Then, the discretized convolution integral is computed by adding
contributions at all sub-steps in between the time samples. See Figure 13.1. In this way, a
higher sampling rate can be maintained without increasing the size of the problem.
So, the discretized convolution response at a time tK being:
yK = h

K
X

HK−i ui

(13.4)

i=0

is now replaced by assuming the impulse responses Hi and inputs ui are not constant
anymore, but can vary within a time step in a number of sub-steps M . The i-th contribution
to the convolution integral is not anymore HK−i ui , but is approximated as:
M
nm
o
1 X
m
HK−i+m/M
ui + (1 −
)ui+1 )
M m=1
M
M

(13.5)

Terms pertaining to ui and ui+1 are then arranged properly, resulting in combinations of
the IRF sub-steps in a term Haug
K−i .
The resulting discretized system of equations using the Augmented Impulse Response
Matrix and quasi-impulsive loads uQI
is then:
i
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(13.6)

n

In order to solve this equation, a least-squares solution is computed. So, this can be seen
as the Linear Least Squares (LLS) technique for the particular case of a system being initially
at rest. This LLS technique is used in a large number of studies, see e.g.[13].
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Figure 13.2: Illustration of the L curve used for choosing the optimal value of λ

3.1.2

Regularization

As already stated in Section 2, the solution typically suffers from ill-conditioning of the
impulse response matrix Haug . Specifically, for the application of reconstructing dynamic
loads in a limited area such as the tire footprint, there are different aspects that add to the illconditioning. First of all, the responses at a certain location due to impulsive loads applied at
different but closely-spaced locations within the relatively small contact patch will be almost
the same if the dimensions of the patch are much smaller than the wavelengths of the traveling
waves in the frequency range of interest. Second, the measured responses from the input load
and the IRF have sensor noise added to the signals. Note that some ill-conditioning is already
mitigated by using the interpolated IRM and quasi-impulsive loads. As it is quite straightforward to obtain response measurements on a tire, only the over-determined reconstruction
problem will be considered here. This means that the number of measurement points are
larger than the number of input variables to be estimated. When too close together, these responses might yield almost the same information, resulting in a reconstruction problem that
shows similar difficulties as the under-determined case. For a more extensive discussion on
the regularization of the under-determined case, see the overview given in [7].
In order to cope with the inversion issues of an over-determined case, several tools are
commonly used. An overview of different techniques is given by Hansen [14]. These can be
divided into direct and iterative tools. A common example of an iterative tool is the Conjugate
Gradient or Least-Squares Conjugate Gradient algorithm [15]. This technique does not solve
the linear system Ax = b as such, but rather the normal system AT Ax = AT b. Doing
so for sparse lower-diagonal system matrices A, as used in the discretized deconvolution
problem, tends to let the low-frequent solution components converge faster than the highfrequent components. As such, the number of iterations is used as a regularization parameter.
A commonly used direct approach is Truncated Singular Value Decomposition or TSVD
[16]. The philosophy behind this technique is to compute the SVD of the IRM, and only keep
the part that has sufficiently high singular value. This way, too low responses and too similar
information, as well as a part of the added sensor noise, is omitted. Another popular direct
tool is Tikhonov regularization [17]. This is the technique that will be used in this work.
Formally, this technique adds a constraint to the minimization problem that the solution norm
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of equation (13.6) should be small. So, the resulting system of equations to solve in a leastsquares sense is:
n
o
2
2
minu ky − Haug uk + λ2 kuk
(13.7)
The importance of this imposed constraint is expressed through the parameter λ. Its
value is chosen using the L-curve, which plots the solution norm versus the residual norm for
different values of λ, typically an L-shaped curve, see figure 13.2. The optimal value is the
one in the corner or ’elbow’ of this L-shape. This ensures a good balancing between limiting
the solution norm and the residual norm.
3.2

Augmented Kalman filter

For linear systems, the Kalman filter can be used for providing unbiased estimates of the
states. Optimality, expressed through the trace of the covariance matrix of the state estimates
being minimal in a least-squares sense for each timestep, is ensured by using the Kalman gain.
Extensions exist for non-linear systems, however, these do not ensure the defined optimality.
See [18] for more details.
Including the inputs in the state results in the Augmented Kalman filter [19],[20]. Extensions of this technique, spanning multiple timesteps, exist as well. An overview is given by
Croes [21]. The single-step approach of the Augmented Kalman Filter is the one used in this
research, as this imposes less assumptions on the time course of the used input.
In this study, dynamics are modeled using a linear second-order system. The continuous
equations of motion are:
Mz̈(t) + Cż(t) + Kz(t) = f (t)

(13.8)

nDOF

the response of the system in each Degree-Of-Freedom (DOF), f (t)
with z(t) ∈ R
the input forces and M, C and K the system mass, damping and stiffness matrices, respectively. In order to limit computational cost, the size of the problem is typically reduced using
some projection basis V ∈ Rnred with lower dimensionality nred < nDOF than the original
system, resulting in a reduced system of equations. Likewise, the forces can be projected
onto a lower-order set of force shapes B:
z(t) ≈ Vq(t)

(13.9)

f (t) ≈ Bu(t)

(13.10)

Mred q̈(t) + Cred q̇(t) + Kred q(t) = Bred u(t)

(13.11)

Next, the system of equations is cast in state-space form. In order to have first order
model update equations describing the system dynamics, the state x is defined as:
 
q
x=
(13.12)
q̇
Since the Kalman filter models a stochastic process, process and measurement noise are
added to the model and measurement equations, respectively. These noise terms, v(t) and
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w(t) are vectors of uncorrelated, zero-mean white noise terms with respective covariances Q
and R. These properties are necessary conditions for the generation of an unbiased estimate.
The noise terms are measures of the degree of uncertainty of the different model equations or
measurements. This leads to the state-space formulation used in the Kalman Filter:

ẋ(t) = Ax(t) + Bu(t) + w(t)
(13.13)
y(t) = Cx(t) + Du(t) + v(t)
In the Augmented Kalman filter framework, the unknown input variables u are added to
the state vector, resulting in an augmented state. For the current application, all inputs will
be assumed unknown:
 
x
x∗ =
(13.14)
u
In order to include this augmented state in the state-space formulation, an assumption has
to be made on the dynamics of the unknown inputs. In this work, a zero-order random walk
assumption is used [20]:
u̇(t) = 0 + wu (t)

(13.15)

resulting in following augmented state-space formulation:
 ∗
ẋ
= A∗ x∗ (t) + w∗ (t)
y(t) =
H∗ x∗ (t) + v
with the augmented state-space matrices being:



A B
A∗ =
, H∗ = C
0 0

D

and the augmented process noise and its covariance:
 


w
Q 0
∗
∗
w =
,q =
wu
0 Qu

(13.16)



(13.17)

(13.18)

Finally, the continuous equations are time-discretized. For this, the model partial differential equation is discretized using an exponential integration scheme with zero-order hold
for the inputs [18], [22]. This results in following system of algebraic equations at time step
k:


Q∗d

x∗k+1 = F∗ x∗k + wk∗
yk+1 = H∗ x∗k+1 + vk+1

(13.19)

with the integrated process model matrix F ∗ and the integrated process covariance matrix
of the noise terms given by:
 A∆t

e
A−1 (eA∆t − I)B
∗
F =
(13.20)
0
I


Q∗d =

∆t

eAτ QeA
0

T

τ

dτ

(13.21)
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These matrices are then input in the Kalman filter time and measurement update equations for computing the a priori extended state estimate x̂∗− and a posteriori extended state
estimate x̂∗+ at each time step:
Time update
x̂∗−
k+1
P−
k+1

=

F∗ x̂+
k

=

∗T
F∗ P+
kF

(13.22)
+ Q∗k

(13.23)

Measurement update
Kk+1
x̂∗+
k+1
P+
k+1

∗T
∗ −
∗T
= P−
+ Rk+1 )−1
k+1 H (H Pk+1 H

=
=

x̂∗−
k+1

+ Kk+1 (yk+1 − H

(I − Kk+1 H

∗

)P−
k+1

∗

)x̂∗−
k+1 )

(13.24)
(13.25)
(13.26)

where Pk is the state covariance and Kk the Kalman gain. The optimality of the Kalman
filter lies in the fact that the trace of this state error covariance matrix is minimized. Conceptually, the time update computes an estimate of the state with corresponding uncertainty in
its covariance for the next time step k + 1 using the model equations. Then, a correction of
this a priori estimate is applied by using the measurement taken at timestep k + 1, yielding a
posteriori an updated estimate and corresponding covariance. The relative importance of the
time and measurement updates are expressed through the relative values of the process and
measurement noise covariance terms.
By setting initial values for the state x̂0 and its covariance P0 , the algorithm is initialized
and estimates are computed at each timestep.
4

Tire model

Both presented methodologies in Section 3 require a model that is representative for the
application of a tire rolling on a rough road. This model should be linear, easy to obtain and
ideally have limited amount of DOFs. The reason for this is that the presented estimation
frameworks use measurements for controlling the dynamics of the simulation model. The
larger the number of DOFs in the simulation model, the more measurements are needed in
order to completely control the simulation model. In addition, the computational time is
impacted negatively when using a large model.
The validated simulation framework developed by De Gregoriis [23] is used for generating model equations, reference responses and well as impulse responses. The framework
is a fully predictive time-domain 3D, coupled vibro-acoustic, non-linear FE modeling tool
for simulating rough road rolling of a tire with constant velocity. Physics are incorporated
explicitly by modeling the actual materials and structures that make up the tire and using
detailed material and interaction laws. Tire/road contact is modeled explicitly in each node in
the contact patch. No assumptions or simplifications are made regarding the contact between
tire and road or the forces. Only normal contact is considered, no slip is considered. The
non-linear dynamic simulation of rolling on a rough road is performed in a computationally
efficient way by means of a Multi-Expansion Method (MEM) hyper-reduction scheme [24].
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Hyper-reduction reduces computational time by only evaluating internal forces and tangent
matrices in these DOFs that contribute the most to the dynamics of the system. As such, the
forces and matrices that have to be assembled at each time step are further reduced in size,
positively impacting the assembly and solving process.
In a first simulation step, the tire is inflated. Radial pressure is applied onto the structural
part of the model. This resulting static deformation is computed for the non-reduced and
non-linear model. Then, the inflated tire is brought in contact with the road surface mounted
on the drum of a test rig and is brought to rotation, also using the full non-linear model. Afterwards, the acoustic mesh is deformed accordingly in order to be compliant to the deformed
structural mesh. This obviously assumes the that the shape of the cavity is mainly determined
by its structural contour, as the structural part is more stiff than the acoustic part of the air
in the tire cavity. The coupled vibro-acoustic model is then linearized around this non-linear
loaded state. The assumption behind this linearization is that tire vibrational displacements
are typically limited in amplitude, so the system’s displacement-dependent properties will not
change significantly. Only deviatoric responses from the loaded base state are considered.
These deviatoric responses are projected onto a mixed lower-order basis: z(t) = z0 + Vq(t).
No hyper-reduction is performed, as this only results in significant time gain for non-linear
systems, and it is less exact than using the full model. Next, the reduced dynamic equations of motion for rolling on a rough road are solved at each time step by using an implicit
generalized-α integrator. Responses are polluted with representative sensor noise through the
addition of uncorrelated white noise, scaled with a representative nominal sensor noise value
for measuring a certain response type.
In a first attempt, no constant damping matrix is used. The reason for this is that the
damping in the non-linear model is of the viscous type, and modeling this by using a constant
matrix does not properly reflect the physics. The only damping in the linearized system is
provided by the gyroscopic matrix (small effect) and the numerical damping provided by the
generalized-α integrator. In further experiments, a constant damping matrix is added to the
model as well in order to also realistically simulate linear models with solvers that do not
provide numerical damping, such as the exponential integrator. The mixed reduction basis
is mass-orthogonalized, in order to end up with a set of decoupled 1-DOF equations. This
makes it more straightforward to define damping values for each mode. So, in this case, the
reduced equation of motion 13.11 for mode i becomes:
mi q̈ i (t) + 2ζ i mi ωni q̇ i (t) + (ωni )2 q i (t) = Bred,i u(t)

(13.27)

with ζ i being the modal damping ratio, and ωni the natural undamped pulsation for mode
i. Two options are considered: the first one is Rayleigh damping, where the damping matrix
is a linear combination of the reduced mass and stiffness matrix:
Cred = αMred + βKred

(13.28)

the two coefficients are computed based on assigned damping ratios at two assigned frequencies. A second possibility is to assign modal damping values independently for each
mode, and then assemble these in a diagonal damping matrix C red .
In order to properly describe the forces in a way that limits the amount of force parameters to be reconstructed, a spatial distribution of the contact forces is assumed. A forward
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reference simulation of rough road rolling of the fully non-linear model is used to study the
characteristics of the spatial distribution of the dynamic contact forces. Contact forces are
band-pass filtered between 50 − 450Hz, and based on the spatial distribution of their resulting time-RMS values, Areas of Constant Force (ACF) are defined. These are non-overlapping
areas within the contact patch where the forces are distributed equally over all DOFs. The
more ACFs used, the better the actual contact force distribution will be described, but this
comes with aforementioned issues of inverting a system with a high number of unknown inputs. A consideration has to be made between the number of inputs necessary for having a
representative distribution representation that is still sufficiently accurate after reconstruction,
using limited response measurements. Further experiments will have to illustrate whether the
adopted number of ACF are sufficient to this purpose. Other force distributions have been
considered as well: 2D spatial Fourier shape functions inside the contact patch, or spatial
shape functions coming from the singular value decomposition of the spatial distribution of
the nodal contact forces from the non-linear reference simulations. Also there, a consideration has to be made on the number of shape functions used, as this heavily impacts the
resulting estimated distribution. However, the approach using ACFs has been selected, as
the resulting IRFs would still be physically realizable: one has to excite the different ACFs
consecutively.
5

Numerical experiment

Using the framework outlined in the preceding sections, the two force identification techniques are compared for two types of externally applied loads:
• An impulsive load applied in one single ACF
• The force distribution for rough road rolling, applied as resultant forces constant within
the different ACFs
A physically available test tire with only circumferential grooves, a so-called ribbed-slick
tire, mounted on a light alloy rim, is modeled using the framework described in Section 4.
The size is 225/45R17. Detailed tread modeling for the current application and frequency
range can be neglected as this typically only influences the noise at higher frequencies. This
assumption yields the advantage of a radially symmetric tire. Construction details are obtained from the tire design, and material data is obtained from material sample tests. The
model is assembled using the commercial package ABAQUS, which is then input into the
rough road dynamic tyre modeling framework by means of an input deck translator. All
subsequent steps are executed in this framework.
The tire is inflated with an inflation pressure of 2.2 bar and statically loaded on a smooth
drum with a vertical load of 5 kN. The drum rotates with fixed angular velocity, bringing the
tire into rotation. As no slip is assumed, the drum angular velocity is chosen such that the tire
rotates at a constant velocity of 50 kph. This configuration is used as the base state around
which to linearize. Originally, the full FE model contains more than 300000 DOFs. The
model is reduced in size using a projection basis V containing static and dynamic structural
eigenmodes, as well as dynamic acoustic eigenmodes. The input force distribution assumes
10 ACF, covering most nodes where contact occurs during the rough road simulation. See
Figure 13.3.
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Figure 13.3: Spatial arrangement of the Areas of Constant Force inside the tire footprint

Reference and impulse response measurements are obtained by running a time simulation on the linearized model with the two aforementioned types of external loads applied. The measurement DOFs for the reconstruction are computed responses from this
simulation, and sensor noise is added. The amplitudes of the sensor noise terms are chosen to be representative for a typical sensor measuring a certain response type. In this work,
measured responses are accelerations using accelerometers with sensor noise covariance of
diag(Racc ) = 10−2 (m/s2 )2 . The measurement locations are all DOFs where an input force
can occur, being in each node of the ACFs. Responses are low-pass filtered below 500Hz.
The estimation timestep is 0.2ms and total simulation time is 0.15s. The rationale behind
using collocated measurements within the contact patch, is that the acceleration responses
become increasingly steady-state modal and less transient when moving further away from
the excitation area. See figure 13.4. This image shows that, for points inside the excitation
area, the main response is coming from the high-frequent static modes (mode 600 − 700).
These static modes more accurately capture the traveling wave part of the load. When moving away from this area, the contributions of the first modes, being the steady-state global
eigenmodes in the frequency range of interest, become larger. Following the discussion on
the relation between transient wave detection and accurate dynamic spatial force distribution
given in section 3, collocated measurements are preferred.
For the IRF-LS framework, impulse responses are computed numerically by applying a
constant smooth road load to the tire and additionally applying impulsive forces in each ACF.
Responses are computed using the same parameters for the generalized-α integrator as in the
general non-linear simulation. The sampling rate is 0.1ms. The impulsive force is modeled
as the impact force of a hammer with soft rubber tip with cutoff frequency around 500Hz
[25]:

f (t) =

tp−1 e−t/θ
[(p − 1)θ]p−1 e1−p

(13.29)

where p and θ are shape parameters chosen in order to have an impact force with cutoff
frequency around 500Hz. Furthermore, the augmented IRM is constructed with one substep.
Tikhonov regularization is applied using the L-curve for choosing the appropriate regularization parameter λ.
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Figure 13.4: Time-RMS value of the structural modes’ contribution to rough road rolling
excitation. ’TDC’ (green curve) is Top Dead Center, and ’90 degs’ is halfway between the
excitation area and TDC.

For the AKF, the process noise covariance on the displacement and velocity update equations is put to Q = 0. As the same model matrices are used for the reference measurement
and the reconstruction, it is assumed that the uncertainty on the model update equations are
negligible compared to the uncertainty on the random walk equations for the 10 input parameters. The diagonal values of the latter are chosen to be 103 N 2 . This magnitude is chosen
several decades larger than the rate of change of the reference forces applied to the model.
In order to avoid long-term drift of the estimated forces using the AKF, dummy displacement measurements are used [26]. The approach here is to add ’dummy’ displacement measurements to the measurement set, where the nominal value of the response at each time step
remains zero. The dummy measurements are taken in all nodes inside the contact patch and
at several locations spread around the full tire circumference. In order to ensure good force
tracking, sensor noise on these dummy displacements is chosen several orders of magnitude
larger than their expected values. On the other hand, the value should not be too large in
order to still prevent the long-term drift in the Kalman filter. After investigation of the order
of magnitudes of the displacements in the dummy response points and subsequent tuning of
the value in trial runs, the covariance is chosen at diag(Rdummydisp ) = (10−6 )2 (m)2 .
The effect of the dummy measurements on the observability of the force estimates using
the AKF is checked. This is done using the Popov-Belevitch-Hautus (PBH) criterion[27]. In
general, this criterion states that, in order for a model-measurement pair to be observable, the
PBH matrix (given below) should be of full rank for any value s ∈ C:

rank

A∗ − sI
H∗


= nst

(13.30)

where nst is the number of states in the augmented state. This is only checked for the
eigenvalues of the matrix A∗ , as for all other values of s, the PBH matrix is of full rank by
definition of the eigenvalue problem. Due to the random walk equation, the input forces add
zero-rows in A∗ , so these result in eigenvalues of 0. So, in order to have an estimator that
yields observable forces, the PBH matrix should be of full rank for the value s = 0. As not
the full displacement field is included in the dummy measurements, the PBH matrix is found
to be inobservable for the modes at 0Hz. It will be checked how the force estimates are
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affected by this.
Finally, the initial values of the augmented state vector are put to 0, and it is assumed that
these initial values are perfectly known, so the corresponding initial covariance matrix is put
to a low value: diag(P0 ) = 10−6 .
5.1
5.1.1

Impulsive force reconstruction
No constant damping matrix included

Figure 13.5: Estimated resultant contact force

Figure 13.6: ACF estimate covariance (acceleration + dummy displacements)

An impulsive load is applied in ACF 2, and no forces are applied in any of the other ACF.
For the AKF, the time course of the estimated forces in the different patches, as well as their
covariance over time, are given in figures 13.5 and 13.6. This shows that the covariances
are increasing over time, but no exponential explosion of either the force estimates or the
covariances are seen. Comparison of the reconstructed resultant force is shown in figure
13.7. Both frameworks track the impulsive force quite well, but the AKF estimate does not
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converge to zero afterwards. As is shown in figure 13.8, the PSD of the resultant force shows
that the AKF filter is more influenced by the modal behavior of the response than the IRMLS. This is illustrated in figure 13.10. In addition, the exact localization of the force bump is
better for the IRM-LS than for the AKF. See figure 13.9. Below 200Hz, the reconstructed
loads using the IRM-LS approach shows deviation, as accelerations are lower in magnitude.

Figure 13.7: Estimated resultant contact force

Figure 13.8: Estimated resultant contact force, PSD

So, using the AKF shows more difficulties in tracking the impulsive force in a single
patch. The reference measurements are generated using the generalized-α solver, an implicit
solver that is known to add numerical damping to a simulation [28]. Typically, this damping
is only present at higher frequencies, but it turns out to influence the frequency range of interest as well. This damping effect is not included in the AKF model equations that use an
exponential integrator. This causes response mismatch, that is compensated for by changing
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Figure 13.9: Estimated contact forces for 4 patches, PSD

the input force, since no uncertainty is assumed on the model equations. The IRM-LS estimator uses the full time-response of the same model, but simulated with the generalized-α
solver, so this numerical damping effect is included there. This issue could be resolved using
the generalized-α solving scheme as well in the AKF, as was done by Aucejo [25], or by
performing the forward time simulations using the exponential integrator.

Figure 13.10: Comparison of normalized PSD of estimated resultant force with AKF and
drive point acceleration

5.1.2

constant damping matrix included

In a second attempt, the generalized-α integrator is not used, as this integrator introduces
numerical damping in the frequency range of interest. Other implicit schemes with more
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Figure 13.11: evolution of damping values per frequency for different methods

controllable numerical damping in combination with controlling the time step, such as the
Hilbert-Hughes-Taylor scheme could be used [29], [30]. However, in order to fully prevent
the integration scheme from adding numerical damping to the solution, an explicit time integration scheme is chosen. Time integration is realized through the exponential integrator,
an explicit integrator that does not include numerical damping into the system. As a consequence, damping will have to be modeled explicitly through a constant damping matrix Cred ,
as described in section 4. For Rayleigh damping, an identical damping value is chosen at the
beginning and end of the frequency range where the tire still shows well-separated global
modes, being 50 − 350Hz. The exact damping value is based on the average damping value
for modes in this frequency range as seen in the experimental modal analysis on the physical
tire. However, this is already an approximation, as the frequency range of interest shows three
types of modes that have significantly different damping values:
• (n, 0) modes that are bending waves in circumferential direction, with no cross-sectional
bending wave. The number of wavelengths over the circumference is given by n
• (n, 1) modes, that are a combination of circumferential bending waves with crosssectional bending waves with 1 wavelength over the cross-section
• acoustic modes, that are coupled to the structural part of the tire, but show have a lower
damping value
In addition, damping values are off for the modes outside this Rayleigh damping frequency range, especially high-frequent modes are over-damped. For the transient response,
the part of the reduction basis resulting from the static deformations has a non-negligible participation. As the eigenfrequencies of these are typically higher than the frequency range of
interest, the damping of these might be overestimated using Rayleigh damping. The alternative uses individual modal damping, where the values are assigned identical for all modes in
50 − 350Hz, and close to twice that value for modes with frequencies outside this frequency
range. The modal values are individually assigned for the structural and acoustic part. A
comparison of the damping ratios per frequency is given in figure 13.11. A comparison of the
resulting acceleration FFT for a point excited by an impulsive force inside the contact patch,
is given in figure 13.12. Based on this, Rayleigh damping is chosen as the responses in the
frequency range of interest show lower damping at the eigenmodes, which is closer to the
results obtained experimentally.
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Figure 13.12: acceleration PSD using different damping methods

Figure 13.13: Drive point acceleration comparison for different integration schemes

As a final check of the influence of the used integrator, the drive point acceleration PSD
is compared for the exponential integration scheme and the generalized-α scheme with no
and maximum numerical damping, respectively. The model uses a constant damping matrix
constructed using Rayleigh damping. The comparison is shown in figure 13.13. This shows
the damping effect of the implicit generalized-α integrator in the frequency range of interest.
The action of the integration is expressed in increased damping at the eigenfrequencies, which
can be seen in the more broad and flattened peaks, as well as in the reduced eigenfrequencies
of the resonances. As this damping source is difficult to predict, the following estimator
numerical experiments use the exponential integrator.
The same numerical experiment is now performed for the IRF and AKF estimator, where
the exponential integrator for a linear model with constant Rayleigh damping is used for generating the reference measurements as well as the impulse response measurements. The AKF
also still uses this time integrator, and the constant Rayleigh damping matrix is now included
in the AKF dynamic model. All relevant parameters, excitations and response locations are
identical as before.
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Figure 13.14: Estimated resultant contact force, PSD

Figure 13.15: Estimated contact force per patch, PSD

Figure 13.16: Comparison of normalized PSD of estimated resultant force with AKF and
drive point acceleration
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Results are shown in figures 13.14 and 13.15. Again, the IRF estimator outperforms the
AKF estimator. For the AKF, the main over-and underestimates are again observed at frequencies that show high and low responses, respectively. See figure 13.16. So, the remaining
mismatch between the AKF estimation and the reference force can be accounted to the estimation scheme of the Kalman filter, rather than a difference in model used for reference
simulation and AKF.

Figure 13.17: Estimated resultant contact force for different values of Qf orce , PSD

Figure 13.18: Estimated resultant contact force with and without dummy measurements, PSD

Lowering the input covariance did not result in better AKF force estimates. The reasoning
for doing so would be to further limit the over- and undershoot of the estimates. See figure
13.17. Raising this covariance value also poses difficulties. For the current value, the force
estimate covariances show a fast-changing ripple over time, indicating marginally stable behavior. See figure 13.6. This is mainly caused by the conditioning of the problem. Combining
acceleration and displacement measurements results in a measurement matrix where the rows
for the different measurement types have different orders of magnitude. In order to alleviate
this, the dummy displacements are omitted, giving a larger range of input covariance without
the estimator becoming unstable. This will result in long-term drift of the result, but this drift
should only affect frequencies below the frequency range of interest for the current application. It is important though not to have an unstable Kalman filter when the amplitudes of the
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estimated forces increase. See the result in figure 13.18. This figure shows that the dummy
displacements do not only add a stabilizing effect on the long term drift, which is seen in
the lower PSD values at 0Hz and at low frequencies. Additionally, different estimated force
amplitudes are seen in the dynamic frequency range of interest. However, results do not show
improvement without the dummy displacement measurements.
5.2

Rough road forces on ACF reconstruction

In this experiment, a reference force with a spectrum and amplitude that is more representative for rough road rolling is used. A forward simulation is performed where at each time step,
the contact problem is solved explicitly. In a next step, these forces are projected onto the 10
ACF, and in a new simulation, the ACF-projected rough road forces are applied as external
forces to the linearized model. Results are shown in figures 13.19 and 13.20. The IRM-LS
force reconstruction is better than the AKF estimate, both when comparing the resultant force
and the estimates per ACF.

Figure 13.19: Estimated resultant contact force, PSD

Figure 13.20: Estimated contact forces for 4 patches, PSD

This illustrates that a reference force distribution with the same spatial resolution as the
impulse responses can be tracked for a representative time course of the forces.
The importance of having measurement locations close to the location of the excitation
in order to properly track and source back the different traveling waves from the tire-road
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Figure 13.21: Estimated contact forces for 4 patches for different measurement sets, PSD

impacts is shown by running the same IRF estimation using a measurement set close to the
tire top-dead center. See figure 13.21. As already highlighted in figure 13.4 in the beginning
of this section, the response far away from the excitation location mainly shows steady-state
modal response behaviour, making it difficult to distinguish between different excitation locations within the contact patch area.
6

Conclusions

In this work, two methods are compared for the reconstruction of the dynamic force distribution on a structural model of a tire. The goal is to select the best method for estimation
of the spatial distribution of the tire-road dynamic contact forces for a tire rolling on a rough
road with constant velocity, using responses and a digital twin of the tire. The frequency
range of interest is 50 − 450Hz, where structure-borne noise dominates the vehicle interior noise. The model is generated by linearization of a 3D fully non-linear physics-based
FE model around an inflated, loaded and rolling state. Forces are represented by means
of Areas of Constant Force (ACF), which are areas in the tire footprint where the forces
are uniformly distributed over these areas. Both techniques are time-domain techniques, as
these are expected to capture the transient traveling wave behavior resulting from excitations of the tire through the impact from road surface texture indents. The first technique is
Augmented Impulse Response Matrix Least-Squares Deconvolution load reconstruction with
added Tikhonov regularization. The second is an Augmented Kalman Filter with dummy
displacement measurements, which is a stochastic technique. The force reconstruction accuracy comparison is made by reconstructing two different types of load profiles representative
for the described application: an impulsive force in one ACF, and forces from a rough road
contact simulation projected on the set of ACF. Accelerations in the contact patch are used
as response measurements, and these are obtained using the numerical tire model responses
with added sensor noise. The IRM-LS estimator shows better reconstructed resultant forces
than the AKF estimator as well as a better reconstruction of the exact spatial distribution of
forces input in the system. Moreover, the IRM-LS estimator has the benefit that it could be
formulated purely experimentally.The AKF estimation is most deviating from the reference
at resonances and anti-resonances. This is the case for the impulsive force, as well as for the
rough road forces.
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1

Executive Summary

Interior and exterior vehicle noise comfort have improved significantly in the recent years
thanks to the increasingly strict pass-by noise regulations and the rising share of quieter electric vehicles. Unfortunately, this noise reduction is introducing several side effects that car
manufacturers are urged to tackle. The interior soundscape balance is getting unavoidably altered as annoying sounds are no more being masked by the dominant background noises from
tires, wind and engine. Moreover, comfortable vehicle interiors with low noise levels have a
negative influence on the driver’s speed perception and may cause a reduction of situational
awareness, thus resulting in improper driving behaviours. Additionally, quieter vehicles are
less detectable by pedestrians.
A possible solution to fix these issues consists in the introduction of artificial sounds to
restore the acoustic feedback loop, both inside and outside the vehicle, and re-mask unwanted
noises. To be effective, these artificial sounds must be comfortable on the one hand to allow
constant exposure and informative or even intrusive on the other to properly convey a message
of emergency in the most critical cases. The design of such sounds requires a data-driven
approach to balance the conflict between subjective acoustic perception and objective criteria
such as driver response time and speed perception accuracy.
This chapter investigates a methodology to objectify human acoustic perception through
the decoding of psychophysiological signals such those measured with an Electroencephalogram (EEG). This step is crucial for the joint analysis of perceived subjective feelings and
measurable objective criteria that is needed to design comfortable artificial sounds that are
able to convey the desired information. Initially, the proposed biosignals acquisition infrastructure is introduced and then the results of its validation in a real-world driving experiment
are discussed. It is shown that the infrastructure can be effectively used for the collection of
physiological signals and vehicle telemetry and that it guarantees the same high-quality signals both in laboratory and in driving conditions. Then, the sound localisation component of
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acoustic perception is investigated, and the results of a pilot experiment are presented. Statistical analyses of the brain responses and the classification accuracies achieved by the trained
machine learning models confirm high correlation between EEG responses and the azimuth
of a sound source, especially when dealing with latitudinal and longitudinal directions.
2

Introduction

Objectification of acoustic perception is of interest in all fields in which sound design plays a
relevant role, such as automotive, avionics or entertainment. The most appropriate sounds for
the intended purposes are usually chosen based on subjective scores provided by jury testers,
sometimes in combination with psychoacoustics metrics derived from prior knowledge of the
human acoustic system. This is a time-consuming task and often results in sub-optimal results
that are very much dependent on the characteristics of the evaluation group. In particular, the
key issues are the variability of the subjective perception among people and, even more so,
the variability of the subjective scores provided by the very same person at different times
depending on the context.
This approach is even less appropriate when it comes to select sounds that have to accommodate multiple, possibly conflicting, criteria. This is usually the case when the desired
sound must be pleasant but, at the same time, has also to produce the best behavioural outcomes for the specific purpose. An example of such scenario is the design of a warning sound
that mustn’t be too annoying but, at the same time, has to induce the fastest and most accurate reaction, regardless the context. It is evident that selecting a sound of this kind based
uniquely on subjective scores and psychoacoustic insights is not ideal.

Figure 14.1: Schema of the proposed solution. It consists in training an Artificial Intelligence
(AI) model on psychophysiological signals, sound characteristics, and subjective scores with
the goal of objectively provide scores for new sounds.
Therefore, a more sophisticated approach to convert the continuous acoustic perception into measurable Key Performance Indicators (KPI) is of uttermost importance. Such
a methodology would allow to jointly evaluate the general feelings and the real-world outcomes produced by a sound without needing to run any jury tests (see Figure 14.1 for a
schema of the proposed solution).
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Figure 14.2: Vehicle noise reduction side effects, possible solutions, and associated challenges.

Several attempts have been made to achieve this goal, and psychoacoustics is indeed one
of them, but all showed limitations. A promising option is to extract objective information
from psychophysiological measurements such as brain activity, heartbeat, skin conductance,
respiration, and many others, to model the continuous subjective feelings. As previous studies
have shown [1], this information is accessible, at least partially, within Electroencephalography (EEG), Electrocardiography (ECG), Galvanic Skin Response (GSR), and respiration
signals.
Such an objective approach for designing sounds that meet multiple conflicting criteria
(emotional and operational) is missing in the automotive field, and would be useful in the
coming years to address a series of issues being introduced by the more and more stringent
noise reduction targets. Unfortunately, the noise reduction brought by the increasingly strict
pass-by noise regulations and the growing share of electric is accompanied by unavoidable
side effects on the perception of the vehicle. In particular, the interior soundscape balance
is getting altered as annoying sounds such as the one produced by the heating and air conditioning system are no more being masked by background noises. Also speed perception is
altered as a result of the reduction of engine noise [2], and situational awareness and vehicle
detectability are diminished as a result of quieter vehicles. For this reason, several countermeasures have been proposed to restore the missing information while keeping low noise
levels. For instance, the eVADER project [3] aimed to determine favourable characteristics
of replacement sounds for electric-vehicles that allow to maximise pedestrian safety while
minimising noise pollution.
Indeed, these issues could be tackled by introducing artificial sounds to restore the acoustic feedback loop, both inside and outside the vehicle, and re-mask unwanted noises. The
design of such sounds, though, is characterised by the aforementioned multi-objective optimisation since they must be comfortable to allow constant exposure, but also informative
enough to convey the proper information so that to produce the desired human behaviours.
Figure 14.2 outlines the condition under consideration. In this regards, the aim of this work is
to develop robust mechanisms to extract objective metrics representing the subjective acoustic
perception from human body measurements.
The goal of acoustic perception objectification based on psychophysiological signals is
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Figure 14.3: Artefact removal: statistical reconstruction of noisy time intervals based on prior
knowledge about channels correlation in clean conditions. In red the original noisy signals
(two eye blinks highlighted in pink), in blue the resulting clean signals. As a preliminary step,
entire channels identified as noisy due to their excessively large and irregular variance (see
green box) are discarded and reconstructed interpolating the clean neighbouring channels.

associated with two main challenges. Firstly, the mentioned biological measurements are
usually characterised by a low signal-to-noise ratio (SNR), especially in uncontrolled scenarios such as real-world driving conditions (see Figure 14.3 for a representation of the issue
and an approach to tackle it).
The first step is to build a robust and portable infrastructure allowing to easily measure
and process these signals in real-time, fully synchronised with the vehicle telemetry, while
guaranteeing the lowest possible level of noise even in challenging conditions. A fundamental need for such infrastructure is, therefore, the ability to be used in the target environment,
namely the vehicle while driving, both for data acquisition and testing. Moreover, despite being portable, it must allow the offline training of the machine learning models, and must have
real-time inference capabilities both to compute the predictions and for continuous learning.
The first section of this chapter describes the proposed infrastructure and its validation in real
driving conditions (presented in [4]).
The second challenge, which is more relevant from a research point of view, is the actual
modelling of acoustic perception by means of high quality psychophysiological measurements. The idea is to initially focus on brain signals (EEG) because the brain is where our
sensory information develops into actual perception, which is exactly the process this work
aims to model. Then, if relevant results are achieved, the subsequent step is to refine the
model by taking into account also other biosignals such as ECG, GSR, and respiration. From
a general point of view, the key elements characterising acoustic perception that are relevant
for this work are: sound localisation, acoustic comfort perception, and acoustic mismatch
perception. The second section of this chapter presents preliminary results concerning the
objectification of sound localisation. In particular, the localisation of a short, semi-impulsive,
natural sound played from different directions on the horizontal plane is investigated.
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Figure 14.4: Schema of the proposed embedded infrastructure. It allows to acquire and process in real-time a fully synchronised flexible combination of psychophysiological signals
(EEG, EMG, EKG, GSR, etc.) and vehicle telemetry (CAN, GPS, CAMERAS, etc.). Additionally, it optionally allows to provide visual, acoustic or tactile feedback to the users.
One of the key components is the EEG helmet prototype which is based on an OpenBCI
that, thanks to a physical decoupling between sensors and electronics, ensures the smallest
possible sensors motion and thus the smallest possible electromechanical noise.

3

Acquisition and processing infrastructure

The recent technological advances in mobile biosensing systems concerning comfort, portability and reliability are favouring the adoption of the technology in real-life experiments
aiming to objectively characterise human feelings, perception and emotions conditioned by
the environmental context. The psychophysiological sources of information that are commonly employed are Electroencephalography (EEG), Electromyography (EMG), Electrocardiography (ECG), and Galvanic Skin Response (GSR) and they are usually measured and
analysed together with some sort of representation of the environment to contextualise the
measurements. These signals are the most objective source of information about human
feelings that we can access in a non-invasive way but, being them simple electrical measurements, are highly subject to electromechanical noise. Nevertheless, several studies have
achieved promising results employing them outside the laboratory while involved in real-life
tasks despite the degradation of available information due to the poorer signal quality (low
signal-to-noise ratio). Focusing on EEG, a mobile EEG cap with dry electrodes has been
successfully used to detect hazardous piloting manoeuvres in real flight conditions [5], an active wet EEG system has been employed to characterise Auditory Evoked Potentials (AEP),
a well-known EEG pattern associated with acoustic stimuli, while outdoor cycling [6], while
other studies have adopted the EEG technology in real-world driving conditions to detect,
for instance, emergency breaking intentions [7] or mismatches between autonomous steering
actuation and driver’s intention [8].
One issue of these studies is the employment of bulky, project-specific, infrastructures. To
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Figure 14.5: Characteristic shape of Event-Related Potential (ERP). It is the average response
measured in terms of electrical activity (EEG) in specific areas of the brain when an infrequent
attended event (target) takes place, being it visual, auditory, or tactile. ERPs are characterised
by known peaks, such as the P1, N2 and P3, that are named after deflection orientation
(either Negative or Positive) and latency with respect to the onset of the event. The average
shape of target and non-target responses is generally different and this allows, provided a
sufficiently large number of repetitions, to discriminate between attended and unattended
events. The bottom two plots show the great variability of the single-trial responses in the
two conditions and the respective mean value (which are plotted together in the top plot for
an easier comparison).
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tackle this problem, this section proposes a custom embedded infrastructure that can be used
both for acquisition and real-time processing of a wide range of biosignals fully synchronised
with contextual information and vehicle telemetry (see Figure 14.4). It is built around three
main components: one or more OpenBCI for biosignal acquisition, one or more NVIDIA
Jetson TX2 embedded systems for processing and storage, and Lab Streaming Layer (LSL)
for the wireless synchronisation (measured latency: 30±5 ms).

Figure 14.6: Comparison of average brain responses to target and non-target stimuli measured in channels Cz and Pz in laboratory and driving conditions. No statistically significant
difference is found between the two conditions (t-test with Bonferroni correction, α = 0.05).
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Table 14.1: Performance rates achieved by the different classification models varying the
training configuration
The main issue of real-world adoption of these biosignals, in particular the EEG signals,
is the poor signal-to-noise ratio. The proposed solution is a multi-purpose, lightweight prototype EEG helmet composed of a net of adjustable elastic bands, providing ergonomic head fit
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and adequate pressure to ensure good contact with the skin, while being comfortable to wear
for long stretches of time. Its main strengths are the flexibility, in the sense that it allows
multiple configurations based on the task under investigation, and the high signal quality due
to the smallest possible amount of moving parts (reduced motion artifacts).
The infrastructure was validated implementing a Brain-Computer Interface (BCI) to control the infotainment menu of the car. It exploited the visually evoked Event-Related Potential
(ERP) [9] induced with an oddball paradigm in which the icons of the menu were randomly
presented one after another (3 repetitions per icon). In particular, it leveraged the difference,
on average, between the brain responses evoked by the appearance of the desired icon (target) and those evoked by the appearance of undesired icons (non-target). This difference
can be seen in the top plot of Figure 14.5. The system was evaluated by 10 subjects both
in standard laboratory conditions and while driving on a closed private track. The recorded
signals have shown no statistically significant difference between the two conditions (t-test
with Bonferroni correction, α = 0.05), confirming the reliability of the infrastructure (Figure
14.6)
Regarding the actual control of the menu, the single-trial recognition of the target icon
was performed by a simple Convolutional Neural Network (CNN) named Deep4Net [10] that
was trained to discriminate between brain responses to target icons and brain responses to
icons that were not intended as target. Three training configurations were evaluated: using
only laboratory data, using a mix of laboratory data and car data, and using only car data.
Other machine learning models (a Random Forest classifier and other two variants of CNN)
were evaluated for sake of completeness, but the best average performance has been achieved,
regardless the training configuration, by the deep Deep4Net model.

Figure 14.7: Single-subject classification performance achieved by the best-performing architecture (Deep4Net) adopting three different training configurations: using only laboratory
data, hybrid using both laboratory and car data, and using car data only. The test data consisted in one entire session of real driving that was not used during the training phase. Being
a 6-class problem, the random chance is 16.6%.
Individualised models for the 10 subjects were trained using only two EEG channels (Cz
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and Pz) and an average performance of 54% has been reached in recognising the intended
target icon (see Table 14.1 for the individual scores and Figure 14.7 for a graphical representation of the performance achieved by the Deep4Net model). It corresponds to slightly more
than 3 times the random chance (16.6%), considering that the menu featured 6 icons. This
performance has been achieved mainly thanks to the overall high signal quality provided in
driving conditions by the flexible and lightweight EEG helmet prototype.
s011 s012 s013 s014 s015 Average
Performance 0.62 0.48 0.67 0.5 0.18 0.49
Table 14.2: Classification performance achieved by the single general model with totally new
subjects

Figure 14.8: Average responses to the target of all the 15 available subjects (channel Pz) and
classification performance achieved by the general model on the corresponding test set. The
general model was trained on both laboratory and car data (hybrid training configuration) of
the first 10 subjects and tested on the last car session that was kept as separate test set. On the
bar plot, the classification performance of the five unseen subjects is highlighted (light blue)
as well as the random chance (black, 16.6%) and the overall mean accuracy (magenta, 49%).
Higher performances are associated with a larger P3 component and a smaller variability
among the single trials.
Even more importantly, the same architecture, trained on the signals of all subjects together, has achieved a classification accuracy similar to the average of the individualised
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models, both with already seen and totally new subjects (Table 14.2). This represents a
promising result in terms of generalisation, which is paramount to achieve the overall objectification goal of the present work, as the results need to be representative for most of
the population despite the strong differences among the brain responses (see Figure 14.8 to
appreciate this difference).
4

Sound localisation objectification

Auditory processing in the human auditory cortex has been suggested to be fulfilled by a dual
neural system [11, 12, 13, 14, 15, 16], with anterior areas largely engaged in decoding the
content of a sound (‘what’), and posterior temporal and parietal areas having a crucial role
in the processing of spatial information (‘where’). Previous research showed distinct cortical
patterns when listeners were presented with sounds from various directions, demonstrating
that non-invasive neural recordings such as EEG are sensitive to auditory spatial processing [17, 18]. However, it is still unclear how accurately that spatial auditory signal can be
decoded. This section aims at investigating the cortical processing of spatial auditory perception and assesses the possibility of decoding sound location from EEG signals with the
objective of deploying an AI model that objectifies this key component of the human acoustic
perception.

Figure 14.9: Sound localisation experimental setup in the acoustically treated listening room
of the electroacoustic laboratory of Casa della Musica (Parma, Italy).
Previous work on spatial hearing mainly focused on artificial sounds, such as white-noise
or pure tone bursts, even though it has been shown that, in some cases, natural sounds produce richer and stronger responses [19]. In this study, a wood cracking sound is employed
because it is a familiar natural sound with quasi-impulsive characteristics, thus producing
more complex patterns, including some clear Auditory Evoked Potentials, allowing stronger
classification performances. Another peculiarity of this study is that it tries to decode natural
(passive) sound localisation instead of the localisation of attended directions, which is what
is more commonly studied because more tractable from a physiological point of view (it is a
simpler special case that induces more discriminable brain responses).
The experiment was conducted in the acoustically treated listening room of the electroacoustic laboratory of Casa della Musica (Parma, Italy) shown in Figure 14.9, where five
subjects sat on a comfortable chair surrounded by eight loudspeakers evenly spaced every
45◦ at ear height and 1.3 meters from the centre of the head as depicted in Figure 14.10.
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Figure 14.10: Experimental sound reproduction configuration. The natural sound was played
from 8 evenly separated loudspeakers positioned on the horizontal plane at a distance of 1.3
meters from the centre of the head of the subjects. The listening level at the sweet spot was
adjusted to peak values of 80 dBA. The raw signal and the spectrogram of the adopted natural
sound are presented in the right plot.

The experiment consisted in a pure sound localisation task where the subjects were asked to
confirm the perceived direction of the wood cracking sound randomly played from one of the
eight directions. As suggested in [20], the listening level at the sweet spot was calibrated to
peak valued of 80 dBA, which corresponds to the subjective preferred level.
Each subject performed the experiment 4 times in as many days resulting in 80 repetitions
per direction. The evaluation of the feedback directions provided by the subjects showed an
average localisation accuracy of 98.9%.

Figure 14.11: Pre-processing pipeline.
Pre-processing of the recorded signals is performed offline using EEGLAB and custom
Python code. The implemented pipeline is shown in Figure 14.11. Raw EEG signals are
initially cleaned applying the Artifact Subspace Reconstruction (ASR) algorithm to increase
the signal-to-noise ratio [21], and the noisy channels identified are replaced by a spherical
interpolation of all the remaining channels. After this artefact removal phase (shown in Figure
14.3), cleaned signals are band-pass filtered between 3 and 35 Hz and then epoched retaining
the 0.58 seconds after the acoustic stimulus onset. After this stage, the signals exceeding
the selected threshold range of ±45 µV are spherically interpolated. Finally, the Denoising
Source Separation (DSS) approach [22] is used to denoise the EEG data even further. This
method rotates the data into a component space that maximises the separability among the
classes. As a result, it facilitates the subsequent data analysis by reducing the within-class
and increasing the between-class variability. Being this method strongly dependent on the
average of all channels, prior to its usage, the high-amplitude frontal channels Fp1 and Fp2
are discarded. The optimal number of DSS components to retain is selected through crossvalidation in the data analysis phase for each subject individually.
The extracted physiological responses associated with the different directions are subdivided in all the possible localisation configurations shown in Figure 14.14. The localisation
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Figure 14.12: Spatiotemporal statistical analysis of the latitudinal vs longitudinal classification configuration (Welch’s t-test with Bonferroni correction, α = 0.05). The plot shows the
magnitude of the difference between the two conditions at different time points starting from
the beginning of the sound. The statistically significant channels at the corresponding time
point are highlighted by a cross.

configurations range from simple binary combinations, thus dealing with only two classes, up
to the most complex configuration dealing with all 8 classes individually (configuration X).
Based on the hypothesis that brain responses associated with geometrically-related directions
may share common patterns, some configurations involving aggregations of multiple directions are also included (configurations Q, R, and S). The main goal is to evaluate configurations with an increased number of trials per class in order to achieve more statistically reliable
results. Both within-subject and population-wide statistical analyses are performed to identify spatiotemporal characteristics maximising the discriminability between the conditions
of each configuration. In this regards, Figure 14.12 and Figure 14.13 show the populationwide results obtained addressing the latitudinal vs longitudinal configuration, thus the one
discriminating front and rear sounds against left and right sounds. This configuration shows
the widest statistically significant differences, both in time and space, among all the evalu-
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Figure 14.13: Grand average ERP responses to the sound onset in the latitudinal vs longitudinal classification configuration in the representative channel Cz. The gray line in the
background represents the reproduced natural sound and the green areas show the statistically
significant time windows (Welch’s t-test with Bonferroni correction, α = 0.05).

ated configurations. In particular, Figure 14.12 shows the magnitude in space and time of the
average difference between the brain signals evoked by the two different conditions. Each
head plot represents the magnitude over the whole scalp at a different time point (average of
a 10 ms interval) starting from the beginning of the sound at time 0. The regions showing
strong colours (either red or blue) are the most interesting ones because it means that the
difference is stronger. More specifically, the channels within those areas that are marked with
a cross represent the points where this strong difference is actually statistically significant.
The main result shown in Figure 14.12 consists in the identification of a prominent statistically significant region of interest spanning between the frontal and parietal areas in the time
interval between 290 ms and 320 ms after the sound onset. Most importantly, the region is
consistent with the results presented in [11]. Another smaller statistically significant region
is, instead, identified around the P2 component (between 200 ms and 220 ms) and it seems to
be consistent with the results proposed, in regards to eccentricity, in [17].
The same information is visible in Figure 14.13, which shows the temporal evolution of
the average brain response in one representative channel (Cz) in the two conditions. The
red signal corresponds to the average brain signal evoked by sounds coming either from left
or right, and the blue signal the average brain signal evoked by sounds coming either from
front or rear. As can be noted, the time interval where the difference between the two time
series is statistically significant (highlighted in green) is the same found in the aforementioned
spatiotemporal analysis.
In parallel with the statistical analysis, the pre-processed data are used to train subjectspecific classification models for each localisation configuration. Given the limited amount
of trials per class at disposal, the Random Forest ensemble method is selected, in order to
leverage bagging to reduce model variance. The hyper-parameters of the classifier are tuned
though grid search in a 5-fold cross-validation configuration with a 70% training, 20% validation, and 10% test splitting. The input feature vector is constructed by subdividing each
channel signal into sub-windows and taking the mean value of each sub-window as feature
[23]. The size of the sub-windows, selected through cross-validation, is 3 samples and, as a
consequence, the feature vector results 2407 features long (29 channels x 83 sub-windows).
The other hyper-parameters of the classifier that are tuned through cross-validation are num-
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ber and depth of the trees, set to 1000 and 12 respectively.

Figure 14.14: Single-trial classification performance achieved in all the evaluated localisation
configurations. Bold values indicate the most robust performances, more specifically where
the lower bound, namely the mean value minus the standard deviation, is greater than the
chance level of the corresponding configuration.
The classification performance of the subject-specific models on the test set that are presented in this section are the result of 20 randomised executions of the train-validation-test
procedure (i.e., changing the random seed used for shuffling the data and for initialising any
kind of training parameter). Figure 14.14 show the single-trial results in terms of accuracy,
computed as the number of correctly classified trials divided by the total number of trials. All
models achieved an average classification performance greater than random chance, but some
configurations achieved significantly more robust performances and therefore their scores are
highlighted in bold. They are the configurations whose average performance of the subjectspecific models minus the standard deviation, namely the lower bound, is greater than chance
level.
The mathematical chance level (defined by the number of classes involved in a configuration) is validated empirically by means of a permutation test based on random shuffling. As
expected, given that the number of trials per class is always balanced, the empirical baseline
matches the mathematical one.
The fact that the average performance achieved in all localisation configurations is higher
than chance level suggests that objective indicators of sound localisation perception are effectively captured from EEG signals, thus provide a positive answer to the original question
of the present study and encourage future investigations. In particular, the most interesting
results are achieved in configurations B, K, R, and S, with more than 20% of available information extracted (ratio between achieved performance and chance level). Moreover, the
absolute best results are obtained in aggregated configurations (R and S), giving credit to the
hypothesis of common patterns in the brain responses evoked by geometrically-related directions and pointing out an undersized number of repetitions per direction acquired in this pilot
study. Notably, these two configurations are also the ones that show the largest statistically
significant regions both in space and time domain.
5

Conclusions

This chapter aimed at summarising the preliminary results achieved during the investigation
of methodologies to objectify acoustic perception. It focused on brain signals, in the form of
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Electroencephalography (EEG), to achieve such an objectification goal because the brain is
where the perception originates and develops, and therefore is where the desired information
is primarily accessible.
The first part of the chapter presented an experimental study consisting in the validation of
a custom embedded infrastructure that was specifically implemented to allow the acquisition
and real-time processing of high quality psychophysiological signals in driving conditions.
A Brain-Computer Interface (BCI) to control the infotainment menu of the car was deployed
on the infrastructure and run in simple laboratory conditions and more demanding driving
conditions. Signals and control performances associated with the two conditions were compared to assess the signal quality provided by the infrastructure. Results have failed to show
statistically significant difference among the two conditions, and therefore have confirmed
the reliability of the proposed solution. Moreover, a deep learning architecture providing
promising preliminary results in terms of generalisation among subjects has been presented.
The second part of the chapter presented a preliminary study that aimed at investigating
brain responses associated with the localisation of a short natural sound played from eight
directions arranged on the horizontal plane. Initially, the adopted pre-processing pipeline and
the performed statistical analyses were described. The main result consists in the identification of a pair of statistically significant regions of interest between frontal and parietal areas
where the difference between the average brain signals evoked by latitudinal and longitudinal directions is maximum, thus showing strong discriminability. Notably, these identified
regions are consistent with the findings of previous studies [11, 17]. Then, the training procedure and the performances achieved by the resulting machine learning models were described.
Average classification accuracies higher than chance level in all the considered localisation
configurations suggest the effectiveness of the methodology to capture, from EEG signals,
objective information reflecting sound localisation perception. In particular, peaks of more
than 20% of available information have been extracted in configurations involving aggregations of geometrically-related directions, which are, indeed, the ones showing the largest
statistically significant regions.
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